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_ oan oes Vladimir Aleksandrovich Fock, 
one of our greatest theoretical physicists, com- 
pleted his sixtieth year on December 22, 1958. 

Fock’s scientific work began in his student days 
(his first published work appeared in 1923) and 
continued without interruption and with inexhaus- 
tible energy until the present time. It has dealt 
with a wide range of problems, and here we can 
mention only the main directions of Fock’s scien- 
tific achievements, those which are best known 
and have brought him world-wide renown. 

His first interest was quantum mechanics and 
quantum field theory. His first work in this field, +" 
some of which was carried out during his stay 
abroad in 1927, immediately made Fock well known 
as a theoretical physicist. Some papers were de- 
voted to the basic principles of quantum theory. 
Fock’s work on the many-electron problem in 
quantum mechanics® ‘ led to the formulation of 
the method of the self-consistent field with ex- 
change, the so-called Hartree-Fock method, and 
to the discovery of other approximate methods for 
constructing wave-functions. This made it pos- 
sible to calculate precisely the electronic shells 
of various atoms. A review of the basic results 
is given in reference 8. 

Fock’s book “Principles of Quantum Mechanics” 
appeared in 1932. It was the first Soviet book on 
quantum mechanics and contained much original 
work. 

Fock’s papers on quantum field theory, written 
from 1928 to 1937 and recently collected into a 
Book," were not only of fundamental importance 
for the development of quantum electrodynamics, 
but are also still useful today. The mathematical 
ideas and methods which Fock introduced in these 


923 


papers were applied and generalized in the develop- 
ment of quantum field theory in the last few years. 
One remarkable paper on the hydrogen atom!® oc- 
cupies a special position in this field. In it he es- 
tablished an unexpected connection between the 
so-called “accidental” degeneracy of the hydrogen 
levels and a four-dimensional rotational symmetry. 
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The second main direction in Fock’s scientific 
work is the theory of gravitation. The starting 
point was a paper of 1939,'" in which the equations 
of motion of extended masses with spherical sym- 


metry were derived from Einstein’s field equations. 


The final result was a book “Theory of Space, Time 
and Gravitation,”!® which appeared in 1955 and ex- 
cited much interest and lively discussions among 
physicists. The book included solutions of many 
important problems of gravitation theory, and in 
particular a very complete discussion of the motion 
of a system of bodies taking account of their rota- 
tion and internal structure. Fock also derived a 
number of general results which allowed him to 
survey the theory of gravitation as a whole. 

Fock worked intensively during the war and 
postwar years in a third field, the theory of dif- 
fraction. The importance of this subject arose 
originally from the rapid development of modern 
radio technology. He studied the propagation of 
radio waves around the earth as a problem in dif- 
fraction. He also studied the diffraction of elec- 
tromagnetic waves by large conducting bodies 
having dimensions and radii of curvature much 
greater than the wavelength. These investigations 
were distinguished by the novelty of the mathe- 
matical methods and by the generality of the re- 
sults. They have set a standard for all modern 
work in the theory of diffraction. 

The monograph * Diffraction of Radio Waves 
around the Surface of the Earth”!® was awarded 
a Stalin Prize, first class. It gave a complete 
solution to the problem of the field of an elemen- 
tary dipole on the surface of a spherical earth. 
Later the results were generalized to the case of 
elevated sources of radiation,”° and detailed tables 
of the propagation of radio waves were computed 
under Fock’s guidance. 

Fock’s work?!” on diffractive propagation ina 
non-uniform atmosphere, whose refractive index 
is a function of altitude, led him to an elegant solu- 
tion of the difficult problem of the range of radio 
waves under conditions of anomalous propagation. 
In the course of this work he made a very exact 
study of the classical analog of the tunnel-effect, 
the leakage of waves through the boundary of an 
inversion layer. 

In three papers”*° Fock calculated the diffrac- 
tive field produced by a plane wave incident upon 
the surface of a conducting convex body. In another 
paper”! he investigated the field at great distances 
from the body. He showed that the field arising 
from diffraction by a convex body can be expressed 
in terms of the same functions (defined by contour 
integrals ) which he had introduced in his theory of 
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wave propagation over a spherical earth. This ‘ 
opens the possibility of a solution of diffraction 
problems for large bodies of arbitrary shape. 

Fock loves to find practical problems which | 
lead him to investigations requiring original mathe- 
matical techniques and the development of new 
methods. In such cases he usually provides not 
only a solution in principle, but a reduction of the 
solution to practical formulae and tables. Many 
researches of this kind, devoted to quite diverse 
problems, reveal Fock in the role of a specialist 
in mathematical methods. One should also men- 
tion one paper”® in which he found an elegant solu- 
tion to the complicated problem of the skin-effect 
in a ring. 

The best known of Fock’s works in pure mathe- 
matics are papers?» on the theory of integral 
equations with a kernel that depends only on the 
difference between the variables. This work has 
become a standard tool in theoretical physics and 
has led to exact solutions of many interesting 
problems. 

Fock takes an active interest in all questions 
relating to the healthy development of Soviet phys- 
ics. Sometimes, in the course of scientific re- 
search, scientific truth is in danger of being dis- 
torted, and sometimes scientists do not observe 
the normal ethical standards of scientific and 
creative work. In such cases, if the questions at 
issue concern him, he invariably speaks out and 
expresses his opinion with the same directness 
and exactitude with which he formulates the results 
of his scientific research. The honesty and the di- 
rectness of the “Fockian” character are well known 
not only here but also among scientists abroad. 
This honesty is especially clear when he is con- 
cerned with philosophy or with the fundamental 
problems of modern physics. Fock reacts hotly 
against incorrect and unscientific papers, either 
in the theory of relativity or in quantum theory, 
when they occasionally appear in our journals, and 
he always defends modern physical theory. He 
considers this activity, in distinction to his purely 
scientific work, as a part of his public duty. 

Fock is an alumnus of Leningrad University, 
in which his scientific and teaching career began 
in 1922. In Leningrad he continues his fundamental 
scientific work still. In Leningrad University he 
holds a chair and gives much time to the education 
of the young people. Many are the pupils of Fock’s 
school who are working successfully in various 
branches of theoretical and mathematical physics. 

Having a sociable character, Fock is an enter- 
taining companion, widely read in the most diverse 
fields of human culture and knowledge. His partici- 
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pation at congresses, meetings and other scientific 
gatherings is always desired both here and abroad. 

The editors of JETP, in the name of all Soviet 
physicists, heartily congratulate dear Vladimir 
Aleksandrovich Fock on his sixtieth birthday, and 
wish him health and many more years of fruitful 
activity. 
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Natural tungsten and samples enriched in 82. 
particles having energies from 8.3 to 14.5 Mev. 


states was established: 1.22 Mev in W1®?, 0.90 Mev in Wee and 0.73 Mev in w!%, 


w'!84 and w!8 were irradiated with a 
The existence of the following excited 
The 


reduced probabilities B(E2) of transition to the ground state computed for these levels 


are 0.051, 0.038, and 0.040, respectively (in units of e x10 % cm‘). 


The assumption 


that these levels are vibrational levels is discussed. 


1. INTRODUCTION 


CouLoms excitation of nuclear levels of even 
isotopes of tungsten has been studied in several 
papers.!~? These authors observed the excitation 
of the first rotational levels (with quantum num- 
bers 2*), determined the energies of these levels 
and the reduced probability for electric quadrupole 
transition from the ground state to the first rota- 
tional state. 

Coulomb excitation of the second rotational 
levels (with quantum numbers 4+) in even-even 
nuclei is much more difficult since this process 
requires the occurrence of an E4 transition. 

For this reason Coulomb excitation of the second 
rotational level has as yet not been observed in 
any even-even nuclei. 

But on the basis of the uniform model of the 
nucleus one should expect that among the excited 
states of deformed nuclei there should be 2* levels 
located above the first few lowest levels of the 
first rotational band which is associated with the 
ground state of the nucleus. The new levels to 
which we refer are vibrational levels. In addition 
the quantum numbers 2* can occur for some levels 
of the rotational bands associated with single par- 
ticle or “pair” excitation (where the latter refers 
to the simultaneous transition of two nucleons to 
excited states). Because of the collective charac- 
ter of the vibrational level, the magnitude of the 
reduced transition probability B(E2) to sucha 
level is larger than the value of B(E2) fora 
single particle transition, so that the cross section 
for Coulomb excitation to a vibrational level should 
be greater than that for excitation of a single par- 
ticle level. 
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We have shown in previous papers‘? that by 
using q@ particles with energy ~ 15 Mev for Cou- 
lomb excitation, one can excite levels in various 
even-even nuclei up to 1.5 Mev excitation. One 
may expect to excite such levels in the tungsten 
isotopes if the level energies do not exceed 1.5 
Mev. Their excitation is much more probable 
than excitation of the second level of the lowest 
rotational band. 

Highly excited levels of the tungsten isotopes 
were not observed in references 1 to 3 because 
the bombarding particles used in these experi- 
ments had low energies, while the cross section 
for Coulomb excitation of high energy levels de- 
pends strongly on the energy of the bombarding 
particles. Recently,°® using 5-Mev protons, a level 
with AE = 730 kev in W'®? was excited. 

Experiments in which the level scheme is 
studied by investigating artificial radioactivity of 
the corresponding nuclei are of interest in settling 
the question of the existence of excited levels up 
to 1.5 Mev in the even tungsten isotopes. Among 
such experiments we should especially mention 
reference 7 in which the decay of Tal®? was 
studied. As a result of parallel study of the B 
and conversion electron spectrum using a 6 spec- 
trometer, and of the y spectrum using a bent- 
crystal spectrometer, these authors succeeded 
in setting up a complex scheme of levels and tran- 
sitions in W!8 and assigning quantum numbers 
to the levels. The superior resolution of the y- 
spectrometer (0.1% for low energy y rays and 
approximately 1.5% in the high energy region) 
enabled them to determine very accurately the 
relative intensities of individual y lines, despite 
the fact that there were a large number of lines 
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(~ 30). According to the level scheme of w!82 
proposed in reference 7, this isotope has an ex- 
cited 2+ level at AE = 1222 kev. The authors 
note that though the 2* assignment seems most 
likely from the analysis of various facts, it can- 
not be regarded as confirmed by a direct experi- 
ment since the conversion coefficients for transi- 
tion from this level have not been measured ac- 
curately enough. It has been shown® using the 
ratio of the y intensities emitted in transitions 
to the ground level and the first and second ex- 
cited rotational levels, that the 1222-kev level in 
w!® isa y -vibrational level. The authors of 
references 9 and 10 used a scintillation spectrom- 
eter to determine the energies and relative inten- 
Sities of the y rays emitted inthe B decay of 
Ta! and Ta!®8® to wi8 and sy dal respectively. 
They did not propose level schemes for these nu- 
clei and did not consider the possible quantum as- 
signments of the levels. 

On the basis of the uniform model and data on 
nuclear level systematics, Peker!! used the infor- 
mation about energies and relative intensities of 
y -rays given in references 9 and 10 to construct 
level schemes for W'** and w'**. In these level 
schemes the level at AE = 900 kev in W!*4 and 
the level at AE = 730 kev in W'!® are assigned 
as y vibrational levels, i.e., as levels with quan- 
tum numbers 2'. 

Our experiments on Coulomb excitation of high 
energy levels in the even isotopes of tungsten had 
the following purposes: 

(1) To check whether the energy levels men- 
tioned above are excited, and thus to show the ex- 
istence of these levels directly. The presence of 
the corresponding y rays in Coulomb excitation 
would serve both as a proof that the previously ob- 
served y lines correspond to transtions from 
these levels to the ground level and not to transi- 
tions between higher levels, and as an independent 
confirmation of the 2+ assignment for these levels. 

(2) To measure the relative intensities of y 
rays emitted in transitions from highly excited 
states to the levels of the lowest rotational band. 

(3) To determine the reduced probability for 
excitation of these levels from the ground state. 


2. EXPERIMENTAL METHOD AND TREATMENT 
OF RESULTS 


We used a particles accelerated in a cyclotron 
for Coulomb excitation of levels of the even isotopes 
of tungsten. Altogether we used four fixed energies 


for the a particles: 8.3, 10.2, 13.1, and 14.5 Mev. 


The targets were 0.25 mm thick foils of natural 
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tungsten and samples enriched in various tungsten 
isotopes, in metallic powder form, a layer of which 
was pressed onto a lead backing 50y thick. In all 
cases the target thickness was enough to slow the 

a particles down to an energy at which the Coulomb 
excitation cross section was very small. 

The beam of q@ particles extracted from the 
cyclotron was focused on the target by a system 
of two magnetic quadrupole lenses. The target was 
located on the bottom of an insulated metallic con- 
tainer which served as a Faraday cup. An elec- 
tronic current integrator was connected to the cup. 
The y radiation emitted in the de-excitation of 
the excited nuclear states was studied by means 
of a scintillation spectrometer. The detecting sys- 
tem consisted of a Nal (Tl) crystal 40 mm in 
diameter and 40 mm high and a FEU-S photomulti- 
plier; the recording system was a 50-channel pulse- 
height analyzer. 

To prevent loading of the amplifier by the large 
number of pulses resulting from Coulomb excita- 
tion of the first rotational level of the tungsten nu- 
clei and from the characteristic tungsten radiation 
emitted under the action of the a@ particles, a 1.8 
mm lead absorber was placed between the scintil- 
lator and the target. 

More detailed information concerning the ex- 
perimental arrangement is given in reference 4. 

It also describes the procedure for processing 

the experimental results. The computations are 
complicated somewhat by the following fact. As 
the data to be presented in Sec. 3 show, the de- 
excitation of highly excited levels in tungsten oc- 
curs via two parallel transitions (a 2’ — 0 transi- 
tion to the ground state anda 2’ —2 transition 

to the first rotational level). Thus the value of 

the reduced probability B(E2))—., for transition 
from the ground state to the excited state must be 
computed from the sum of the yields of the y rays 
inthe 2’—0 and 2’ —2 transitions. According 
to the principle of detailed balancing, the quantities 
B(E2) y+) and B(E2))—_-9 are related by the 
formula 


(21; + 1) B(E2),,, = (27, + 1) B(E2), .,, - 
In our case, I) =0 and I¢=2, so that 
BYE2) ps (EZ) an. 
In Sec. 4 we shall give arguments in favor of the 
assumption that the 2’ — 2 transition is mainly 
electric quadrupole. Making this assumption, we 


can calculate the value of B(E2) _.. using the 
formula 


Noo2| Norso = (B(E2)zr-+2/ B(E2)a+0) (AB2+2/ AEs'+0)”, 
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where N is the intensity of the y radiation 
emitted in the corresponding transition and AE 
is the energy of the y quanta. 

The mean life tT of the 2’ state was computed 
from the formula 


1 Ves sae 1 / t-+9 =: 1 / to+2 . 


The values of the partial lifetimes (T ,-) and 
To_+9) were calculated from the values of 
B(E2) 9.) and B(E2) _,, found earlier. 
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FIG. 1. Instrumental spectrum of y rays emitted in Coulomb 
excitation of natural tungsten; E, = 14.5 Mev. 


3. RESULTS OF THE MEASUREMENTS 


Figure 1 shows the instrumental spectrum of y 
lines emitted after Coulomb excitation of natural 
tungsten.* The lines at 1120 and 1220 kev must be 
assigned as radiation in W!®*, emitted in the 2’—2 
and 2’—9 transitions. The maxima in the spec- 
trum are shown more clearly in Fig. 2, which gives 
the instrumental spectrum taken when the lower 
limit of the circuit transmitting the pulses to the 
input of the 50-channel analyzer was set so that 
pulses of relatively low amplitude did not reach 
the analyzer. The difference in energy of the two 
y lines corresponds to the energy of the first ro- 
tational level of wee: which is 100.1 kev, accord- 
ing to the data of reference 3. 

The line at 900 kev should be assigned to the 
2’—0 transition in W'**. Since the energy of the 
first rotational level? of W!®4 is 111 kev, the en- 
ergy of the 2’— 2 transition to the first rotational 
level of W'** should be 900 — 111 = 789 kev. Ac- 
tually we see from Fig. 1 that peak A is composite 
— on its right edge there is an indication of a peak 
with AE = 790 kev. 

The lines at 730 and 610 kev should be assigned 
to the radiation emitted in the 2’—-0 and 2’—2 
transitions in W'**, The difference in energy of 
these lines corresponds to the energy of the first 


*We shall use N;, for the channel number and N for the 
total number of counts in a channel per microcoulomb in the 
bombarding beam. 
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rotational level of W'®*, which is 122.5 kev accord~ 
ing to the data of reference 3. 

The 511 kev line is apparently annihilation radi- 
ation. Positron emitters can be formed in (a, n) 
reactions on light element impurities in the tung- 
sten. 

The theoretical line shapes are shown for the 
900, 790, 730, and 610 kev lines in the lower part 
of Fig. 1; these curves were drawn on the basis of 
data given in reference 12. The fact that peak A 
is composite and consists of two peaks with the 
energies given above is confirmed as usual: when 
we add the individual peaks with AE = 730 and 
790 kev shown at the bottom of Fig. 1, we geta 
composite peak of the same shape as that found in 
the experiment. 


Figures 3 and 4 show the instrumental y spec- 


tra found after Coulomb excitation of targets en- 
riched in W!®4 and w'®* respectively. The results 
obtained with these targets give additional proof of 


the correctness of the identification of the y lines 


found in the spectrum of natural tungsten. In fact, 
when we irradiate a target enriched in W", only 
the 790 and 900 kev lines appear, and we see only 
the 610 and 730 kev lines from a target enriched . — 
in W'8. Unfortunately the amount of impurities 

in the enriched samples proved to be considerably 
greater than in natural tungsten. One can judge 
the relative amounts of impurities in various tar- 
gets from the relative intensity of the 511-kev line 
in Figs. 1 and 4. The increased content of impuri- 
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FIG. 2. Expanded spectrum of y rays emitted in Coulomb ex-: 


citation of natural tungsten; E, = 14.5 Mev. 


ties caused the peak-to-background ratio for the 
enriched samples to be almost a tenth of that for 
natural tungsten. The values of B(E2) found 
from the experiments with W!*4 and w!** differ 
little from the results obtained with natural tung- 
sten. In view of our previous remarks concerning 


COULOMB EXCITATION OF HIGH-ENERGY NUCLEAR LEVELS 


_the ratio of effect to background, we used only the 
data obtained from measurements on natural tung- 
_ Sten targets in calculating the averaged values of 
B(E2)gr-_.9 given in Table I. 

The yield of y quanta from Coulomb excitation 
of a level drops markedly with increasing excita- 
_ tion energy of the level. Thus in using a sample 
enriched in w!® put containing all sorts of impur- 
ities the intensity of the peaks corresponding to 
deexcitation of the excited level at AE = 1222 kev 
in W'® was so small compared to background that 
the energy of the corresponding y rays could not 
be measured reliably. 
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FIG. 3. Instrumental spectrum of y rays emitted in Coulomb 
excitation of W'**; E, = 13.1 Mev. 
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The data obtained from Coulomb excitation of 
natural tungsten are presented in Table I. The 
_ values of B(E2)9_,) and B(E2).»_., are the 
averages of data of ten experiments at four differ- 
ent values of Eg in the case of W'*4 and w'®, 
and of the data of four experiments at Eg = 14.5 
Mev in the case of w!®, 

The table also gives the ratios 7 = B(E2) :.9/ 
B(E2) "—-»’ the lifetimes of the excited states and, 
finally, the values of F which is the ratio of the 
experimental value of B(E2) /_.) to the value 
computed from the formula for single particle 
transitions on the assumption that the nuclear 
radius is Rp = 1.2 AVS x 19713 cm. The standard 
deviation of the values of B(E2) -_,) and 
B(E2) r+, was less than 10%. The overall error 
in these quantities due to the arbitrariness in draw- 
ing the background curve and to statistical errors 
amounts to 25% according to our estimates. The 
error in the ratio 7 is 15% for W'®, 20% for w'*, 
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FIG. 4. Instrumental spectrum of y rays emitted in Coulomb 
excitation of W'®®; E,= 14.5 Mev. 


and 30% for W'®?. The error in the value of n for 
w'*4 and w'!8 is smaller than the error in the in- 
dividual values of B(E2)_,. and B(E2)s:_.9 
because 7 is affected less by the inaccuracy in 
drawing the background curve. On the other hand, 
the overall error in the values of B(E2)o_,, and 
B(E2)9,_.9 for w'®? is determined to a large ex- 
tent by statistical errors, so in this case the error 
in the ratio 7 will be greater than the errors in 
the individual values of B(E2). 


4. DISCUSSION OF RESULTS 


As already mentioned, in the spectrum of y 
rays emitted in Coulomb excitation of tungsten 
nuclei we observed y rays corresponding to ex- 
citation of a level in W!® at 1220 kev, a level at 
900 kev in witt and a level at 730 kev in W188. 
These results show that the 1220, 900, and 730- 
kev y lines correspond to transitions to the ground 
states (and are not emitted in transitions between 
higher levels), and that these levels can be assigned 
as 2* states. We have thus obtained experimental 
confirmation of the assumptions made in reference 
11 regarding the levels of w'*4 and w'8 and have 
found independent additional evidence for the 20 
assignment of the level with AE = 1220 kev in w!®?, 

In Coulomb excitation of nuclei, one can excite 
single particle and “pair” levels in addition to ro- 
tational and vibrational levels. We next discuss 


TABLE I 


2 AE, 6 B(E?2)o, sf Be oy.) B(E2)., B(ED,, (rant) Jf E 

cs) 22 eer PEE mel it 7 : z a BE2),, 8) , 

fo Mev ane 7 ‘y, 10“"cm* B(E2)o, 9 bs 2/ 110-sec 
wise 0.22 0.054 25 0.043 He, 30 0.38 | 8 
Wites 3.90 0.038 25 0.055 0.69 20 ae 6 
W186 0.040 25 0.076 | 0.53 15 DO (26 
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various considerations which must be taken into 
account in solving the question of the nature of the 
levels observed in the present work. 

It is known that the vibrations excited in axially 
symmetric nuclei have certain special features.!° 
In addition to the quantum number A, the vibra- 
tions are characterized by the quantum number Vv 
which is the projection of the angular momentum of 
the oscillation along the symmetry axis of the nu- 
cleus. For a fixed value of 1, v =0, +1, +2, ... +A. 

Unlike the vibrations of a spherical nucleus, for 
spheroidal nuclei the vibration parameters By, and 
C, and consequently the energy of the vibrational 
state depend not only on A but alsoon v. For A=2 
(quadrupole oscillations) the possible types of oscil- 
lation of a spheroidal nucleus correspond only to the 
values v =0 and v = +2, since vibrations with 
vy =+1 are equivalent to a rotation of the nucleus. 
Vibrational levels corresponding to v =0 are 
called 8 vibrations and those with v = +2 are 
called y vibrations. 

For rotational bands associated with single phonon 
excitation, the projection K of thetotal angular mo- 
mentum on the nuclear symmetry axis is equal to 
|Ko + v|, where Ky is the value of K in the ground 
state of the nucleus. For even-even nuclei Ky = 0, 
so that K =2 for y-vibrational levels and K = 0 
for B-vibrational levels. Figure 5 shows the spins 
and parities of the levels of the rotational bands. 


FIG. 5. Level sequence in rotational bands. The lowest 
band is associated with the nuclear ground state. On the left 
are excited y-vibrational states, on the right excited B-vibra- 
tional states. 


Since the most probable transitions resulting 
from Coulomb excitation are Ey, transitions, it fol- 
lows from Fig. 5 that in Coulomb excitation of vi- 
brational levels in even-even nuclei either the sec- 
ond level of the rotational band associated with 
B vibration or the first level of the band associated 
with excitation of y vibration will be excited. Both 
levels have the same spin value (I= 2) and they 
have the same parity as the ground state, but their 
K values are different. 

It was shown in reference 8 that the ratios of 
the reduced probabilities for transitions of a given 
multipolarity from any level to the levels of a ro- 
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tational band can be expressed in terms of Clebsch-" 
Gordan coefficients for whose calculation we need 
to know only the values of I and K and the multi- 
polarities of the transitions between the various 
states. For the case of electric quadrupole transi- 
tion from a level with I= 2’, K=2 to levels with 
I= 0, 2, and 4, and K=0 (which form the rota- 
tional band associated with the ground state), these 
ratios are 0.7:1:0.05 respectively. If the same 
levels are reached by transitions from a level with 
l=2'; “K= 1or ‘l=25 =0)the ratiosvare 
2.8:1:2.38 and 0.7:1:1.8, respectively. 

From Table I we see that the ratios of the re- 
duced probabilities determined in the present ex- 
periment agree within the limits of error with the 
theoretical values for transitions from vibrational 
levels with K=0 or 2. (The theoretical value of 
n= B(E2 )or_+9/B(E2 )ole9. is 027) Hi wercalous 
late 7 using the data on relative intensities of y 
rays in W'* as given in reference 9, we find that 
7 » 3. This value of 7 would contradict the pic- 
ture of the 900-kev level in w'*4 being a vibra- 
tional level. According to our data, n + 0.7 for 
wi84_ 

The closeness of the experimental values of 7 . 
to the values computed theoretically for vibrational 
levels is a necessary but not a sufficient condition 
for identifying the tungsten levels which we are 
treating as vibrational levels. If we assume that 
these levels are single particle or “pair” levels, 
then since they are excited as a result of Coulomb 
interaction their spin must be 2 and their parity 
the same as that of the tungsten ground state. If 
in addition the quantum number K is 0 or 2 for 
these levels, the value of n will be the same as 
for transitions from {$-vibrational or y-vibra- 
tional levels, respectively. 

From the data of reference 7 on the relative 
intensities of radiations emitted by w!® in transi- 
tions from the 1222-kev level to lower-lying levels 
of the rotational band based on the ground state of 
the w18 nucleus, it follows that this level has 
K=2. Thus the 1222-kev level is not excited as 
the result of a pair transition (since we would 
then have to get a level with K=0). 

The energies of the excited levels of W!®4 and 
w'® considered in the present work are much 
lower than the level in W'®. It is known that in 
a heavy nucleus the energy of a level formed by 
a pair transition always exceeds 1 Mev. We should 
thus assume that the levels with AE = 900 kev in 
w'* and 730 kev in W'8 are also not “pair” levels. 

For Coulomb excitation of a single particle level 
in an even-even nucleus, the value of K for the 
level must be 2 since the level has I=2 and K=I 
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for single particle excitation. In this case the value 
of 7» will be the same as for y-vibrational levels. 
Thus our experimental data on the ratio of the val- 
ues of B(E2) generally speaking do not exclude 
the possibility that the highly excited levels of the 
tungsten isotopes which we are considering are the 
result of single particle transitions, and that these 
levels have K=2, I=2 and parity the same as 
that of the ground state.* 

However there are arguments in favor of the 
assumption that these levels are y -vibrational 
levels. The value J’ of the moment of inertia 
of the W'® nucleus in the excited state (AE = 
1222 kev) is close to the value J for the ground 
state of this nucleus. (The values of the moments 
of inertia were determined from the energies of 
the two lowest levels in the corresponding rota- 
tional bands.) This result is to be expected for 
the case where the excitation is collective and 
the internal structure of the nucleus does not 
change. In single-particle excitation, the particle 
outside the closed shell has the familiar distort- 
ing effect on the nucleus, so in this case the value 
of the moment of inertia J’ of the nucleus in the 
excited state should be greater than the value J 
for the ground state. 

Excitation of a single particle level in even- 
even nuclei must occur as a result of breaking up 
a pair of nucleons. In the nuclei we are consider- 
ing, the pairing energy exceeds 1 Mev. Since the 
energies of the states excited in w'*4 (AE = 900 
kev) and w'® (AE = 730 kev) are less than the 
energy of the state excited in w'® and also less 
than 1 Mev, if we assume that the level at AE = 
1220 kev in W'® is not a single particle level we 
can also make the same assertion for these levels 
in W'®4 and w'8, 

Reference 14 gives formulas for calculating the 
parameters By, and C, for y-vibrational states: 


B(E2)or_, tasting nan: Bee 
Evinr. = h VY C2/ Bs. (2) 


Here Z is the atomic number of the nucleus, Ry 
its radius, Eyjpr, the energy of the vibrational 
transition, and 6 the nuclear deformation param- 
Ctene 

If on the basis of the arguments presented above 
we assume that these excited states are y-vibra- 


*If the 2’ level has K = 2, the transition 2’ + 2 occurs with 


a change in K of two units. According to the selection rules 
given in reference 8, the M1 transition is forbidden in this case 
(K-forbiddenness), so that the 2' > 2 transition will be mainly 
electric quadrupole. 
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tional states, we can use formulas (1) and (2) to 
compute the parameters By and C, from the ex- 
perimental values of B(E2) and Ey_,) given in 
Hable 1. 

The value of Eyjpr. was determined from the 
equation 


at 
i) 


| 


Eg/-59 ag Eyibr. + 9 ft (/ + 1) Nas 


oS 


where [=2, K=2. 

In the computations we assumed that the moment 
of inertia J was equal to its value Jy in the ground 
state. The results of the computations are shown 
in Table II. 


TABLE II 
| 
Isotope | C2, Mev | h?/Be, Mev 
W's2 21 | 0.023 
W's4 18 0.042 
W 186 14 | 0:10 


In reference 14 the values of C, for vibrations 
in W'® and w'®* were calculated using the eigen- 
functions found by Nilsson.!® These values are 24.5 
and 27 Mev, respectively. In view of the experi- 
mental error in determining B(E2), the agreement 
between the values of Cy given in Table II and 
the theoretical values must be considered to be 
satisfactory. 

It is known that the energy of a rotational level 
with spin I is decreased by an amount AE] asa 
result of interaction between rotational and vibra- 
tional excitation. Knowing the energies of the first 
and second rotational levels enables us to determine 
AE; from the experiment. If we disregard the de- 
crease in energy of rotational levels due to inter- 
action with 8 vibrations, i.e., if we assume that 
AE; is completely determined by the interaction 
between rotational and y-vibrational excitations, 
we find from reference 14 that 

ney = — og (BY PU tay 
Then using the values of AE] and n?/ J found from 
experiment, we can determine C,. For AWE Cy = 
12.5 Mev. This calculation gives a lower limit for 
Cp. 

Lack of precise data for the energy of the second 
rotational level of W'** and w?® prevents us from 
making similar calculations for these nuclei. 

It is known that 


B(E2)y-s9 = B (E2)p~oEvibr./Co. (3) 


For the tungsten isotopes Eyjbr/C) © %9, while 
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B(E2) +) is approximately 140 times as great as 
the reduced probability for a single particle tran- 
sition. It follows from formula (3) that the ratio 
F = B(E2).:.)/B(E2)g.p, should be ~7. As we 
see from the values of F given in Table I, the 
value of F found from experiment actually is in 
this range. 

We are very grateful to B. L. Birbair, L. K. 
Peker, and L. A. Sliv for discussion of the results 
presented here. 
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Results are presented of an investigation carried out at 3200 m above sea level at the Aragats 
high-altitude laboratory during 1953 to 1956. The energy distributions of protons and pf me- 
sons were measured in the range up to 100 Bev. The proton and p-meson spectra can be 
approximated by the expressions 3.2 x 1079 (2+E)8dE (E>3 Bev) and 0.5(5+E) “dE 

(E >4 Bev) respectively. Data are given on the cross sections for inelastic nuclear inter- 
actions of high-energy m mesons and protons in graphite, copper, and lead. The inelastic 
nuclear interaction cross sections for protons and t mesons (0) were found to be equal. 
The following values were found for graphite, copper, and lead respectively: oa = 0.650», 
0.750), and 0.90), where o)=7(1.4 x10 A¥3)? is the geometrical nuclear cross-section. 


1. ENERGY SPECTRUM OF uw MESONS AT 
3200 m ABOVE SEA LEVEL 


UaB energy spectrum of the 4 mesons was de- 
termined with the magnetic spectrometer shown 
in Fig. 1. The accuracy of momentum measure- 
ments was higher than in the previous experi- 
ments.!»? The standard deviation amounted to 3}. 
10, 22, and 66% for 1, 5, 10, and 30 Bev/c re- 
spectively. 

Protons and a mesons were distinguished from 
ft mesons by the nuclear interactions which they 
underwent in graphite absorbers A, to As placed 
below the gap. The energy distribution of the pu 
mesons was calculated subtracting the background 
of nuclear active particles. The results are given 
in Table I. 

Nuclear interactions in the absorbers placed 
below the gap were identified by scanning the tracks 
of separate particles on special diagrams, which 
consisted of scaled vertical cross-sections of the 
apparatus, parallel and perpendicular to the lines 
of forces (cf. Fig. 1). It was not possible to deter- 
mine the particle sign for particles with 33 Bev/c 
momentum. For the particles of this momentum 
range we give therefore the total number of par- 
ticles of both signs. The number 7 represents the 
total number of nuclear interactions of protons and 
m mesons with momentum > 33 Bev/c in absorbers 
A; to As. 

The total number of » mesons (Table I, column 
8) was obtained by subtracting the number of the 
nuclear-active particles present in the -meson . 
flux from the sum of positive and negative particles; 
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the number of nuclear active particles was obtained 
in turn by dividing the number of interacting par- 
ticles by the interaction probability for protons and 
m™ mesons in absorbers A, to As. The latter is 
given by the expression W = 1 — exp (—x/A) where 
x = 43 g.cm~ is the total absorber thickness, and 
A is the mean free path for inelastic nuclear inter- 
actions in graphite. For protons and a mesons 

in the energy range E = 10 Bev, A =95 g-cm~ 
(cf. Sec. 4). Accordingly, it was assumed for all 
momentum intervals that W = 0.365. 

The distribution of 4 mesons with respect to 
their deviation in the magnetic field was deter- 
mined and momentum distribution was then calcu- 
lated. The following relation between the particle 
momentum p and the deviation 6 was used: 

p = 5.09/6. Absolute values of the differential 
spectrum were obtained by comparing the mo- 
mentum distribution with the differential spec- 
trum of » mesons with p< 14 Bev/e found in 
reference 2. It was found that the ordinates of 
the observed momentum distribution have to be 
multiplied by 5.47 x 107" to obtain absolute values. 
Within the limits of the statistical errors of both 
experiments, the above factor is constant in the 
range p< 14 Bev/c. The ordinates of the differ- 
ential energy spectrum of mesons are given 
in the last column of Table I. 

The energy distribution of ~ mesons was 
measured later again. The same array was used 
(cf. Fig. 1) but the graphite absorbers A, to A; 
were replaced by 86.2, 28.6, 47.8, 77.5 and 57 
g/cm? of lead respectively. Accounting for the 
thickness of counter walls, the total amount of 
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FIG. 1. Vertical cross-sections of the magnetic spectrome- 
ter, parallel and perpendicular to the magnetic lines of force. 
A,) lead 32 g/cm’ thick for absorption of the electron-photon 
component; A, —A, graphite, copper, or lead absorbers. 

C, —C,) coordinate counter trays; G) graphite absorber; PC) 
proportional counter; C and B (with indices and dashes) — 
Geiger counter trays. 


matter below the gap was equal to 300 g/ cm?, 
The results of the measurements are given in 
Table II. As in the first experiment, it was nec- 
essary to subtract the flux of nuclear active par- 
ticles from the total flux to determine the flux of 
#4 mesons. It was possibie to find the number of 
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nuclear interactions during the total time of ob- 
servation by analyzing the particle trajectories. 

In this series of measurements we considered 

the interactions in the three first absorbers A, 

to As only, the total thickness of which was 156 
e/cem*. In the measurements of the » -meson 
spectrum, misses occurred sometimes in the last 
tray of counters Cg and Cy (counters did not 
fire) and we decided therefore to exclude ab- 
sorbers A, and A; from consideration in order 
to avoid possible errors. It follows from our data 
(cf. Sec. 4) that, in the measured momentum range, 
the mean free path for inelastic nuclear interac- 
tions of protons and am mesons in lead is approxi- 
mately equal to 4 = 195 g/em?. The probability 

of an inelastic nuclear interaction in absorbers 

A, to Aj; is W=1 — exp (—156/195 )-= 0.551. 
Consequently, the actual number of protons and 

m mesons is equal to the ratio of the number of 
observed interactions to the value of the probability 
W = 0.551. The numbers of positive and negative 

“. mesons obtained by subtracting the background 
of protons and ma mesons, are given in columns 8 
and 9, and their total number in column 10 of Table 
II. The momentum distribution of the particles 
was calculated from the deviation distribution: 


N (p) = N (8) d8/dp = &N (8) /5.09. 


Furthermore, the ordinates of the obtained dis- 
tribution were multiplied by 3.0 x 107" to obtain 
absolute values. This factor was found by com- 
paring the measured momentum distribution with 
that given in reference 2. Corresponding ordinates 
of the differential » mesons distribution are given 
in column 11 of Table II. The obtained spectrum is 


TABLE I. Energy distribution of 1 mesons (first experiment) 


é eee a As 8 Zz Ordinates of the 
Deviation Momentum |g 32 eee tetes Boticlon® g @ differential uw 
range range, S = 2 < 2 meson spectrum 
8,cm Bev/c = & oa) podiainesen | pocien tenes 3 s cm? sec} 
& tive |tive | tive | tive & “ sterad™ Bev 
1 *e 3 4 4) 6 iq 8 ©) 
2.47—2.30 | 2:06—2.20 | 2.12) 416 285 21 4 641 (2.47+0.09)-10-3 
2.30—2.14 2.20—2.38 | 2.30] 434 325 23 0) 702 (2.39-+0.09)-10-3 
2.141 .97 2.38 —2.58 | 2.48] 456 306 18 4] 710 (1.98 +0.07)-10-3 
1.97—1.81 2.58—2.82 | 2.70] 443 By 14 2 721 (1.70+0.(6)-10-3 
Ah poh == (4 2.82—3.09 | 2.95] 476 360 12 2 798 (1.538+0.02)-10-3 
1.64—1.48 3.095.407) oeal |. O20 366 17 2D, 839 (1.35-+0,05)-10-3 
1.484 34 3.45—3.88 | 3.65] 527 362 20 1 832 (t.07-40.03).10-3 
1.31-1.14 3.88 —4,44 | 4.10] 530 375 18 > 848 (8 .42-+-().30)-10-4 
1.140.989 | 4.44—5.20 | 4.8 574 370, 19 it 900, (6.61-E0.20).10-4 
0.980—0.815 | 5.29—6.25 | 5.7 537 367 A; 4 855 (4.50-40 15). 10-4 
0.815—0.649 | 6.25—7.89 | 7.0 | 528 376 A; 1 869 (2.97-+0.09).10-4 
0.649—0 .484 7.8—10.4 | 9.0 009 327 10 2 853 (1.76-+40.06) 10-4 
0.484—0.319 | 10.4—16 Fat 474 293 8 2 740 (7.60+0,30)-10-5 
0.319—0.153 16 —33.2.) 21.5 363 208 6 2 545 (1.94+0.11)-10-5 
0.4153 —0.000 | 33.2—oc0 66.5 407 a 388 (1.59-+-0.11)-10-8 
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TABLE II. Energy distribution of 4 mesons (second experiment) 


Total num- |’ Total num- 
b ber of __ ber of ‘ 4 ah op 
Deviation ZN particles interactions #8 3 ls ¥ 2 g Ordinstes of che 
range z ® oj | o & a>] a Ol uo a vid eR 
Sem fea} Owe + > - 9g es 2 Ks . 2 arc meson epece nin 
s ¢ O28 w > at oD g33 g | 5 g3 heetiasy = 
$3 ar Lie) 28 oy 58 Za Zs RS a ev/c) 
1 2 3 4 uy 6 7 8 ) 10 11 
2.47—2.30 PA AL SBS IT ae) D4 1 .d01 | 695 | 558 | 1253} (2.56-+0.07).10-3 
2.502.174 12.39) 780 | 539 4Y Z ().551 | 692 | 536 | 4228) (2.17+0.06).10-3 
2). [AA O7 12.48)" S165 577 48 4 0.551 | 760 | 575 | 1335} (2.03--0.06)-10-3 
4-97-4281 12.70) 8375), 623 | 49 3 | 0.551} 747 | 618 | 1365] (1.75--0.05)-10-3 
1.81—1.64 |2.95] 866 | 636 | 39 5 [0.551] 796 | 627 | 1423] (1.5240.04).10-3 
1.64—1.48 |3.27] 913 | 668 | 34 3 {0.551} 852 | 663 | 1515 | (1.33-F0.03).10-3 
Cae eos 18.651 P97 We 722 days 4 {0.551} 91t | 715 | 1626} (4.13-F0.03)-10-3 
4.31—1.14 |4.10] 983] 709 | 30 5 |).851 | 934 | 700 | 1631 | (8.76-E0.22).10-4 
1.14—0.980/4.80) 1017 | 705 | 29 3 9.551} 965 | 700 | 1665] (6.75-+0.17)-10-4 
0.980—0.815]5.70| 999 | 647 29 3 10.551 | 947 | 642 | 1589] (4.6-+-0.12)- 1074 
0 ,815—0.649]7 .0 944 | 642 25 5 0.504] 906 | 633 | 1633) (2.954-0.07)- 10-4 
0.649—0.484/9.0 | 839] 602 | 23 4 10.551 | 798 | 595 | 1393] (1.65 -0.05)-10-4 
0.464—0.319/12.7) 707 | 561 | 20 3 10.551} 670 | 556 | 1226} (7.14'+0.2)-10-5 
di 9—0.153}21.5 599_| 458 Ae 7, 0.551 | 533 | 454 | 987) (1.98+0.C6)-10-5 
Oras OKO" 16685 720 i 0.551 709 709 | (1.6440.06)- 107° 
in a good agreement with that measured in the first te 
series of measurements. The energy distribution : 
of the » mesons is shown in Fig. 2. The top curve Z 
. . . . 3 
represents the integral distribution, and the lower we 
one the differential distribution. A portion of the : 
curve, for E < 2 Bev, is taken from reference 2. 1074 
In the range E > 4 Bev the obtained energy spec- q 
trum can be accurately described by the power 4 
0 
2 a 6 
ny (E)dE = 0.5(E + 5) PdE. (1) 4 
z 


2. ENERGY SPECTRUM OF PROTONS AT 3200 m 
ABOVE SEA LEVEL 


The energy distribution of the protons was de- 
termined in four independent experiments. 

Experiment 1. Three ordinates of the differen- 
tial proton spectrum were obtained from the ex- 
perimental data on the  -meson energy distribu- 
tion given in reference 2, where the experimental 
setup is described. In these experiments there 
were no absorbers above the gap, with exception 
of a light cover 7 g/cm? thick made of wood and 
iron. Six absorbers A, to Ag were placed below 
the gap. The absorber A; was made of lead 45.2 
g/cm? thick, the remaining ones were made of cop- 
per, 8.9, 37.4, 16, 53.4, and 17.8 g/cm? respec- 
tively. The relation between the particle momen- 
tum in Bev/c and their deviation in the magnetic 
field was p=7/6. The projections of the trajec- 
tories of all particles were plotted on diagrams 
and carefully analyzed. This procedure made it 
possible to establish whether a particle underwent 
an inelastic nuclear interaction in absorbers A, 
to Ag, or traversed them without interacting. Stars, 
particles stopping without a visible effect, and 


G06! 2 46 1020 406100 
& Bev 
FIG. 2. Differential (lower curve) and integral (upper curve) 
energy spectrum of » mesons at 3200 m above sea level. The 
y-axis represents the intensity N in units of cm?’ sec ‘sterad* 
Bev * for the differential, and cm? sec sterad* for the in- 


-tegral spectrum. 


large-angle (> 10°) scattering events were counted 
as interactions. Interacting particles were assumed 
to be protons and m* mesons if positive and 17 
mesons if negative. The measurements were car- 
ried out during 267 hours. The number of positive 
particles recorded in the ranges 2.33 < p< 3.5, 
315" 07, and 97.-<"p < - Bev/ eawasr L6D0, 91715, 
and 1448 respectively. It was found in scanning 
that 160, 111, and 57 of these particles, respec- 
tively, underwent inelastic nuclear interactions. 

In the corresponding momentum ranges, the num- 
ber of particles was 1086, 1212, and 768 respec- 
tively, of which 5, 9, and 6 underwent inelastic 
nuclear interactions. It is reasonable to assume 
that, at mountain altitudes, the number of 7 me- 
sons of both signs in air is equal. The difference 
between the numbers of positive and negative in- 
teracting particles represents therefore the number 
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TABLE III. Energy distribution of protons 
a Lo Ordinates of differential 
| > ae spectrum 
I Momentum Energy Onmeloe Stoppin crap Pe al p 
S| orange, | range, | 3(¢8| $ | probability | Momentum | Energy. 
3. Bev/c Bev elo) # cm oon cm sec 
Fabs 6 gS 3) sterad sterad 
a & oh a (Bev/c)* Bev? 
1 2 3 4 5 6 7 8 9 
26—21|0.245—0.303] 0.03—0.05 | 0.04 |105] 0.732 4.00 4244.1 150415 
21—17|0.303—0.376] 0.05—0.07 | 0.06 |228] 0.815 4.00 69.4+4.3 193-13 
17—14|0.376—0.455| 0.07—0.10 | 0.08 [369] 0.875 4.00 93.2+4.9 221414 
14—12]0.455—0.531] 0.10—0.14 | 0.12 [436] 0.905 4.00 108-5 23414 
142—1110.531—0.579] 0.14—0.16 | 0.15 |284] 0.92 4.00 1104-6 220-413 
{1—10)0.579—0.636) 0.146—0.19 | 0.18 |398/ 0.93 4.00 128+6 252-413 | 
10—9 |0.636—0.707| 0.19--0.24 | 0.21 |506) 0.94 1.00 129-+6 208-9 | 
9—8 |0.707—0.795} 0.24—0.29 | 0.26 1617) 0.95 1.00 126+5 A9+8 
8—7 |0.795—0.91 | 0.29—0.37 | 0.34 |731] 0.96 4.00 1146 162+-9 
7—6 | 0.91—1.06 | 0.37—0.47 | (0.44 |827| 0.97 4.00 99.7+6.3 145+9 | 
6—5 | 1.06—41.27 | 0.47—0.64 | 0.601772) 0.98 | 0.91+0.04 | 70.2+6.2 87-46 
5—4 | 1.27—1.60 | 0.64—0.91 | 0.89 1562)0.99 | 0.66+0.06 | 44.6+3.8 54.5+5.0 | 
4—3 }| 1.60—2.10 | 0.91—1.38 | 1.20 |503) 1.0 0.46+0.05 | 37.3-+3.5 39.5+4.4 
Beene 3220) ele ok Zeon sonal scolrie 0 0.33-0.04 | 18.6+2.9 20.54+2.5 
2—1 | 3.20—6.36 | 2.38—5.50 |3.9 /408) 1.0 0.2340.04 | 2.53+-0.46 | 2.56+0.44 
4—0 | 6.36—co 5.50—oo 14 43) 1.0 0.14+0.04 |0.055-+-0.023)0.055--0.023 
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of protons which underwent an interaction in ab- 
sorbers A; to Ag. According to the results of 
Sec. 4, the cross section for inelastic interaction 
of nucleons in heavy elements, in the energy range 
studied, amounts to ~ 75% of the geometrical 
cross-section. Consequently, the probability that 
the nucleons will interact inabsorbers A; to Ag 
is approximately equal to 1 — exp (—x/A) = 0.68 
where x = 45.2 g/em~ Pb + 133.5 g/cm? Cu = 
1.52A9 is the total absorber thickness (AQ is the 
mean free path corresponding to the geometrical 
cross-section of the nucleus; A = 2 9/0.75 is the 
mean free path of inelastic interaction). The ratio 
of interacting protons to the interaction probability 
0.68 yields the number of protons in the u-meson 
flux. For the ratio of protons to / mesons we ob- 
tained the following expressions: 


0.0354 -+0.0041 for p= 14 Bev/c 
0.0546-++ 0.0045 for p= 4.66 Bev/c 
0.0917 +0.0061 for p=2.8 Bev/c 


N, (P) ol 


N.(P) 


(2) 
For particles with these momenta we find for the 
ordinates of the differential -meson spectrum 
Nu(p) the values 4.7 x 1074 and 1.74 x 1078 re- 
spectively. Accounting for Eq. (2) we thus obtain 
for the ordinates of the differential energy spec- 
trum: 


(1.66 + 0.23)-10-* for E=13 Bev 


(3.57 +0.36)-10-° for E = 3.9 Bev 
(1.68-++0.14)-107* for E =2 Bev 


Np (E) = 


(3) 


Experiment 2. Six copper absorbers, A, to Ag, 
with total thickness 178 g/cm? = 1.65) were 
placed under the gap in this series of measure- 


ments, and 6852 protons with energy > 30 Mev 
stopping in the absorbers were recorded during 
the time of operation (t=1.77 x 10° sec ). The 
energy distribution of these particles is given in - 
Table III, column 5. Protons with p < 1 Bev/c 
stopped in the absorbers as a result of ionization 
losses, and those with p > 1 Bev/c were stopped 
by inelastic nuclear interactions. The last tray of 
counters, placed under absorber Ag, was con- 
nected in anticoincidence and only the particles 
which did not reach that tray, i.e., which stopped 
in absorbers A; to Ag, were recorded. Thus, 
from the observed number of protons with p< 1 
Bev/c, we can construct directly the spectrum 
of these particles, while for the region p > 1 Bev/c 
it is necessary to know the stopping probability of 
the protons in absorbers A, to Ag as a function 
of energy. This probability was found in the course 
of the first experiment, in which the conditions were 
similar with exception of an immaterial difference, 
namely that in the first experiment absorber P, 
was made of lead, and in the second of copper. The 
total thickness of absorbers A; to Ag, measured 
in units of mean free path A») corresponding to the 
geometrical nuclear cross-section, was equal to 
1.52 in the first experiment and to 1.65 in the sec- 
ond. As far as nuclear interactions and the stop- 
ping of particles were concerned, the physical con- 
ditions were therefore almost identical. The aréa 
of the absorbers and of the counter trays placed 
between them are also important, but in that re- 
spect the conditions were identical. 

It was found in the first experiment that, during 
a total observation time, 84, 163, and 235 protons 
with momenta in the ranges 7<p<o, 3.5<p<7, 
and 2.33 < p < 3.5 Bev/c, respectively, traversed 
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TABLE IV. Energy distribution of protons 


: Number of g a Number of 
5 . interactions o8 protons Ordinates of 
Momentum E> Sele 2 Ratio of ‘the differential 
range, £5/ 23) 39 |s ee protons to proton energy 
Bev/c M 3 iC) pe 9 ™ 010-2 | » oO mesons spectrum 
< g ee wt 8 mi ee | 2 eI Total in air cm™ sec™ sterad™ 
BS; a8 | eh 2s Se 188 Bev 
1 2 3 4 B) 6 7 8 9 10 
2.06—2.82 |2.38] 76 4 | 1.62|0.365)7247|197-19]0.071-++0.007] (1.58-+-0.15)-10-4 
2.82—3.88 |3.25) 49 5 | 2.45/0,.365 We 134 £4610,049E0. 006 ta:72-50.89).10-> 
3.88—5.20 |4.45) 33 3 3.6)().365)30+5} 82+14]0.047-+-0.008} (3.76-F0.64)-10-5 
5.20—7.8 | 6.3} 29 2 5.4|0.365/27+4} 74+11/0.048-+0.006] (4.68-E0.23)-10-5 
7.8—16 10.5) 18 | 4 9.6)0.365/14-+-4) 38-+-11)0.024+0.007] (3.12+0.91)-10-8 
16—co {32 15 (3) {34 ]0.48 124-3} 25-+6 |0.027+0.006} (2.7+0.7)-10-7 
33.2—oo = |66 7 65 |0.48 0.032-+-0.012) (4.5-+1.7)-40-5 
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the array. It was found in scanning the track dia- 
grams of interacting particles that in 12, 37, and 
71 cases respectively the protons were stopped in 
the absorbers together with their secondary prod- 
ucts. We find thus that the stopping probability is 
equal to 0.143 + 0.044, 0.227+0.041, and 0.302 
+ 0.041 for p=14, 4.7, and 2.8 Bev/c respec- 
tively. The dependence of the stopping probability 
on momentum was plotted using these points and 
the point W=1 for p=1 Bev/c. The resulting 
curve was used to determine the proton stopping 
probability in the given experiment (cf. Table III, 
column 7). To calculate the ordinates of the dif- 
ferential energy spectrum of protons, it is neces- 
sary to divide the number of stopping protons 
(Table III, col. 5) by 


SwtofW (E) AE = 5.883W (E) AE +108, (4) 


where AE is the width of the energy interval, 

t= 1.77 x 10° sec is the period of observation, 

S is the area of the lowest counter tray, w is 
the acceptance angle of the array, o is its aper- 
ture, f=0.78 is the particle detection efficiency? 
and W(E) is the proton stopping probability in 
absorbers A, to Ag. In these measurements, 
Sw= 4.26 cm?-sterad. The ordinates of the differ- 
ential momentum and energy spectra of protons 


are given in Table III, columns 8 and 9 respectively. 
Experiment 3. The experimental data on the en- 


ergy spectrum of » mesons given in Table I con- 


tain as well all the material necessary to determine 


the proton energy distribution (cf. Table IV). It 
should be noted (cf. Fig. 1) that there is 32 g/cm? 
of lead above the array to absorb the electron- 
photon component. Five graphite absorbers A, 

to As with total thickness equal to 43 g/cm? were 
placed under the gap. Nuclear interactions in the 
absorbers were identified by a careful scanning 

of the trajectory projections of all particles in the. 
diagrams. The proton interaction probability in 
absorbers A, to As is given in Table IV, column 


6. The interaction probability is W = 1—exp(—x/A), 
where x = 43 g/cm? and 2 is the inelastic inter- 
active mean free path for protons. According to 
the data of Sec. 4, it was assumed for the first 
five momentum intervals that A = 95 g/ cm? and 
W = 0.365. For the two remaining ones (E > 16 
Bev) it was assumed that the cross section for 
inelastic nuclear interactions of protons in graphite 
is equal to the geometrical cross section of the nu- 
cleus and, accordingly, \ = 67 g/cm? and W = 
0.48. The difference between the numbers of posi- 
tive (column 3) and negative (column 4) interac- 
ting particles are given in column 7 (Table IV). 
The total numbers of protons present in the p- 
meson beam are given in column 8.: These were 
obtained dividing the values of column 7 by the 
probability W. The ratio of protons to ~ mesons 
is given in column 9. Multiplying these figures by 
the corresponding coordinates of the »-meson 
energy spectrum,’ we obtain the ordinates of the 
differential energy spectrum of the protons (col- 
umn 10). For momenta = 33 Bev/c it was not 
possible to determine the sign of the charge. A 
total of 388 particles, seven of which underwent 
an interaction, was observed in this range. We 
find thus, accounting for the interaction probabil- 
ity, that the ratio of protons and 7 mesons to yu 
mesons in the atmosphere is 0.038 + 0.012. The 
relative number of 7 mesons at the altitude of 
Aragats was calculated from the production spec- 
trum of the 7 mesons.‘ It was found that, at 66 
Bev, the ratio of 7 to mz mesons at that altitude 
is approximately equal to 0.007. Consequently, 
the ratio of protons to mesons for p = 66 
Bev/c is equal to 0.031 + 0.012. 

Experiment 4. Table II contains data which 
can be used to find the proton energy spectrum. 
The total number of protons and a mesons 
N(p+ a) is given in column 5, and the number 
,of m mesons N(a~) which underwent inelastic 
nuclear interactions in absorbers A, to Ag is 
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FIG. 3. Differential energy spectrum of protons at 3200 m 
above sea level. 


listed in column 6. It was assumed, as in the pre- 
vious experiment, that the number of interacting 
protons is equal to the difference N(p+ nt) _ 
N(a_). To obtain the absolute number of protons 
which traversed the array during its operation, it 
was necessary to divide the number of interacting 
protons by the stopping probability W = 0.551. 
Further reduction of data was carried out accord- 
ing to the method explained in the preceding ex- 
periment. The final results are shown in Fig. 3. 
The ordinates of the differential proton spectrum, 
corresponding to experiments 1, 2, 3, and 4 are 
denoted by rectangles, black and white circles, and 
squares respectively. The energy distribution may 
be approximated, for E > 3 Bev, by the expression 


SOO, Onan. (5) 


where E is the kinetic energy of the protons in 
Bev. 


3. ABSORPTION OF THE NUCLEONIC COMPO- 
NENT IN THE ATMOSPHERE 


We shall calculate now, on the basis of the data 
given in the preceding section, the absorption mean 
free path of a vertical flux of nucleons in the atmo- 
sphere. We shall compare our data with those on 
the primary intensity. The geomagnetic latitude 
of the Aragats laboratory is 35°. The primary par- 
ticle spectrum is cut off at that latitude at approxi- 


mately 6.7 Bev/c. It is evident that the geomag- 
netic cut-off will not influence nucleon intensities 
for E> 3 Bev at mountain altitudes. One can as- 
sume that the intensities of protons and neutrons 
are equal in this energy range at mountain alti- 
tudes. Such an assumption is confirmed by the 
fact that for E> 3 Bev the number of proton and 
neutron stars in emulsions is equal within the lim- 
its of statistical error.°-' 

The integral spectrum of primary nucleons can 
be approximated with a good accuracy by the for- 
mula® 


N (0) = 6.1-(6.34 -£ E)*. 


According to Eq. (5), the corresponding nucleon 
intensity at the altitude of Aragats (pressure equal 
to 710 g/cm’, accounting for the small amount of 
matter above the array) is N(710) = 3.56 x 
1073(2+E)7*:8. Consequently, the absorption 
mean-free-path of a vertical flux of nucleons with 
energy >E is 


{1 =710/In[W (0)/ N (710)] 
— 394 / {4.13 + In[(E + 2)/(E + 6.34)]}. 


It follows that for nucleon energies E = 3, 5, 10, - 
30, 50, and 100 Bev we obtain 27=112, 108, 103, 
99, 97, and 96 g/cm? of air, respectively. The 
results are in disagreement with those of refer- 
ences 9 to 12, where it was found that for nucleons 
with energy of the order of 1000 Bev, 7=112 +6; 
116 + 9 g/cm? %!2 and 1= 120 g/em?.1%!! To ex- 
plain the discrepancy, one has to assume that either 
the nucleon intensity is too low by a factor of two or 
that the intensity in the primary flux is too high by 
the same factor, or that the errors of the spectra 
are such that their ratio may be wrong by a factor 
of two. Such an error, however, seems to us im- 
probable. Apparently, the discrepancy is due 
mainly to the following reason: in the cited litera- 


TABLE V. Cross sections for inelastic nuclear 
interactions of m mesons in graphite 


Total Total 

energy Mean Absorber number Number of Cross 

range, energy, thickness, of interacting | section 

Bay Bev g/cm? 7” mee m7 mesons | og, mbn 
sons 
4 2 3 ey 5 6 

0.36—0.55] 0.43 43 2041 72 206 
0.55—0.79} 0.65 43 107 38 202 
0779-41 Sale e904 43 53 22 248t% 
1.145—2.00| 4.5 43 39 14 206435 
2.00—4.00} 2.8 43 33 12 2n0ne 
4.00—66.0] 45 43 44 4 208173, 
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ture, the actual mean free path of the nuclear- 
active component was determined while we meas~ 


_ ured the nucleonic component. The difference may 


be considerable when a large amount of dense sub- 
stances is present in the array. 


4. CROSS-SECTIONS FOR NUCLEAR INTER- 
ACTIONS OF 1 MESONS AND PROTONS IN 
COPPER, GRAPHITE, AND LEAD 


Under certain conditions, a magnetic spectrom- 
eter may be used for measurement of the total 
cross section for inelastic nuclear interactions of 
m™ mesons and protons with matter. For that pur- 
pose it is necessary to place an absorber over the 
array and, by means of Geiger-Miiller counters, 

_ to detect and study the charged particles produced 
by neutrons in the absorber. The negative particles 
are m mesons only, and the positive ones are am 
mesons and protons. We assume that heavy mesons 
do not constitute an important fraction of the num- 
ber of particles. The cross section for inelastic 
nuclear interactions of + mesons and protons in 
the absorber substance can be determined by study- 
ing the nuclear interactions in the absorbers placed 
below the magnetic gap. 

For the study of the trajectories and their inter- 
actions in the absorbers, we used scaled diagrams 
representing the array in two perpendicular cross 
sections (cf. Fig. 1). The projections of the tra- 
jectories were plotted in these planes. Ifa particle 
did not undergo a nuclear interaction, the projection 
of its trajectory on the plane parallel to the mag- 
netic lines of forceis astraight line passing through- 
out the array. The projection of the trajectory of 
such a particle on the plane perpendicular to the 
lines of force consists of a circular arc within the 
magnetic field, and in the absorbers outside the 
field — of a straight line tangential to the circle 
at the point where the particle left the field. When 
a particle undergoes a nuclear interaction in the 
absorbers, the following effects may be observed: 
(1) visible star production, (2) nuclear scattering, 
and (3) stopping. 

Stars were defined as events in which multiple 
discharges were observed in counter trays placed 
between the absorbers. Such a criterion, however, 
would have been too weak, since multiple discharges 
could be caused by 6 electrons and chance coinci- 
dences due to stray particles. Events involving 6 
electrons may be recognized by the fact that dis- 
charges occur always in two adjoining counters, 
close to the trajectory of the particle, which is 
then a straight line traversing all absorbers. In 
the majority of stars, a deviation from a straight 


line may be observed in at least one projection of 
the trajectory. In addition, for stars it is possible 
to construct rays intersecting in one point, and 
roughly the same number of rays is emitted into 
the upper and lower hemispheres. It is also char- 
acteristic for stars that the prongs directed back- 
wards are generally shorter than those directed 
forwards, which penetrate the next absorbers, and 
sometimes traverse all of them. The number of 
chance coincidences is in general small. In addi- 
tion, tracks due to these do not intersect in one 
point, i.e., do not form a star. In spite of the above 
characteristics of stars, it is sometimes difficult 
to decide in which absorber the interaction has 
occurred. 

We define as nuclear scattering a deviation of 
one or both trajectory projections by an angle 0 
& 10°. At the meson energies studied, the angle 
of multiple Coulomb scattering is small. The 
above criterion is therefore sufficient for the de- 
tection of nuclear scattering events. Some of the 
cases assumed by us to represent nuclear scatter- 
ing of mesons, could have been stars, the products 
of which but one were absorbed in the absorbers 
and did not reach the counters placed above and 
below the absorber in which the star was produced. 

Finally, we define as particle stopping events 
in which the particle emerging from the magnetic 
field disappears in one of the absorbers. Up to 
that point, the particle should not undergo any in- 
teractions. A part of these events represents 
charge-exchange phenomena and large angle scat- 
tering events in which the particle left the apparatus. 
It is also possible that a star consisting of slow 
particles only is produced and the secondaries in 
the same absorber in which they were emitted. 
Evidently, the number of such cases tends to zero 
with increasing meson energy. 

The cross section for nuclear interactions of 
m mesons was determined directly, since the flux 
of negative particles consists of m mesons only. 
The cross-section was calculated according to the 
formula 


3?) = (Nog — Nast”) / (N, — Na), (6) 


where N, is the number of positive particles, Nz 
is the number of 7* mesons assumed to be equal 
to the number of 77 mesons,'? o(*) and of") are 
the cross sections for inelastic nuclear interactions 
of positive particles (7, p) and of ae mesons 
respectively. It was assumed that oft )= ory 
This method was used for determination of the in- 
elastic nuclear interaction cross-section of 7 
mesons and protons in graphite, copper, and lead. 
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TABLE VI. Nuclear interactions of positive 
particles produced in graphite 
Momen- |yjean mo-| Absorber ‘ ty Number of Cross 
pum mentum, | thickness number interacting | section 
range, | Bev/c g/cm? of par- particles |o,, mbn 
Bev/c ticles 2 
1 2 3 4 | 5 6 
2—4 eT. 43 164 58 205+27 
3-4 nee 43 59 20 19144! 
4—16 6.7 43 30 14 Dio 
(a) Cross sections for inelastic nuclear inter- 


actions of 7 mesons and protons in graphite. In 
this series of measurements five graphite absorb- 
ers A, to As, 10.1, 5.6, 7.1, 11.7, and 8.5 g/cm? 
respectively, were placed below the gap. The thick- 
ness given include the walls of the counters placed 
between the absorbers. The total thickness of walls 
was equal to 3 g/ em? of copper which, for nuclear 
interactions, is equivalent to 2 g/ cm? of graphite. 
The am mesons and protons were produced by neu- 
trons in a graphite absorber (cf. Fig. 1) 32 g/em? 
thick. 

Data one nuclear interactions of the negative 
particles (7 mesons) are given in Table V. Stand- 
ard deviations of the cross sections for inelastic 
nuclear interactions of m mesons with graphite 
nuclei, calculated according to the formula 
vNW(1-—W) , where N is the number of par- 
ticles and W is the interaction probability, are 
given in the table. 

The angle of diffraction scattering in graphite 
is of the order of @ = ch/Rp ~ (3.5/p)°, where 
R = 3.2 x 10743 cm is the radius of the graphite 
nucleus and p is the particle momentum in Bev/c. 
Large angle (@ 210°) scattering events were also 
regarded as nuclear interactions. The diffraction 
scattering angle amounts to 8, 5, and 4° for the 
first three momentum ranges respectively. The 


KOCHARIAN, SAAKIAN, and KIRAKOSIAN 


TABLE VI. Cross sections for inelastic 


interactions of ™ mesons in copper 
{ 


Total en- Mean Absorber Total Number of Cross 
ergy range,| energy, | thickness, pr interacting section 
Bev Bev g/cm? ote particles Og mbn 
0.51—0.71 | 0.60 290, aise! |e a8 Ma koo uae 
0.71—0.91 | 0.84 52 80 31 99614 
0.91—1.07 | 1.00 52 44 13 Totem | 
107 Seehle Mee 88.6 54 29 O17 ee | 
1p 28-1260)! ete EO 88.6 46 25 g3atte 
1.602.142 | 1.85 88.6 5 23 712th 
2.42—3.18 | 2.6 141.3 50 30 6857139 
3.18—6.36 | 4.2 141.3 31 20 715 tae 
6 .36—o0 12 141.3 35 22 7425 


measured cross-sections for these ranges, given 
in Table V, column 6, include therefore a certain 
fraction of the cross section for elastic scattering 
of m- mesons. For the remaining three energy 
ranges the angles of diffraction scattering are suf- 
ficiently small and the given cross sections refer 
to inelastic interactions only. It can be seen that, 
for mean energies equal to 1.5, 2.8, and 15 Bev © 
the cross section o in graphite is constant within 
the limits of statistical errors, and approximately 
equal to 0.6509, where op = 3.22 x 10 cm? is 
the geometrical cross-section of the graphite nu- 
cleus. 

Data necessary for calculating the cross-section 
for nuclear interactions of, positive particles are 
given in Table VI. From a comparison of the num- 
bers of mt mesons and of positive particles we can 
conclude that protons constitute the majority of 
produced positive particles. The resulting cross 
sections given in Table VI, represent og of graph- 
ite for a mixture of mt and p. This cross section, 
within experimental errors, is equal to that for m7 


TABLE VIII. Total cross sections for inelastic interactions 


of protons in copper 
Se EM ee 251 eee eee, epee.) Sh EP TET 


Totalcross 


Momentum | Absorber| Potalnum- | Number of section for Kinetic Cross 
range, thickness] ber of po- interacting |positivepar-| Cnergy section 
Bev/c g/cm? sitive par- particles ticles range of for protons 

ticles o+, mbn protons, Bev| og, mbn 
1 2 3 l | 5 6 7 

0.911.06 | 29 352 75 872t | 0.37—0.47 | “goat te 

{061.27 |> 20 329 70 g72ttis | 0.47—0.64| se7tiét 

1.27—-1.59 | 52 305 102 825t%2 | 0.64—0.91 | soz tits 

1592243 52 240 76 764200 > 0 G=1958 TBS 

PAZ SASo re 088.6 194 86 712080 1.38—2.38 718i 
3.18—6.36 | 141.3 4441 69 727-+90 2.38—5.5 Tate 
6 .36—oo 441.3 67 42 PBy aa? 53500 


—113 


334 
738758 
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TABLE IX. Cross sections for inelastic interactions 
of m~ mesons in lead 


Total Moanvon. Absorber siete Number of Cross 

energy ergy, Bev thickness, of par- interacting section ~ 
range, Bev 2 g/cm?* Niide particles Jy, mbn 

1 2 3 4 5 6 
| 

2.65—3.98 ay is: 242 37 29 1835+197 
*3.19—5.30 305 242 40 31 1960+180 
3.98—7.95 5.30 242 34 26 18404139 
5.30—15.9 99 242 27 20 1815+197 
7.95—co 34.4 242 29 24 1810+-215 


-mesons. One may conclude therefore that, for p= 
2.7, 3.3, and 6:7 Bev/c; a8) ofP) x 0.65 0p. 

The graphite nucleus is therefore semi-trans- 
parent to protons and m mesons at proton energies 
E.& 6 Bev. 

(b) Cross sections for inelastic nuclear inter- 
actions of 7 mesons and protons in copper. For 
the determination of og in copper, absorbers 
made of that material, 10, 18.3, 23.1, 36.4, 52.9, 
and 35.6 g/cm? thick, were placed below the gap. 
The conditions of particle selection were similar 
to those in the experiments with graphite. The 
diffraction scattering angle in copper is less than 
in graphite and is @=(2/p)°. The data on nuclear 
interactions of m mesons in copper are given in 
Table VII. It follows from these that, in the energy 
range above 1 Bev, the cross section for inelastic 
nuclear interaction is constant within the limits of 
_ experimental errors and equals 0.750). Data nec- 
essary to determine of) from Eq. (6) are given 
in Table VIII. 

(c) Cross sections for inelastic nuclear inter- 
actions of 7 mesons and protons in lead. In these 
experiments interactions were studied in lead ab- 
sorbers A, to As, 86.2, 28.6, 47.8, 77.5, and 
57.0 g/ cm? in thickness. The diffraction scattering 
angle for lead is 6 =(1.4/p)°, and the angle of 
multiple Coulomb scattering for the first four ab- 
sorbers taken together in which the interactions 
were studied is approximately equal to 57; pes 
To exclude the contribution of Coulomb scattering 
we have limited our study to particles with p 2 3 


Bev/c. All the data on nuclear interactions of m7 
mesons and protons in lead are given in Tables IX 
and X. 

Let us compare our results with the data of 
other workers. Lindenbaum and Yuan" obtained 
for 0.59-Bev m mesons in graphite og = (186 
+ 22) millibarns which, within the limits of ex- 
perimental errors, is in a good agreement with 
our results. For 5-Bev m mesons in aluminum 
it was found’ that og = 0.40 barns, which amounts 
to ~ 72% of the geometrical cross section. In ref- 
erence 16 it was found that og = 0.218 barns in 
graphite at E7, = 4.2 Bev, which is close to the 
value obtained by us for that energy range. Our 
result for graphite in the high-energy range does 
not contradict the data of reference 16. 

Data on the cross sections for inelastic interac- 
tions of protons in graphite are available in the lit- 
erature for low energies only. It was found!" that 
dg = 0.25 barns for E = 0.87 Bev. In references 
18 and 19 it was found respectively that the cross 
section for 1.4-Bev neutrons in graphite is 0.200 
and 0.231. Our results are in agreement with the 
cited works. 

. For copper it was found! that og = (0.73 + 0.11) 
barns at a total m meson energy of 0.59 Bev. In 
reference 20 it was found that og = 0.7 barns at 
3 Bev. For 4.2 Bev m mesons produced in an 
accelerator, it was found that og = 0.794 barns. 
The agreement is satisfactory within the limits of 
experimental accuracy. 

Our results are not in disagreement with the 


16 


TABLE X. Cross section for inelastic interactions 
of protons in lead 


Cross 


Total Numb f i Kinetic en- Cross 
Momentum Absorber number ae Gr ed Pe g OES ergy of pro- section 
range, thickness | of posi- particles iveton tons, Bev for protons 
Bev/c g/cm? tive par- icles aha = Cag» mbn 
ticles 4 
1 2 3 4 5 6 7 
SO oro) 242.2 457 113 1780+-170 SO 1791 +220 
3.98—7 .95 242.2 111 84 1860-208 5.16 1850-260 
5.30—15.9 242.2 64 46 1780+-230 7.46 1711+300 
7.95—-co PRG Pa On 39 1830-+280 24.6 1770+360 
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available data on the cross section for inelastic 
interactions of nucleons in copper .!7~19,21 Cross 
sections in lead were measured up to 970 Mev. 

At that energy it was found that og = (1828 + 100) 
millibarns.”” It was found, using the Brookhaven 
cosmotron, that og, = 1730 millibarns (+5%) for 
1.4 Bev neutrons. In another work?’ it was obtained 
for 860 Mev protons that og = (1690 + 900) milli- 
barns. For the low-energy range we have no data 
to compare with the literature. It should be noted, 
however, that the cross sections given in Table IX 
and X for E >3 Bev are, within the limits of sta- 
tistical errors, identical with the cited values. 

On the basis of the data obtained one can draw 
the following conclusions: 

1. The cross sections for inelastic nuclear in- 
teractions of m mesons and protons in the energy 
range <1 Bev are, within the limits of experimen- 
tal errors, equal and independent of energy. 

2. If we assume that the geometrical cross sec- 
tion of the nucleus is o) = 7(1.4 x 1078 AM )2, the 
nuclei are partially transparent for m meson and 
protons with E >1 Bev. The transparency de- 
creases with increasing atomic number. For graph- 
ite, copper, and lead we have og = 0.650, 0.750, 
and 0.90) respectively. 
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Experiments involving the observation of density and temperature discontinuities at the 
boundary between superfluid and non-superfluid helium in the presence of a thermal cur- 
rent are described. The reasons for the stability of the boundary are explained, and ex- 
amples of disturbance of this stability at high thermal current densities are presented. 


A S has been previously communicated,! a clearly 
visible boundary appears in the presence of a ther- 
mal flux from non-superfluid in superfluid helium, 
and discontinuities in the temperature and density 
are developed at the boundary. Experiments on the 
observation of this phenomenon were set up in the 
following manner. In the Dewar vessel 1 of liquid 
helium illustrated in Fig. 1 there was placed a 
chamber 3 attached to the tube 2. The chamber 
formed an optical wedge, bounded on the sides and 
rear by the glass aperture 4 and made up of two 
plane-parallel glass flats 5. A flat heater wound 
of constantan wire was placed on the rear wall to 
generate a thermal current along the chamber. 

The forward end of the chamber was sealed her- 
metically by a platinum foil 6 using BF-4 polymer- 
izing cement. A pressure of one atmosphere meas- 
ured by means of the manometer 9, was maintained 
in the liquid helium within the chamber through the 
tubes 7 and 8. Two chambers, 1.5 and 3 mm in 
depth, were used for the experiments. Both cham- 
bers were 4 mm wide and 16 mm long. With the 
aid of the telescope 10 and the optical system il- 
lustrated in the figure, fringes of equal optical 
thickness were observed in the chamber in the 
light of a low-pressure mercury lamp 11. Since 
the index of refraction for liquid helium differs 

but little from unity (n = 1.027), the variation in 
the helium density can be obtained from the simple 
formula Ap = Ak, where k is the number of 
fringes passing across a given section of the cham- 
ber, Ap is the density variation, and A is a con- 
stant of the apparatus. Inasmuch as the most reli- 
able thermometer is a density thermometer, the 
temperature of the liquid helium was determined 
from the density. When sufficient power was sup- 
plied to the heater, with the temperature of the ex- 
ternal bath somewhat below the A points, the tem- 


FIG. 1. Apparatus for visual ob- 
servation of the boundary between 
superfluid and non-superfluid helium. 


CII p 
perature within the chamber began to rise, and, as 
it passed the A-point, a visible boundary appeared 
within the chamber near the heater and moved to- 
ward the cold end. It could be maintained at any 
point in the chamber by suitable adjustment of the 
power or of the temperature of-the external bath. 

In row 1 of Fig. 2 are shown photographs of 
fringes of equal thickness in the 1.5-mm chamber, 
containing superfluid helium at a temperature very 
close to the A-point, in the absence of a thermal 
current along the chamber; the photographs in rows 
2, 3 and 4 in column a show the interference pat- 
terns, respectively, for 0.06, 0.11, and 0.19 w/cm?, 
The remaining photos will be discussed in more 
detail later. The visible boundary shows that in 
the presence of a thermal current a discontinuity 
in the density exists at the interface between super- 
fluid and non-superfluid helium. As the thermal 
flux is reduced the density discontinuity decreases, 
and the boundary becomes less well-defined and 
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finally becomes invisible. From the corresponding 
displacement of the interference fringes it is pos- 

sible to determine the dependence of the magnitude 
of the density discontinuity upon the intensity of the 
thermal current. 

When the temperature of the external bath was 
raised and the thermal current was simultaneously 
reduced in such a way that the boundary remained 
in one place, no visible displacement of the fringes 
in the superfluid helium region, and consequently 
no variation in the temperature, were observed. In 
the non-superfluid region, however, a gradual pro- 
cession of the interference fringes took place as 
the thermal current was decreased. In the 3-mm 
chamber the pattern was displaced by 2.5 fringes 
at the boundary as the current density was varied 
from 0.16 to 0.04 w/em?. The results of these 
measurements are presented in Fig. 3. ; 

As has already been communicated,! the discon- 
tinuity in the density is proportional to the square 
of the thermal current density; at 0.16 w/cm? the 
density of the non-superfluid helium at the boundary 
is less than the superfluid helium density by 1.3 x 
10°? g/em’, or approximately 1%, which is equiva- 
lent to a temperature rise of 0.3°. Thus, in the 
presence of a thermal flux through the boundary, 
equilibrium between the superfluid and non-super- 
fluid helium is established with discontinuities ex- 
isting in density and temperature. 

If the chamber is tilted by 7° to the right (col- 
umn b) or to the left (column c), then, since the 
superfluid helium is heavier than the non-super- 
fluid, the boundary is turned obliquely, through an 
angle of approximately 45°. If the density or tem- 
perature discontinuities are now referred to the 
thermal current passing through unit area of the 
increased surface, the magnitude of the disconti- 
nuity remains the same, to within the experimental 
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FIG. 2. Fringes of equal optical thickness. Column 
a) chamber horizontal; columns b and c) chamber in- 
clined laterally by 7° to one side and to the other; column 
d) chamber inclined by 4.5° with the heater end elevated. 
Rows correspond, from top to bottom, to thermal fluxes of 
of 0, 0.06, 0.11 and 0.19 w/cm’. 


error (20%), as for the horizontal chamber. Tilting 
of the chamber by 4.5° with the heater upward (col- 
umn d) leads to the same result. For a more de- 
tailed investigation of this phenomenon, a resist- 
ance thermometer of 40 phosphor bronze was 
placed in one of the chambers, permitting the tem- 
perature of the liquid to be measured as the boun- 


dary passed through. With this arrangement it was © | 


found that the temperature of the superfluid helium 
at the boundary falls with increasing thermal flux. 
The fall is approximately linear, and,amounts to 
0.0009° at 1 w/cm?. Moreover, a temperature 
gradient dT/dx = 1.5 x 107°? deg/em was observed 
in the superfluid helium for W = 0.08 w/cm?. In 
the non-superfluid helium, for inputs in excess of 
0.06: w/cm?, a phenomenon is observed which is at 
first glance completely incomprehensible. Fora 
thermal flux of 0.08 w/cm? the temperature rises 
by 0.03° in a 0.5 mm interval just beyond the boun- 
dary; in the next 0.5 mm it falls by 0.02° and there 
then follows a sharp increase with a gradient of 
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FIG. 3. Dependence of the density discontinuity Ap (lower 
curve), and the temperature discontinuity AT computed from 
the change in density (upper curve), upon the square of the 
thermal current density. 0) measurements in the 3-mm chamber; 
A) measurements in the 1.5-mm chamber. 
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FIG. 4. Vortices extracted by 
turbulence from the superfluid helium. 


10 deg/em. This phenomenon can also be detected 
in the photographs of Fig. 2, from the break in the 
interference fringes in the non-superfluid region 
at the boundary. In apparent violation of the laws 
of thermodynamics, a transfer of heat takes place 
from cold to hot. With lower inputs this phenome- 
non is not observed. 

In order to gain an understanding of what this 
contradiction involves, the boundary was photo- 
graphed with flashbulb illumination, under condi- 
tions of high thermal flux; the photographs are 
presented in Fig. 4. As can be seen, vortices of 
superfluid helium are formed, situated on a thin 
line at the boundary. The diameter of the vortices 
is on the order of 0.8 mm. These vortices do not 
remain in one place, but move from the center of 
the boundary toward its edges, or, if the chamber 
is inclined laterally, run toward the lower side. 
Since both the thermometer and the interference 
process average the temperature, it is natural that 
the apparent temperature should be lower in the 
region of the centers of the vortices than at their 
origin; no violation of the laws of thermodynamics 
actually occurs. 

It seems strange that a sharp boundary should 
be able to exist at all. Non-superfluid helium has 
an extremely small thermal conductivity (6 x 10 
cal/deg-cm-sec), and in it heat transfer takes 
place by vigorous convection. Following Prandtl,” 
we shall estimate the effectiveness of convective 
heat transfer using the formula 


W = C,lv OT / 0x 


where W is the thermal current density, p is the 
density of liquid helium, Cp is the specific heat, 


x 
FIG. 5 


I is the scale of the turbulence, and v is the pul- 
sation velocity. 

The crudest model of turbulent transfer is rep- 
resented by the diagram shown in Fig. 5. By the 
pulsation velocity v we may here understand the 
linear velocity of rotation of the helium at the vor- 
tex periphery, and the scale Z7 of the turbulence 
is determined if we compute the heat transfer for 
such a model to be 


V= = \ pC yor rdr = Cp 
—r 
1 UTS: 

For W=0.11 w/cm? the temperature gradient 
in the non-superfluid helium is 0.8 deg/cm, and 
from the photograph in Fig. 4 the scale of the tur- 
bulence 1 may be estimated from the radius of the 
vortices as 0.005 cm. Then 


emears 
3 0x 
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= Ce aa 


v = W/pC,l 2 = 80 cm/sec. 


It is clear that at the boundary there can be no 
forces capable of preventing the penetration of 
such turbulence into the superfluid helium. Es- 
timation of the velocity with which the superfluid 
helium moves through the thin vortex line in the 
photographs of Fig. 4, under the assumption that 
the thermal current density is the same at the sur- 
face of the vortices as at the boundary, leads to 
values on the order of 30 cm/sec. Estimation of 
the critical velocity for superfluid motion at the 
boundary using the formula vgg = W/psgQ, where 
Q is taken from the measurements of Kapitza and 
pg is determined from the pg(T) curve at the 
measured AT = T,— T, leads to values on the 
order of 80 cm/sec. Moreover, the critical veloc- 
ity is toa first approximation constant, since ° 


de. aT 
dT dW 


do, 


Civier sa W =const-W. 


bse 
Inasmuch as estimates of the critical velocity, the 
flow velocity in the vortices, and the pulsation ve- 
locity yield quantities of the same order, the re- 

moval of the vortices from the superfluid and de- 
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struction of the sharp boundary at still higher inputs 
seem natural, since under this condition the veloc- 
ity of turbulent motion begins to exceed the critical 
velocity for the motion of the superfluid. 

It should be noted that mechanical forces can 
play no significant part in the processes associated 
with the displacement of the boundary. If the boun- 
dary is displaced by 6, in fact, a thermal energy 
of order ¢€t =pCpAT6 per unit displaced area must 
be absorbed or emitted, where AT is the tempera- 
ture discontinuity and Cp is the specific heat of 
the non-superfluid helium. At the same time, the 
kinetic energy stored in the volume is ¢€, = pv26/2. 
Thus, the ratio of the energies e€, /€t =y" /2CpAT; 
i.e., if we take Cp ~ 0.6 cal/g-deg, and, with W= 
0.6 w/cm’, v © 50 cm/sec, and AT ~ 0.1°, then 
ék /et = 5 X 107°. Thus the conditions governing 
the motion of the boundary must be the thermal 
relations. 

The sharpness of the boundary in this case may 
be explained on the assumption that, up to some 
limit at which the turbulent motion begins to remove 
the vortices from the superfluid helium, heat trans- 
fer from the non-superfluid to the superfluid helium 
for a given temperature discontinuity remains con- 
stant, and that any projection on the boundary tends 
to straighten itself, and the boundary therefore re- | 
mains even. Since the boundary cannot withstand 
the penetration of turbulence from the non-super- 
fluid into the superfluid helium and vice-versa, the 
heat-transfer process may be represented in the 
following way. Let the boundary move as shown in 
Fig. 5. The temperature to the left of the boundary 
is T), while that on the rightis T, and may in 
the first approximation be regarded as constant 
within a distance r from the boundary. The vol- 
ume taking part in the motion of a vortex centered 
on the boundary remains for a time t = mr/v = t/w 
in the superfluid helium region. If we take the re- 
laxation time for the establishment of thermal 
equilibrium in the superfluid helium to be 7, the 
temperature of the volume flowing out of it will be 
T, = Ta + (Ty - Ta) e-t/T. The thermal flux through 
the boundary will therefore be written in the form 
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r 0 ‘| 
Wa ( eCporTy dr + oz \ pCyorT,dr = pCp f(T1 — Ta); 
0 —r 


W = Cp (T1 = Ta) = eae 


On the basis of this formula it is possible to esti- 
mate the relaxation time, which turns out to be of 
order T~ 5X 107° sec, while the survival time 
in the superfluid helium t ~ 10~° sec; the formula 
may therefore be simplified: 


W = oC parAT ] 4c. 


Since from the experiment AT « W?, we have in 
this case r ~ 1/W. Although the ideas presented 
above indicate a pattern for heat transfer through 
the boundary between superfluid and non-superfluid 
helium, the question of why the temperature discon- © 
tinuity is proportional to the square of the thermal 
flux remains as yet open. It seems to me that an 
investigation of the phenomena occurring at the 
boundary between superfluid and non-superfluid 
helium is of particular interest, since we have 
here a case in which superfluid helium — a system 
of strongly-interacting particles particularly sub- 
ject to quantum-mechanical conditions — interacts 
with a system which, from its properties, is simi- 
lar to ordinary liquids for which the classical ap- 
proximations are completely valid. 

I take this opportunity to express my gratitude 
to Academician P. L. Kapitza for his constant in- 
terest and concern with this work, and also to A. I. 
Filimonov and IJ. A. Uriutov for their aid in per- 
forming the experiments. 
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The ratio of the amounts of Zn® produced in the isomeric and ground states in the 

7n°s (dp) Zin) Gat? (np) Zn®, and Ga"! (da) Zn®* reactions was studied. In the first 
reaction the relative yield of the isomeric state initially increases with increasing deu- 
teron energy, and then remains constant (at about half the ground-state yield). In the 
second reaction, the ratio is 1.4 for 14-Mev neutrons; in the third reaction it is about 
0.5 for 6 to 8 Mev deuterons. The results are discussed on the basis of various reaction 


mechanisms (direct interactions like stripping, 


le was shown in various papers!” that when ther- 
mal neutron capture can result in formation of the 
isomeric and ground states of the final nucleus, 
there is preferential formation of the final state 
whose spin is closer to that of the initial nucleus. 
The suggestion has been made that in reactions 
with faster particles the probabilities of formation 
of the isomeric and ground states should be propor- 
tional to the statistical weights of these states,» 
but this hypothesis is not always in agreement with 
the experimental data.? The apparent explanation 
is that the probabilities of formation of the final 
nucleus in various states depend to a considerable 
extent on the reaction mechanism. If the reaction 
proceeds via formation of a compound nucleus, then 
for low energies of the initial particles there should 
be preferential formation of those states of the final 
nucleus whose spin differs least from that of the 
initial nucleus, since the influence of the centrifugal 
barrier will lead to preferential formation of states 
of both the compound and final nucleus whose spins 
are close to that of the target nucleus. With in- 
creasing energy of the primary particles, the influ- 
ence of the centrifugal barrier decreases, and there 
is an increase in the number of competing cascade 
transitions and the number of possible excited states 
in which the final nucleus is formed. This should 
make the populations of the isomeric and ground 
states of the final nucleus proportional to the sta- 
tistical weights of the states. In reactions which 
proceed via direct interaction, the most probable 
process may lead to final states with all sorts of 
spin values, so that the ratio of the populations of 
the isomeric and ground states should be charac- 
teristic for the particular reaction and have en- 
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and compound nucleus formation ). 


tirely different numerical values for different 
reactions. 

In order to determine the relative importance 
of direct interactions and compound nucleus for- 
mation, we undertook an experiment to find the 
ratio o*/o of the yields in the isomeric and ground 
states of Zn*®’ formed in various nuclear reactions. 
Zn isa B- emitter with a half life of 57 min, and 
has an isomeric state which decays to the ground 
state with a half life of 13.8 hr. Since these periods 
are markedly different, one can find the ratio o*/o 
by analysis of the decay curve obtained by counting 
B particles in a Geiger counter which is not sensi- 
tive to y-rays. Previous to this, measurements 
have been made of ratios of isomeric to ground 
state of Zn®® formed from thermal neutron capture! 
in Zn® (o*/o = 0.29), and of Zn®* produced in the 
Ge"? (n, @) zn®? reaction with 14-Mev neutrons* 
(oF /e = iL): 

We have studied the Zn®*(d, p) Zn®, 
Ga” (n, p) zn®?, and Gai (d, a) zn®® reactions. 
The deuteron irradiations were done inside the 
cyclotron chamber. The energy spread of the deu- 
terons in the cyclotron and the effect of target 
thickness gave an overall energy spread of the 
order of 0.5 Mev. We should therefore expect 
several excited states of the compound nucleus to 
be produced. The targets were irradiated with 
neutrons in a neutron generator with a tritium tar- 
get. In both the neutron and deuteron irradiations 
several interfering activities are produced, so it 
was necessary to separate the zinc by radiochemi- 
cal methods. 

The ratios o*/o found for Zn®*® from the 
zn® (d, p) zn®® reaction for various deuteron en- 
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FIG. 1. Ratio ¢*/o of probabilities of formation of Zn 
in isomeric and ground states from the Zn® (d, p) Zn® reac- 
tion, as a function of deuteron energy. 


ergies are shown in Fig. 1. From the curve of 
Fig. 1 we see that with increasing deuteron energy 
the ratio o*/o tends toward a constant value of 
~0.5, and that there is a relative drop of the prob- 
ability of formation of zn®® in the isomeric state 
only at low energies. Such a dependence is com- 
pletely understandable. The target nucleus has 
spin 0, and in zn°* the ground state has spin iy 
while the isomeric state has spin JE Reactions 
like (d, p) should proceed with high probability 
via the stripping mechanism; for low deuteron 
energies the entry of the neutron into the nucleus 
into a oF level is hindered by the centrifugal bar- 
rier, so this naturally results in a relative de- 
crease in the yield of Zn®*® in the isomeric state. 

For the Ga®(n, p) Zn® reaction we found the 
ratio o*/o only for 14-Mev neutrons. It was 1.4, 
so in this case formation of the isomeric state is 
more probable. Inthe Zn**(d, p) Zn® reaction, 
at the highest deuteron energies the same com- 
pound nucleus Ga” is formed with approximately 
the same excitation as in the second reaction. The 
marked difference in the ratio o*/o for the two 
cases shows that in these processes, or in any 
case in one of them (probably the first) the prin- 
cipal reaction mechanism is not related to forma- 
tion of a compound nucleus. 

The values of o*/o found for the Ga" (d, a) Zn®® 
reaction at various deuteron energies are shown in 
Fig. 2; they are all equal to ~0.5 within the limits 
of accuracy of the measurements. A different re- 
action, Ge” (n, a) Zn®®, which leads to formation 
of Zn® via the compound nucleus Ge®, was stud- 
ied by Levkovskii.* For 14-Mev neutrons he found 
o*/o =1.1. The energies of excitation of the com- 
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FIG. 2. Ratio o */a of probabilities of formation of Zn” 
in isomeric and ground states from the Ga” (d, «) Zn® reac- 
tion, as a function of deuteron energy. 


pound nucleus are the same in the Ga" (d, a) Zn°? 
reaction with 6-Mev deuterons and in the 

Ge” (n, @) zn®® reaction with 14-Mev neutrons, 
while the values of o*/c differ by more than a 
factor of two. From this we must conclude that 

at least one of these reactions proceeds mainly 
via a mechanism which is not related to compound 
nucleus formation. 

In the reactions Zn®8(d, p) Zn® and Ga™(d, a) Zea 
for which we have measured o*/o as a function of ~ 
energy of the incident particles, this ratio remained 
almost constant. It therefore seems most reason- 
able to assume that the processes we have studied 
proceed mainly via direct interactions, where for 
each type of primary particle and target nucleus 
there are certain processes which have high prob- 
ability and which lead to formation of definite final 
states which are characteristic for the particular 
reaction and depend very little on the energy of the 
incident particles. 


1E. Segré and A. C. Helmholz, Revs. Modern 
Phys. 21, 271 (1949). 

2. der Mateosian and M. Goldhaber, Phys. Rev. 
108, 766 (1957). 

’ Meadows, Diamond and Sharp, Phys. Rev. 102, 
190 (1956). 

ave UNG Levkovskii, Tesuchr yoKnaza Ha 
KOHCbepeHunH Ilo ATE PHbIM Wpoweccam Tipu cpeqHux u 
HU3KUX dHepruAx, HOAOpH 1957 r. (Reports of the 
Conference on Medium and Low Energy Nuclear 
Processes, Nov. 1957) Acad. Sci. Press. 
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Multi-charged particles ejected from a thin polystyrene film bombarded with 660-Mev pro- 
tons and possessing ranges larger than 20 were investigated by means of nuclear emul- 
sions. The effective cross section for production of these particles and their angular and 
energy distribution have been obtained. Measurements of the thickness of tracks produced 
by the fragments were used to determine the charge of particles with ranges above 40 in 


the emulsion. 


R ECENT experiments!’ on the disintegration of 
various nuclei by high energy particles have shown 
that multi-charged particles called fragments (Li, 
Be, .B and other nuclei) are emitted in such proc- 
esses with a cross section of the order of several 
millibarns. Experiments making use of photograph- 
ic plates and magnetic and radiochemical analyses 
have yielded some understanding of this process. 
Unfortunately very little experimental data is pres- 
ently available and it is difficult to interpret it in 
terms of a single hypothesis. Photoemulsion tech- 
niques may yield valuable information on the proc- 
ess of fragmentation as it permits one to observe 
the elementary interaction of a fast nucleon with 

a nucleus. However, nuclear emulsion targets 
suffer from the disadvantage that the disintegra- 
tion of heavy (Ag and Br) as well as light nuclei 
(C, O, N) are registered in the emulsion stack, 
and it may not always be possible to decide with 
sufficient certainty whether an observed event be- 
longs to one or the other nuclear group. Various 
criteria are used to identify the nuclear target 

(in the above sense). Lazhkin and Perfilov,' for 
example, assume that a star containing fragments 
and produced by a high-energy proton is due to 

the disintegration of Ag and Br nuclei if it con- 
tains a nuclear recoil track (the maximum length 
of which is 9 or 10) or if the sum of the observed 
charges in the star exceeds 8e. In reference 3 
this criterion is supplemented by the requirement 
that a star without nuclear recoil track contain at 
least one @ particle or a proton track of low en- 
ergy (less than 8 and 4 Mev respectively) to be 
classified as a disintegration of a light emulsion 
nucleus. It is evident that this method of selection 
is not quite exact and it is desirable to carry out 


some controlled experiment in order to check the 
reliability of the assumed criteria and to refine 
earlier experimental results. 

In our work we studied multi-charged particles 
ejected by carbon nuclei bombarded by 660-Mev 
protons. A 20y polystyrene film mounted on a 
photographic plate served as target. Fragments 
emitted from the film were registered in an emul- 
sion stack. Such a method definitely guarantees 
an exact identification of the disintegrated nucleus 
but it does not allow observation of the complete 
picture of the inelastic interaction of a proton with 
a nucleus leading to the ejection of a fragment. 
Nonetheless it is possible to obtain valuable data 
on this process and thus supplement available facts. 

We used an emulsion of type P-9, which is sen- 
sitive to protons of energy up to 30 Mev; it is very 
fine grained and permits one to separate easily the 
tracks of fragments (charge > 3) from those of a 
particles over a range of approximately 10 fe 

Irradiation by the external proton beam of the 
synchrocyclotron of the Joint Institute for Nuclear 
Research was carried out in darkness without pro- 
tective black paper, in order to minimize back- 
ground tracks from particles not originating in the 
polystyrene film. The bombarding beam was passed 
through a collimating system, and its direction was 
defined to within ~ 2°. The distance between the 
back edge of the last collimator and the plates was 
over 2m. The plates were singly exposed every 
time. Irradiation took place for three positions of 
the emulsion plane with respect to the beam direc- 
tion: (1) parallel, (2) perpendicular, (3) at an angle 
of 30°. Such a choice of geometry was dictated by 
the need for minimizing the uncertainty in the 
measurement of the range of multi-charged par- 
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FIG. 2. a) Distribution of tracks belonging to particles of 
different charges over the integral thickness for a range of 
40 p. Angle of inclination up to 30°. The shaded distribution 
was obtained from measurements of tracks coming from the 
film; b) same as in (a) for an inclination of 30 to 60°. 
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follows: the track thickness was measured with 

an eyepiece micrometer at intervals equally 

spaced along the track length, starting from the 
end.‘ The integrated thickness (i.e., the sum of 
the thicknesses up to that point) was then plotted 

as a function of track length. These curves were 
found to differ considerably for particles of differ-_ 
ent charges. To construct an absolute independent ~ 
calibration, we have used a@-particle tracks and 
hammer tracks of Lif and B® found in the same 


7 emulsion. In addition, we used plates of the same 
P type of emulsion* irradiated by a current of ni# 
FIG. 1. a) Dependence of the interval thickness ions. To minimize errors due to different inclina- 
of the track upon the range of particles of various tions of the tracks with respect to the emulsion 


charges inclined at 30° to the emulsion. The sta- 
tistical spread of individual events is indicated; 
b) same as in (a) for an inclination of 30 to 60°. 


surface, measurements were compared only for 

tracks having approximately the same inclination. 
Figure 1 presents the results of measurements of 
control tracks of two groups: one includes tracks 


ticles, arising from the finite width of the film. at an angle of inclination of no more than 30° (in 
In examining the plates, we recorded the dense the undeveloped emulsion), and the other from 30° 
tracks formed by heavy particles which entered to 60°.+ Figure 2 shows the distribution of individ- 
the surface of the emulsion at an angle no greater ual cases according to interval thickness at a range 
than 60° (for undeveloped emulsion) and stopped of 40. In particular, it is seen from this figure 
within the sensitive layer. The angular distribu- that the hammer tracks are sharply divided into 
tion of these particles with respect to the beam two groups which we have identified as Li3 and 
was obtained in the usual manner, i.e., from Bes 
measurements of the vertical and horizontal com- Of the total number of 302 tracks found for 
ponents and angles projected on the emulsion sur- multi-charged particles coming from the film, 
face. The shrinkage factor of the emulsion was 204 were used in the final measurements. The 
taken as 2.6 + 0.1. In computing the range, ac- rest were rejected because their inclination ex- 
count was taken of particle retardation in the film ceeded 60°. In addition to these, there were also 
and it was assumed that the point of departure of observed 8 cases of emission into one direction 
the particles lie in the middle plane of the film. of two a particles of about equal energy which 
The stopping power of polystyrene was computed may be considered as due to the decay-in-flight 


from the atomic stopping power of carbon and 


hydrogen. *These plates were kindly obtained for us by O. V. Lozhkin. 
The charge of the particles was obtained as tThe tracks of the nitrogen ions were inclined at 30°. 
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of the Bi nucleus. These cases are not included 
in our experimental results. 

The charge was determined for 80 tracks of 
length greater than 40y. The results of this meas- 
urement are shown as the shaded portion of Fig. 2. 
The energy of every fragment identified by its 
track was determined from the energy-range re- 
lation for multi-charged ion introduced in refer- 
ence 5. Figure 3 presents the energy spectrum 
of fragments having range greater than 40y, and 
consisting mainly of Be nuclei (69 of 80 tracks 
are due to fragments having Z=40). The angular 
distribution of multi-charged particles with respect 
to the direction of bombarding protons is given in 
Fig. 4. It does not vary noticeably for different 
kinetic energies of the emitted fragments. The 
angular distribution and energy spectrum were 
- computed taking proper account of slowing down 
and absorption of particles in the polystyrene film. 
The method for computing corrections in track 
losses is given in the appendix. 

The effective cross section for fragmentation 
of cgrbon nuclei by 660 Mev protons was also es- 
timated. A repeated search for multi-charged 
particles in the same plate was carried out to 
verify scanning effectiveness and revealed that 
about 5% of the tracks are lost during scanning. 
This scanning effectiveness remained practically 
the same for plates exposed to different intensity 
flux. Background of isolated fragment tracks not 
formed in the carbon carrying film was measured 
by scanning control plates exposed under identical 
conditions though without the film. The background 
accounted for less than 10%. The proton flux was 
determined from the number of stars formed with 
emulsion nuclei in the same plate. The cross sec- 
tion for star formation was taken as equal to 1060 
millibarns.® In so doing, account was taken of the 
lesser effectiveness of star counting for stars with 
small number of rays. The computation of omis- 
sions of stars with few rays was carried out ac- 
cording to the data of Bernardini et al.’ The cross 
section for fragmentation of carbon nuclei was 
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tribution obtained in refer- 
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found to be 1.4 + 0.5 millibarns. The uncertainty 
includes statistical error and uncertainty in flux 
measurement. This cross section corresponds to 
ejection of multi-charged particles having range 
greater than 20yu and charge greater than 3. The © 
effective cross section for emission of Li§ nuclei 


(for E > 10 Mev) equals (5 + 2) x 1077? cm?. 

The present experimental results are in satis- 
factory agreement with the results of Lozhkin and 
Perfilov.! We can therefore assert that the iden- 
tification of stars with fragments by the presence 
of nuclear recoil tracks assumed in reference 1 is 
a good approximation and does not lead to serious 
errors, at least for disintegration of nuclei by pro- 
tons of 600 to 700 Mev energy. 

To obtain the total yield curve for,all the par- 
ticles emitted from light nuclei during the cascade 
stage of a disintegration process, we have made 
use of the data of Serebrennikov® who analyzed 
stars produced by 660-Mev protons in C, O, N 
nuclei in a gelatin emulsion. Figure 5 shows, on 
a semi-logarithmic scale, points calculated from 
the data of reference 8 and of the present investi- 


FIG. 5. Cross section for ejection of cascade particles 
from carbon nuclei for an incident-proton energy of 660 Mev. 
The particle charge is plotted along the abscissa; the effec- 
tive cross section is plotted along the ordinate on a semi- 
logarithmic scale. The points for Z = 1 to 3 were obtained 
from reference 8. The cross indicates the value of the cross 
section for ejection of carbon nuclei, obtained by extrapola- 
tion of the experimental straight line. 
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gation. It is interesting te extend the straight line 
going through these points to a value of Z = 6. 
Such an extrapolation yields a cross section for 
the ejection of carbon nuclei with range greater 
than 40, equal to ~3 x 107°? cm?/sterad, and 
which may be considered as the elastic (or quasi- 
elastic) scattering cross section for protons 
against carbon nuclei in an angular interval of 60 
to 180° in the laboratory system.* This value is 
not in disagreement with the results of reference 
9, which gives ~ 10783 em?/sterad as the upper 
limit of the elastic scattering cross section of 660- 
Mev protons at an angle of ~ 180°. 

The total cross section for ejection from C 
nuclei of multi-charged particles having Z = 3 
and range >20y (which corresponds to a kinetic 
energy >1or 2 Mev per nucleon) is close to 4mbn, 

The authors are deeply grateful to O. V. Lozhkin, 
Iu. I. Serebrennikov, and P. A. Filov who have 
helped greatly in carrying out the experiment and 
taken part in the interpretation of the results, and 
to N. A. Perfilov for his interest in this work. 


APPENDIX 


The transition from experimentally obtained 
values of angular or energetic distribution of frag- 
ments ejected from a layer of thickness a can be 
carried out as follows. 

Assume that the particles are uniformly cre- 
ated throughout the film and are characterized by 
a distribution N(6, R), where R is their range 
and @ the angle which their track froms with the 
bombarding beam (which is perpendicular to the 
surface of the emulsion). Then the number of frag- 
ments emitted into a unit solid angle, created within 
the layer (t, t+dt) and having a range from p to 
pt+dp in emulsion at an ejection angle @, will be 


i dt 
(9, 9 + ser) ag (1) 


where we assume for simplicity that the stopping 
powers of the emulsion and the film are the same. 
(This limitation is easily removed by introducing 
into p a coefficient that accounts for the differ- 
ent stopping powers of polystyrene and the emul- 
sion.) Integrating (1) with respect to t, we get 


Ag 
[\wOrrctelatlemntind: oy 


/ 


n(9, p) is known from experiments on the angle 
and range distribution of particles in emulsion. 
The integral equation (2) may be solved by differ- 
entiation with respect to p: 


cos 0 ; dn (8, ey 
“TN (h e+ ser) — NO pl =BAO. (3) 


+Not a single case of ejection of a sextuply-charged ion 
was recorded in our experiment. 
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We impose an obvious physical condition on the 
function N(6, R): at sufficiently large values of 
R the function must reduce to zero. 

Adding to (3) the system of equations 


dn (0; ¢,) 
mer eT. (4) 


ee [N (9, pets) —N (9, pa) = 
where pk =p +ka/cos 6 (k=0, 1, 2,...), we 
obtain 


a < 9n(8, Px) 


cos 0 >» de 
k=0 


The angular distribution of particles will have | 
the following form | 
(6) 


N (6,9) = (5) 


Rmax co 
N()= | NO,R)AR= aes 2 n (9, Pmin + key) « 
Rmin ah 


Rmin is here the minimum particle range that can 
be recorded within the photo emulsion, and Rmax 
is the maximum range. 

The energy spectrum of the particles is easily 
obtained from the range distribution of particles 
of a given charge. The latter in turn may be ob- 
tained from (5) by integrating over all angles 9 | 
from 0 to 7. In practice the right-hand sides of 
(5) and (6) include only a finite number of terms 
based on the chosen condition at infinity (in R) 
for the function N(90, R). 
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The time dependence of the diffusion processes of sintering and coalescence of pores in 
rock salt has been determined experimentally. The results agree satisfactorily with the 
theoretical equations of Lifshitz and Slezov.! Numerical values have been determined for 
the parameters characterizing diffusion in rock salt. It is shown that sintering results not 
only from the dissolution of pores and direct emergence of vacancies on the free surface, 
but also via an intermediate stage wherein vacancies accumulate on macrodefects with sub- 
sequent formation of large “negative crystals” of the latter. Coalescence of pores has been 
observed in annealed single crystals of metallic samples, the method of preparation of which 
(distillation in vacuum, iodide method etc.) caused the initial fine porosity. 


lw crystals with high concentrations of vacancies 
the number of vacancies is reduced by processes 
which occur during annealing, such as (1) sintering 
by the escape of excess vacancies to the outside 
surfaces of sample s, and (2) coalescence of ex- 
cess vacancies to form macroscopic pores. 

Lifshitz and Slezov! have studied the kinetics of 
grain growth in substances precipitated from super- 
saturated solid solutions, a special case of this 


being the kinetics of pore growth in a crystal con- 


_ taining excess vacancies. It was shown that during 


the annealing of such crystals the following two 
competing processes take place: 

1. Far from the crystal boundary, pore growth 
obeys the law 


R3 = 4/, Duar. (1) 


2. Near the boundary, pores dissolve in a zone 
whose width & depends on time according to the 
equation 


g(=) 2 (D,ar) "7 Oo (2) 


These are asymptotic equations, being applicable 
only to sufficiently long times, when the pores have 
become relatively large, when there is small super- 
saturation, and coalescence occurs (large pores 
“devouring” small pores). The following notation 
has been used: Dy is the coefficient of vacancy 
diffusion, T is the annealing time, Q is the total 
initial supersaturation (vacancies plus voids), 


a = Ve, /kT, 


a is the surface tension, V is the volume of a 
single vacancy and cy is the (equilibrium ) va- 
cancy concentration. 


(3) 
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FIG. 1. Cleavage plane of initial rock salt sample. Mag- 
nification 25000x. 


It should be noted that, unlike the usual equa- 
tions of the type £(T) ~ TY? that describe diffu- 
sion processes, in the present case the time de- 
pendence of the characteristic linear size is given 
by E(T) ~ 7, 

Pore formation in the body of a crystal during 
annealing and the growth of a pore-free zone near 
the surface were previously observed in rock salt.” 
It was of interest to determine the quantitative laws 
of these processes experimentally, for comparison 
with the theoretical equations (1) and (2). 

As in reference 2, our samples were transpar- 
ent rock salt crystals without apparent internal de- 
fects but with a fine mosaic pattern and ~0.1y 
pores which could be observed with an electron 
microscope but not optically. These pores were 
a source of vacancies for the growth of the larger 
pores which clouded the sample. Large pores were 
formed on the boundaries of mosaic blocks. In the 
electron-microscope photograph (Fig. 1) ofa 
cleavage plane of an initial sample in microscopic 
pores are squares or rectangles with rounded cor- 
ners. 
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Fig. 2. Transmis- 
sion photograph of 
rock salt crystal 
after annealing at 
500°C for 43 hr. 
Magnification 8x. 


FIG. 3. Pores created 
on the surface of a mo- 
saic block in the middle 
of a sample after anneal- 
ing at 500°C for 43 hr. 
Magnification 600x. 


Our samples permitted microscopic observation 
and measurement of pore sizes in the interior and 
of the thickness of the sintered zone on the surface. 
The pore-free sintered region is clearly revealed 
by transmitted light because of its transparency, 
in contrast with the interior of the crystal, which 
scatters light because of the formation of pores 
whose dimensions are greater than the wavelengths 
of visible light (Fig. 2). 

The samples were 8X10X25 mm parallelopipeds, 
annealed in a muffle furnace at 420, 500, 650 and 
750°C. The crystals were placed in a thick-walled 
ceramic tube where equilibrium vapor pressure of 
the salt was maintained during the anneal. At defi- 
nite time intervals samples were removed from 
the furnace together with the tube, thus insuring 
slow cooling, and microscope measurements were 
made of the thickness é of the transparent surface 
region in different cross sections. The samples 
were also split along a cleavage plane, and a metal- 
lographic microscope with ocular micrometer was 
used to measure pore dimensions within the crys- 
tals (Fig. 3). Eight to ten values of the sintered 
zone thickness €; in different cross sections and 
several pore sizes Rj were averaged to give the 
plots of (7) and R*°(r) in Figs. 4 and 5. 

The curves of (7) for individual cross sec- 
tions of a sample are parallel to the curve of aver- 
age values within the limits indicated in Fig. 4. 
Whenever macrodefects in the form of cracks ap- 
peared close to the surface the character of the 
time dependence of transparent zone growth changed 
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since vacancies accumulated at the defects. The 
average value ~ was determined without including - 
values for the transparent zone in cross sections — 
passing through these defects. 

Assuming that the width & of the transparent 
zone is a power function of time, the exponent n 
of Tt was determined from the experimental curves 
and compared with the theoretical formula (2). The 
latter is valid only for sufficiently large T; it was 
therefore impossible to use absolute values of the 
experimental coordinates on the curves. The power 
exponent was determined from the relation 


Aé/At = nAv—1, (4) 

Figure 6 shows straight lines representing the 
function In (Aé/AT) =f (ln T) plotted from the 
curves of Fig. 4 for 420, 500, 650, and 750°C 
(Curves 1, 2, 3, and 4). The slope of these curves 
gives n= 0.31 + 0.02,* which is in good agreement 
with the theoretical value 0.33. 

The curve of R?(r) in Fig. 5 also agrees with 
the theoretical relation (1). By means of Eq. (1), 
derived for spherical pores, the slope of the straight 
portion of this curve can be utilized to determine 
Dya = Dycy oV/kT and thus to estimate the atomic 
diffusion coefficient 


D = Dar 
The mean volume of vacancies in the rock salt lat- 


*The range of values of n is determined from the spread 
of experimental points, taking into account the error in meas- 
uring the width of the transparent zone (S€(t) = + 0.02 mm). 
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FIG. 6. Graphs of the 
relation In (A€/At) = f(In 7). 


tice is V =1.15 x 10773 cm®. For mosaic crystals 

of rock salt we can assume o = 10° erg/cm?.? With 
these values of V and o, D=3.1 x 107? cm?/sec 

for 500°C. 

Since the experimental relation for (7) agreed 
with the theoretical relation (2), we have A = 
2(Da \5/Qi/ in Eq. (4). By using the value of A 
obtained from the line intersecting the In (Aé/AT) 
axis in Fig. 6 (Curve 2) and the value of D for the 
same temperature (500°C), we obtain the total ini- 
tial supersaturation Q) = 2.2 x 1074. This is the 
relative volume of voids in the crystal after anneal- 
ing. Figure 3 provides an independent means of de- 
termining the volume of pores per unit of mosaic 
block surface. The volume of pores on the surface 
of a block (of linear size ~ 107? cm) divided by 
its total volume agrees with the calculated value 
of Qo. 

Pore size in the zone next to the transparent 
region at the free surface is the critical value at 
which pore dissolution begins. From the knowledge 
of this value we can use the expression for critical 
pore size,* 


R* = c20V /AckT, (5) 


to determine the degree of supersaturation in the 
crystal. 
Assuming R* = 3 x 10°* cm’ and V ="1,15'<710 


cm?, we obtain 


Neco 0,1: 10-°, 
4 


which agrees with the values given in other papers. 
By combining data on the relation between trans- 
parent zone thickness and annealing time at 420, 
650, and 750°C (Curves 1, 3, and 4 of Fig. 6) with 
the value of D at 500°C (Curve 2 of Fig. 6) we ob- 
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tained the diffusion coefficients at all of these tem- 
peratures (see the table). 

The data in the table and the graph of In D= 
£(1/T) plotted therefrom (Fig. 7) were used to 
determine the activation energy of diffusion in rock 
salt, E = 19,000 cal/g-atom and the exponential co- 
efficient Dy = 6.8 x 1074 cm?/sec. Since in the 
given rock salt crystals the pores were located on 
the boundaries of mosaic blocks and the diffusion 
processes which cause coalescence and sintering 
also occur on the boundaries of these blocks, the 
diffusion coefficients and activation energies ob- 
tained above apply to boundary diffusion. 

Annealing at high temperatures (750°C and 
above) induces a rapid growth of pores inside the 
crystal, which produces local transparency and the 
growth of the transparent zone on the surface. 
Local transparency in the interior occurs princi- 
pally around separate defects, where pores are 
formed through the accumulation of vacancies. 

Under prolonged annealing the transparent re- 
gions merge, and the entire crystal becomes trans- 
parent. In that event some pores may remain within 
the crystal and continue to grow because of defects. 
Such pore growth has been observed in an annealed 
rock salt crystal containing a macrocrack. Figure 
8 is a transmission photograph of pores formed on 
a crack after 18-hour annealing at 760°C. These 
pores are spherical cavities into which the crack 
was divided through surface tension. 

Annealing for 75 hours induces some increase 
of pore size; the pores acquire crystallographic 


FIG. 8. Crack in 
rock salt after anneal- 
ing at 760°C for 18hr. 
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FIG. 9 The same FIG. 10. “Negative | 
crack as in Fig. 8, but crystal” in rock salt 
after annealing at after annealing at 760- 
760°C for 75 hr. Mag- 790°C for 200 hr. Mag- 
nification 37x. nification 21x. 
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FIG. 11. Iron single crystal after annealing in vacuum at FIG. 12. Magnesium single crystal after annealing at 400 
1000°C for 42 hr. Magnification 315x. to 420°C for 60 hr. Magnification 420x. 
faces and neighboring pores coalesce (Fig. 9). At (Fig. 12) clearly show large pores with six faces - 
this stage internal defects serve as sites for va- (20 to 25u.) on block surfaces. The pore faces 
cancy accumulation, competing with the free sur- possess a stepped fine structure that is clearly 
face. These defects grow into large “negative visible in the photograph. Zirconium produced by 
crystals”. Figure 10 shows such a “crystal” the iodide method also contains six-sided pores. 
(~2 mm) with clearly preceptible faces in the Rectangular pores on block surfaces have also been 
(100) and (110) planes which resulted from anneal- observed in a nickel single crystal produced by va- 
ing for 200 hours at 760 to 780°C. cuum distillation. 

Coalescence of pores is also observed in metal Pores appear during the annealing of crystals 
crystals with high vacancy concentration or high which, depending on the method of production, 
initial porosity. Such crystals are produced, for possess excess vacancies or initial fine porosity. 
example, from the gases of some metals in vacuum Pores have not been observed in compact metal 
distillation or from the decomposition of their io- castings subjected to annealing. 
dides. The authors wish to thank Professor I. M. Lif- 

Figures 11 and 12 show pores formed in single shitz and V. V. Slezov for discussions of the re- 
crystals of iron and magnesium that were produced sults, and V. K. Sklyarov for experimental assist- 
by vacuum distillation and subsequently annealed. ance. 

The iron was annealed in vacuum for 42 hours at 

1000°C; the magnesium was annealed for 60 hours 1T. M. Lifshitz and V. V. Slezov, J. Exptl. 

at 400 to 420°C. The original samples had small Theoret. Phys. (U.S.S.R.).35, 479 (1958), Soviet 
pores (3 to 5y) without clearly defined crystallo- Phys. JETP 8, 331 (1959). 

graphic faces. The annealed samples were ground 2 Garber, Kogan, and Poliakov, Pusuxa meras0B 
down 1 to 1.5 mm and the surfaces were used for M MetarsoBefqeHue (Physics of Metals and Metal 
the sections shown in the photographs. Research) 4, 89 (1957). 

The section of the iron crystal in Fig. 11 re- 3V. D. Kuznetsov, Ilosepxnocruaa sneprua 
veals well-defined rectangular pores arranged in TRepapix tex. (Surface Energy of Solids), GITTL, 
lines that coincide with the directions of single- 1954, 
crystal growth during precipitation. Single-crystal “Ta. E. Geguzin, Usp. Fiz. Nauk. 61, 217 (1957). 
iron needles apparently grow in the form of blocks 
parallel to the needle axis. Large pores form on Translated by I. Emin 


the surfaces of these blocks. Magnesium sections 294 


SOVIET PHYSICS JETP VOLUME 35(8), NUMBER 6 JUNE, 1959 


HARD GAMMA RADIATION FROM As 
THE As’ DECAY SCHEME 


L. V. GUSTOVA and O. V. CHUBINSKII 
Leningrad State University 


Submitted to JETP editor, June 17, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1369-1379 (December, 1958) 


Measurements were made of the hard y radiation emitted by As". Six y lines were found 
with energies of 1.21, 1.43, 1.76, 2.08, 2.42, and 2.65 Mev. Their relative intensities were 
found to be ~ 500, ~54, 37, 100, 5.7, and 4.6 respectively. The decay scheme of As" is 
discussed. It is suggested that the following excited states of Se" exist: 0.56 Mev (2E95 
1.21 Mev (2*), 1.76 Mev (1.2+), 2.07 Mev (1.2+), 2.42 Mev (2.3+), and 2.64 Mev (37). 
It is also suggested that there may exist states with energies ~ 1.02 Mev and ~ 1.26 Mev 


(0 or 4") 
1. INTRODUCTION 


‘Tue radioactive isotope 33As{§ (T = 26.5 hr) is 
located between the two stable isobars 3,Gej$ and 
3sSeis. The decay of As" to Ge has not been 
observed: ¢/B- < 2-104; pt/p- < 1078.12 

The decay scheme depicted in Fig. 1 summar- 
izes the results of numerous studies of the B” and 
y emission of As® carried out from 1946 through 
1956.°"'3 This scheme agrees satisfactorily with 
all measurements of B™, e7, and y spectra of 
ts eg et 13 and of B-y and y-y coincidences 
and correlations!’~'® that had been reported in pub- 
lications up to 1956. However, the scheme does 
not include the 1.76-Mev y transition observed 
by some*~® but not by others.?!8 

A comparison of the experimental data obtained 
by various authors, as well as a discussion of the 
As" decay scheme, can be found in the final section 
of this article. 

Our aim in studying the hard y radiation from 
As" was to determine (1) whether a y line with 
hv = 1.76 Mev exists, and (2) whether y transi- 
tions with energy greater than 2.1 Mev exist. 


2. EXPERIMENTAL ARRANGEMENT AND 
METHOD 


Hard y radiation from As" was studied by 
observing recoil electrons in a magnetic spectrom- 
eter (y hodoscope). The construction of the instru- 
ment and its spectral properties have been described 
by B. S:; Dzhelepov'4 and O. V. Chubinskii.!® The en- 
ergy of a y ray is determined from the strength of 
the magnetic field H, the radius p of the projected 
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FIG. 1. The As’® decay scheme according to data by J. J. 
Kraushaar and M. Goldhaber '! and by Kurbatov et al. 8 


trajectory of the recoil electron (onto a plane per- 
pendicular to H), and from the angle ~ between 
the direction taken by the y ray and that taken by 
the emitted recoil electron. The measurements 
were made under standard conditions: the celluloid 
target was 150y thick, the instrument was filled with 
a mixture of helium (87%) and methane (13%) to an 
overall pressure of 30 cm Hg, and the windows of 
the rectangular Geiger-Mliller counters were not 
covered with film. To minimize the experimental 
distortion caused by electrons scattered over wide 
angles in the target, in the counter walls, etc., only 
those recoil trajectories with small Compton angles 
gy were included in the results. 

For a given magnetic field H, the instrument 
registers a determined energy interval whose width 
varies roughly with H (from ~1 Mev when H = 
500 oersteds to ~ 2 Mev when H = 1000 oersteds). 
To include all of the spectral region of interest, the 
y radiation was measured for different fields with 
overlapping energy intervals. 
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FIG. 2. Measurements of y radiation emitted by As’® when 
H = 1050 oersteds (As,O, source). 


3. EXPERIMENTAL RESULTS 


Different sources were used to complete several 
series of measurements. The source for the first 
experiments was arsenic oxide activated by neu- 
trons. Several y lines were observed, including 
some with energies of 2.42 and 2.65 Mev.” Control 
experiments revealed that the As,O3 compound 
used in these measurements was contaminated with 
Sb'*4 (T = 60 days) and, possibly, with traces of 
more long-lived activity. The Sb!24 impurity caused 
quite a distortion of the As’ spectrum in the 1.3 to 
2.0 Mev energy region. In the hard part of the y 
spectrum (hv > 2 Mev) the Sb'"4 contribution was 
considerably less than 1%. 

Figure 2 shows the measurements of the y 
radiation emitted by As’ when H = 1050 oersteds. 
The line at hv = 2.65 Mev is quite clearly visible. 
The counting rate for this line decreased with the 
corresponding half-life of As” (~26 hr ys 

Pure metallic arsenic was separated from the 
two contaminated As,O3 compounds. The method 
and complete procedure for the isolation and puri- 
fication of the arsenic was worked out by M. K. 
Nikitin. The purity of the metallic arsenic was 
checked by measuring the y rays emitted by the 
radioactive impurities. The contaminant activity 
of the purified compound was less than 107‘ times 
that of the original compound. Thus, two sources 
were prepared, each a sealed quartz ampoule con- 
taining powdered metallic arsenic (~0.4 and 
~0.7 g) irradiated by slow neutrons. The control 
measurements showed that these sources did not 
contain any substantial quantity of long-lived radio- 
active impurities. Measurements of the y radia- 
tion emitted by the two sources were in agreement. 
A preliminary report has already been published.'® 
Here we discuss the final results. 
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FIG. 3. Measurements of 
y radiation emitted by As” 
when H = 970 oersteds 
(metallic arsenic source). 
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The quartz ampoule containing 0.72 g of metallic 
arsenic was 45 mm long and 7 mm in diameter and 
had an initial activity of ~ 750 mC. During the ex- 
periment the magnetic field H was set at 970, 900, 
810, 713, 630, 607, and 550 oersteds. The same 
line was observed at the different values of H, 
which made it possible to determine more exactly 
the energies and relative intensities of the y rays: 
Figures 3 to 7 show the results of some of the 
measurements (with the background activity sub- 
tracted ). 

The y-spectra components were calculated with 
allowance for the dependence of the instrumental 
form of the line on hv and H. There was good 
agreement among the y-ray energies determined 
from the line maxima for the different values of H. 
For hv > 1 Mev we observed six y lines with 
the following energies: 2.65+0.04, 2.42 + 0.05, 
2.08 + 0.03, 1.76 + 0.04, 1.43 +0.05, and 1.21+ 
0.04 Mev. 

After the subtraction of the individual lines 
from the experimental curves, there remained ex- 
cesses of recoil electrons in the 1.5 to 1.6 and 1.8 
to 1.9 Mev regions. Since the statistical errors 
were rather considerable and the resolving power 
of the instrument was not great, it may be that 
these excesses were due to an inaccurate resolu- 
tion of the spectra into the components. 

The relative intensities of the y lines were 
determined as follows. The intensity I (in arbi- 
trary units) was computed for each y line at the 
different values of H by the formula 


f= SPV i Ait, 
where S is the area beneath the line, W is the 


probability of registering a y line for a given H 
as obtained from the spectral sensitivity curve, 
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FIG. 4. The same as 
in Fig. 3, but with H = 
810 oersteds. 
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FIG. 5. The same 
as in Fig. 3, but with 
H = 713 oersteds. 
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DAjtj is the so-called effective measurement 
i 


time for a given H, and Aj is the average activ- 
ity of the source during the time interval tj. The 
intensity unit chosen was that of the 2.08-Mev line, 
since this line showed good agreement for the dif- 
ferent values of H. Table I (column 12) shows the 
average values of the relative intensities I/I; og 

of the y lines. 

The relative intensities of soft y lines (espe- 
cially the 1.21 Mev line) are in the nature of ap- 
proximate evaluations. The probable error in the 
determination of the relative intensities of the hard 
y rays (1.76, 2.08, 2.42, and 2.65 Mev) does not 
exceed 30%. The fall-off of the 2.65 line on the 
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FIG. 6. The same as in Fig. 3, but with H = 607 oersteds. 
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FIG. 7. The same as in Fig. 3, but with H = 550 oersteds. 


high-energy side (Fig. 2,3) permits us to conclude 
that the y spectrum of AS apparently has no 
harder y lines. If, nevertheless, such y transi- 
tions do exist, their intensity cannot exceed 10% 
(hv = 2.7 to 2.8 Mev) and 1% (hv = 2.8 Mev) of 
the intensity of the 2.65 Mev line. 


4, DISCUSSION OF THE MEASUREMENTS AND 
DECAY SCHEME OF As® 


Recent new experiments have broadened and im- 
proved our knowledge of the 6 and y radiation 
emitted by As". Table I summarizes the data on 
the energies, relative intensities, and multipolari- 
ties of y transitions and on y-y coincidences. 

Substantially new data on y radiation from As® 
is to be found in the 1956 article by Dzhelepov et 
al.'” So far this is the only paper reporting the 
discovery of five new, very weak y lines in the 
0.7. to 1.9 Mev region. To facilitate comparison 
between the data given in the above article and 
our data, we have shown in Table I (column 10) 
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their y-line intensities referred to the 2.08-Mev 
line as unity. 

Our data on the energies and relative intensities 
of the 1.76 and 2.08 Mev y lines are in good agree- 
ment with the data given by Dzhelepov et al.,!" but 
there is considerable discrepancy in the energies 
determined for the two hardest y lines. This 
portion of the y spectrum was studied with a 
“Ritron” (for a description of this instrument see 
Dzhelepov et alt) operated under conditions of 
increased transmission when the half-width of the 
experimental lines for hv = 1.76 to 2.65 Mev 
amounted to 13.5%. An excess of recoil electrons 
was observed in the 2.2 to 2.8 Mev region and it 

was possible to break this excess down into its 
components in different ways. In particular, the 
excess was attributed to the existence of two lines 
with energies of 2.5 and 2.75 Mev. 

The conditions of measurement with the y hodo- 
scope were a good deal more favorable. The half- 
width of the experimental lines in this energy re- 
gion amounted to ~ 6.5%, and the 2.42 and 2.65 Mev 
y lines stood out quite distinctly (Figs. 2 to 4). 

With the new data, the decay scheme for As” 
has been supplemented as shown in Fig. 8. 


Energies and Quantum Characteristics of the Levels 


1. The ground state of Se” is of the 0* type 
(even-even nucleus ). 

2. The ground state of As" is of the 27 type. 
This follows from direct measurements of the spin 
of As" 19.20 a5 well as from an analysis of the form 
of the hardest component of the 6 spectrum (AI = 2; 
yes) .729s16,24 

3. The sequence of the first excited levels of Se 
0 — 0.55 — 1.2 Mev, and their quantum character- 
istics (0*, 2+, 2*) as represented in our decay 
scheme of As (Fig. 1), have been confirmed anew 
by E. G. Funk Jr. and M. L. Wiedenbeck.”” Precise 
measurements”? indicate that the energy of the first 
excited level of Se” is 0.5605 + 0.0003 Mev. The 
energy of the second excited level is not so accu- 
rately known (~ 1.21 Mev). 

The first two excited states of Se" possess all 
the characteristic properties of quadrupole vibra- 
tion levels of even-even nuclei (the energy ratios, 
spins and parity, E2 multipolarity of the 27-2 
transition, and the large cross section for Coulomb 
excitation in the first excited state).?4 In all known 
cases the intensity of a direct y transition between 
a 2* two-phonon vibrational level and a 0* ground 
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FIG. 8. Proposed As’® decay scheme. The energy of the 
transition from the 2.64 level to the (1.26) level is 1.38 Mev. 


is known, this experimental fact can be explained 
within the framework of the generalized nuclear 
model (the prohibition of a direct transition with 
a vibrational quantum number change An = 2). 
So far the only exception to this rule in the region 
where A = 58 to 90 has been Se”; the intensities 
of the 0.65 and 1.21 Mev y lines are approximately 
equal. As will be shown below, it is quite probable 
that a portion of the y rays with hy = 1.21 Mev 
(~ 30%) originate in transitions between other 
levels of Se’® (see Fig. 8). The mentioned dis- 
crepancy can thus be explained. 

4. We have included the 1.76 Mev level to ex- 


plain transitions with hv = 1.76 and 0.87 Mev. The 
presence of a relatively intense transition from the 


1.76 Mev level to the ground state of Se” indicates 


state (for example hv = 1.21 Mev) is less by a fac- the possibility of spin values of 1 or 2 for this level. 


tor of 1.5 to 3 or more than the intensity of a 2*— 
2* transition (for example, hv =0.65 Mev). As 


There should have been transitions with hv = 0.55 
and 1.2 Mev from the 1.76-Mev level to lower ex- 
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cited levels. This is experimentally confirmed, 
albeit by not very accurate data. Thus, P. Hubert? 
bases his conclusion as to the presence of a 1.2 — 
0.56 Mev cascade on measurements of y-y coinci- 
dences. J. J. Kraushaar and M. Goldhaber'! have 
observed coincidences involving 1.2-Mev y rays 
and the softer y rays. The counting rate at the 
single peak as compared with the counting rate at 
the coincidences for the 1.2 Mev line was consider- 
ably greater than might have been expected had the 
1.2-Mev line been in a direct cascade with the prom- 
inent soft lines. For this reason the authors ascribe 
the coincidences observed by them to y rays with 
hy = 1.4 Mev and with hv =0.56 Mev. However, 
another explanation of this same experimental fact 
may be that only some of the y rays with hv = 1.2 
Mev coincide with those with hv = 0.56 Mev. 

We suggest that there actually exist transitions 
with hy = 0.55 Mev and hy =1.20 Mev from the 
1.76-Mev level. The intensity balance indicates 
that, apparently, the most intense transition from 
this level is one with hv = 0.55 Mev (~0.02 quanta 
per decay ), that a less intense transition is one 
with hv = 1.20 Mev, and that the weakest transi- 
tion is one with hy = 1.76 Mev (~0.003 quanta per 
decay). This intensity ratio for the y transitions 
conflicts with the suggestion that the 1.76-Mev level 
is of a single-particle nature, but the ratio can be 
satisfactorily explained if this level is assumed to 
be a three-phonon quadrupole vibrational one with 
a 2* spin. Further evidence in favor of this latter 
suggestion is the approximate equidistance of the 
0.56, 1.21, and 1.76 Mev levels. 

5. Ifa 8 transition with E, * 0.88 Mev exists,’ 
a level with an energy of ~ 2.07 Mev and with pos- 
sible quantum characteristics of 0*, 17, 27, 37, 
or 4* must be included. In the y spectrum of 
As® lines are observed with hv = 2.08, 1.51, and 
0.87 Mev and with a total intensity of ~ 1.2 x 107? 
quanta per decay.!" These lines can be ascribed 
to transitions from the 2.07-Mev level. However, 
the existence of a level at ~ 2.07 Mev cannot be 
considered proved, because (a) the data on the 
end-point energy and intensity of the 6 transition 
(E,, ~ 0.88 Mev) are very inexact, and (b) y tran- 
sitions with hv = 2.08 and 0.87 Mev may occur in 
other ways (see Fig. 8). 

It is known that y rays with hv = 2.08 Mev 
coincide with y rays with hy =0.56 Mev. Here- 
tofore these coincidences have been ascribed en- 
tirely toa 2.08 —0.56 cascade (transitions be- 
tween the levels 2.6—0.56—-0 Mev). Now, how- 
ever, another possibility cannot be overlooked, i.e., 
a 0.56 —2.08 Mev cascade (transitions between 
the levels 2.6—-2.07—0 Mev). At the present time 
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it is impossible to settle definitely on either of thesé 
two possibilities. Ifa $8 transition with Ey © 0.88 | 
Mev exists and its intensity is on the order of 1%, 
we are presented with the following logical conse- 
quences: (a) the main portion of the y rays with 
hv = 2.08 Mev must be attributable to a 2.07—0 
Mev transition, (b) the intensity of the y transi- 
tion between the levels 2.64 and 2.07 Mev (hv = 
0.57 Mev) must be = 1%, and (c) the most probable | 
spin and parity values of the 2.07 Mev level are 14 

6. The 2.42 Mev level was included because of 
two experimental facts: (a) the presence of y 
transitions with hv = 2.42 and 1.85 Mev; (b) the 
observation of coincidences for y rays with hv = 
1.2 Mev and hv =1.2 Mev. The latter argument 
cannot be considered to be very rigorously sup- 
ported, because the accuracy with which the y-y 
coincidences were measured was insufficient for 
an unequivocal interpretation of the results. 

The intensity balance (see below) indicates 
that some of the 1.21 Mev y rays are produced, 
apparently, by transitions between the 2.42 and 
1.21 Mev levels. At the present time there are 
no definite experimental data on the quantum 
characteristics of the 2.42-Mev level. E.G. Funk ~ 
and M. L. Wiedenbeck”* have studied the angular 
y-y correlation between y rays with hv = 1.20 
Mev. These authors attribute their findings to a 
1.4—1.2 Mev cascade (2.64—-1.21—0 Mev tran- 
sitions). The only interpretation not in conflict 
with the experimental results is that a transition 
with hy = 1.4 Mev is purely M1 and that the 
level ~ 2.6 Mev is of the 3+ type. If a 1.2—1.2 
Mev cascade transition exists, this conclusion 
could obviously be extended to apply also to the 
2.42 Mev level. However, it is difficult to recon- 
cile the spin value 3 with the comparatively great 
probability of a direct 3+—-0t transition (hv = 
2.42 Mev). According to the Weisskopf formula, 
this transition should be 10' times weaker than 
transitions to the 2+ levels. If we take this point 
of view and assume a transition to the 2.42 Mev 
level to be first forbidden, it appears probable 
that the 2.42 Mev level is of the 2+ type. 

7. The existence of a level at ~ 2.6 Mev is 
proved by many measurements of 8 spectra 
emitted by As" and of Y-y coincidences, as 
well as by the y transition with hv = 2.65 Mev 
reported here. The energy ratios of the y tran- 
Sitions indicate that the energy for this level is 
2.64 to 2.62 Mev. Correlation measurements22>2° 
have shown that this level is of the 3* type. This 
fact, as in the case of the 2.42-Mev level, is diffi- 
cult to reconcile with the presence of a relatively: 
intense direct y transition to the ground level of 
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Se. The hypothesis advanced by Funk and Wieden- 
beck”? that the level at ~ 2.6 Mev is due toa coup- 
_ ling of a single-particle excitation of the ground 
state configuration with a two-phonon vibrational 
excitation provides an explanation for the high 
probability of a transition with hv = 1.43 Mev as 
against the probability of other y transitions, but 
this hypothesis makes it even harder to understand 
why the direct transition with hv = 2.64 Mev is so 
intense. It may be that near 2.6 Mev there are two 
close levels with different quantum characteristics. 
8. To find a place in the As" decay scheme for 
weak y transitions with energies of 0.73, 1.40, 
and 1.62 Mev,!" it must be assumed that still one 


or two more excited levels of Se” exist. The dotted 


lines on the right side of Fig. 8 represent two of the 
possible variants. Inclusion of the 1.02-Mev level 


makes it possible to explain all three y transitions. 


If the 1.02-Mev level is of the 0+ or 4+ type and the 
f£ transition to it is second forbidden (log ft ~ 10), 
then practically the only way in which this level can 
decay would be by the emission of a y quanta with 


an energy of ~ 0.46 Mev with an intensity of 3 x 1073 
quanta per decay (the total intensity of y rays with 


hv = 0.7, 1.4, and 1.6 Mev). If part of the y tran- 


sitions pass through the 1.26 Mev level, the intensity 


of the 0.46 Mev line will be even less. A line at hv 
= 0.46 Mev is at least 130 times weaker than the 
neighboring one at hv = 0.56 Mev. It may be that this 
weak line has thus far escaped notice. 

The question of the existence of type 0* and 4+ 
levels near the 1.21-Mev level is very interesting 
from the standpoint of verifying the theories behind 
the generalized nuclear model. According to this 
model, a two-phonon vibrational level (1.21 Mev, 
2+) should, because of nucleonic interaction, split 
into close sublevels of the 0t, 2+, and 4* types. 
Unfortunately, so far there are too little experi- 
mental data to settle this question once and for all. 

9. Measurements” of the £* spectrum of Br” 

lend some support to the Se” levels presented 
here. The Br® data make possible at least a qual- 
itative conclusion that Se’® has excited levels in 
the 1.7 to 2, /2.4 to 5, and 2.7 to 3 Mev regions. 


Intensity Balance 


When the intensity balance condition is con- 
sidered, discrepancies appear between the data on 
the relative intensities of the partial 6 spectra, 
on the one hand, and the data on the relative intensi- 
ties of the y lines on the other. These discrepan- 
cies are attributable first of all to inadequate accu- 
racy in the measurements. An intensity balance is 
made even more difficult because the intense y 
lines 0.56, 0.65, 1.21, and 2.08 Mev can be placed 
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differently in the scheme. Let us examine these 
problems in greater detail. 

1. From Table II it is evident that there are 
some discrepancies among the relative intensities 
determined for hard 8 spectra and important dis- 
crepancies among the end-point energies and rela- 
tive intensities of soft 8 spectra with Ey = 1.76 
Mev. However, all the reports are in agreement 
that the sum of all the 6 spectra with Ey = 1.76 
Mev is no less than 14% of the total number of 
transitions. 

The article by Grigor’ev et al.'® differs from 
the other references in reporting that the authors 
used a Kurie plot to analyze the spectrum into its 
components without reference to any decay scheme. 
Apparently, these are the most objective data avail- 
able at the present time. 

2. The data given by Dzhelepov et al.'" differ 
from those given by Chubinskii et al.? and by Kur- 
batov et al.!® with regard to the values found for 
the relative intensities of 0.56, 0.65, and 1.21- 
Mev y rays. 

We used several different assumptions in order 
to compute the relative intensities of the B spec- 
tra and obtained the following results. 

(a) If the data on relative y-ray intensities sup- 
plied by Dzhelepov et al.'" are used, if the intensity 
of the hardest 8 spectrum is assumed to range 
from 52 to 58%, and if the 0.56, 1.21, and 2.08- 
Mev y transitions are assumed to occur only at 
0.56—-0 Mev, 1.21—0 Mev, and 2.64—0.56 Mev 
respectively, then the sum of the intensities of the 
B spectra with Ey = 1.76 Mev is 3 to 4 times 
less than that reported by Grigor’ev et eles 

(b) If the same assumptions concerning y rays 
are retained and it is further assumed that the sum 
of the intensities of all the 8 spectra with Ey < 
1.76 Mev amounts to 14%, we obtain for the B- 
spectrum intensities the following values: 

I (2.97 Mev) = 47%, I (2.41 Mev) = 39%, 

I (1.76 Mev) = 11.9%, and Z1=2.1% for all the 
soft 8 spectra with Ey < 1.7 Mev. This is clearly 
in conflict with the results of Grigor’ev et alnee 

(c) The discrepancy between the computed and 
experimental values for the intensities of the two 
hardest B spectra is reduced if one assumes the 
0.56-Mev y line as found by Dzhelepov et alls! to, 
be somewhat more intense than the other y lines. 

(d) The computed and experimental values for 
8 -spectrum intensities are brought into satisfac- 
tory agreement if it is further assumed that a small 
portion (~5%) of the 0.56-Mev y rays are pro- 
duced by 1.76—1.21 Mev transitions and that about 
30% of the 1.21-Mev y rays are due to 1.76—0.56 
Mev and 2.42—>1.21 Mev transitions. 
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Figure 8 shows approximate values for the in- 
tensities of 6B and y transitions computed on the 
basis of the assumptions in (c) and (d) above. The 
intensity of the hard 6 transitions and the total 
intensity of all the soft 8 transitions with Ey < 
1.7 Mev are in good agreement with the experimen- 
tal data. However, the intensities of individual 6 
components with Ey < 1.7 Mev do not coincide with 
the results obtained by analyzing the 6 spectrum. 

The suggested decay scheme for As" is basic- 
ally in agreement with the experimental data avail- 
able at present, but it is not free of all discrepan- 
cies. We have attempted to point out the weaknesses 
in the scheme. It must be stressed that the quantity 
and, above all, the quality of experimental research 
have been far from adequate to lead to an unequivo- 
cal decay scheme for As® 

The authors express their deep gratitude to L. 
P. Popovaia and T. V. Poleshchuk for their assist- 
ance with the measurements and to M. K. Nitkitin 
for preparing the sources. We are obliged to B. S. 
Dzhelepov for his interest in our work and for dis- 
cussions of the results and to P. P. Zarubin for 
his opinions on this article. 
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The deionization rate in hydrogen and deuterium at pressures p = 15 to 600u Hg, tube 
diameters d= 3.2 to 6.5 cm and values of the preceding current Ip = 60 to 1500 ma was 
studied by means of oscillographic observation of the ion current in a negative probe. Under 
the conditions employed the reiative deionization rate in H and D decreased with time. 
The dependence of the rate of the process on the pressure is a non-monotonic function and 
goes through a maximum at pd ~ 107! to 1 mm Hg-cm. The ratio of the deionization “time 
constants” (initial as well as final) in deuterium and hydrogen, tp/rTy, is close to 1.4, 
i.e., (mp /mayz)/? at all pressures both in the diffusion regime (p < pm), and also in 
the recombination mode (p>pym). The latter indicates that volume recombination under 
these conditions takes place primarily by means of triple collisions with neutral molecules 


(M++e+M). 
1. STATEMENT OF THE PROBLEM 
ly decaying plasmas in different gases the rates 


of their deionization, all other conditions being the 
same (equal degrees of rarefaction and ionization, 


the same configurations of boundary surfaces, etc.), 


depend on a number of properties of the molecules 
of these gases: effective cross sections, masses, 
ionization and excitation potentials. In different 
isotopes of the same element the relative rates of 


Wyre | 
deionization (-* ) may differ only as a result 


of the difference in their atomic weights A. Dif- 
ferent elementary processes in a gas are affected 
by the atomic weight in a different manner. There- 
fore, by means of studying the dependence of the 
rate of deionization upon A, we can judge as to 
which elementary processes play the main role in 
the deionization of the gas under given conditions. 
The object of our work was (1) to compare the 
rates of deionization of the hydrogen isotopes H 
and D (which have the most pronounced differ - 
ence of atomic weights of all the stable gaseous 
isotopes), and (2) to compare their ratio with the 
ratio of the atomic weights of the two gases and to 
deduce from such a comparison possible conclu- 
sions with respect to processes that lead to the 
deionization of the gas. 


2. METHOD AND APPARATUS 


We measured the rate of deionization of the 
plasma that remains after the passage of % cycle 


of 50 cps sinusoidal current, interrupted at the 
maximum. The investigation was carried out by 
oscillographic observation of the ion current in a 
negative probe introduced into the plasma. This 
method, used in a number of investigations,!~® 
enables us to observe deionization, i.e., the de- 
crease in the concentration of positive ions, while 
high-frequency methods (references 4, 5, and 
others ) indicate the rate of de-electronization, 
i.e., the decrease in concentration of free elec- 
trons. 

An analysis of the conditions under which the 
probe operated, according to the theory of Lang- 
muir and Mott-Smith,® showed that in our experi- 
ments, with Ep = 140v, (ip )o =0.1to6ma, the 
probe operated in the orbitally-limited current 
mode (rlayer/Tprobe = 2-7 to 15). Under these 
conditions the current to the probe, after the ve- 
locity distribution of the positive ions and of the 
neutral molecules has been equalized, is propor- 
tional to the concentration of positive ions Np. 
Therefore, from the shape of the curves ip = F(t), 
we can directly determine the rate of deionization 
and the quantity reciprocal to it 


dt T dt 
~ d[in(n/mo)] [IN i p/e pod)” 


Oe 


The experiments were carried out in straight cy- 
lindrical experimental tubes of diameter 32 and 
65 mm, of length 220 and 400 mm, with an oxide 
cathode. Cylindrical probes (diameter 0.8 mm, 
length 11mm) were situated along the axis of 
the tube; the inactive parts of the probes were 
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FIG. 1. Circuit for the measurement of the rate of deioniza- 


tion in hydrogen. 
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insulated from the plasma by a capillary of 1.0 
mm diameter. The gases to be investigated (H, 
and D,) were obtained by means of electrolysis 
H,O or D,O; they were first purified by means 
of silica gel, then by heated copper filings and, 
finally, by freezing in a liquid-nitrogen trap. 

Mass-spectrometric analyses of the gas taken 
from the tube when the cathode was heated showed 
that D,. contained a certain amount of H,) and 
traces of other gases. This could not have signifi- 
cantly affected the results of the experiments. The 
pressure of H, and Dy, was varied in the course 
of the experiments within the range 0.015 to 0.6 
mm Hg. 

The electric circuit used in the experiments is 
given in Fig. 1. The current in the experimental 
tube ET was interrupted at its maximum by means 
of a shunting thyratron T,. The reversed voltage 
was picked off ET by selenium rectifier SR con- 
nected in parallel to ET. The delayed sweep of the 
oscillograph (marked 20 in the diagram) was trig- 
gered by a pulse from the thyratron T,, which 
through a delay circuit (Cy, R,) also triggered 
the shunting thyratron T,. To calibrate the sweep, 
timing markers were produced on the oscillogram 
every 1.2 or 5u sec. The vertical deflection was 
calibrated by a sinusoidal current (not shown in 
the circuit diagram), but this calibration played 
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FIG. 2. The ratio 
ip (0)/ip (t) shown as 
a function of the time. 
The vertical axis has 
a logarithmic scale. 
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FIG. 3. The initial deionization “time-constant” T, in D, 
and in H, as a function of the pressure; I, = 0.5 amp, re 65 
mm. 


no role in the determination of the relative rate 
of deionization. 


3. EXPERIMENTAL RESULTS 


(a) The shape of the probe current vs. time 
curve, i.e., the time dependence of the decrease 
in the concentration of the positive ions Np (t) 
for both isotopes, could be observed already 2 to 
4 sec* after the cessation of current. As had 
already been shown by previous observations in 
Hg? and in H3, this falling-off in H, and in D, 
takes place in a nonexponential manner. As an 
example, Fig. 2 shows the shape of the curve 
ip (0)/ip(t) =f£(t) in a tube of 65 mm diameter 
filled with D, at p=600u Hg and Ip) = 0.9 amp. 
It is clearly seen that the shape of the curve is on 
the whole nonexponential, but that its beginning,t} 
and particularly its end, can be represented by 
exponentials with different “time-constants” T) 
and Te, with Tg >T). Wherever possible we 
tried to determine both quantities (T) and TQ). 
But in contrast to the microwave method the quan- 
tity Tj, which characterizes the rate at the begin- 
ning of the process, is determined from the probe 
oscillograms more reliably than Te, which refers 
to the conclusion of the process, since the initial 
deflections on the screen are considerably greater 
than those near the end. 

(b) The dependence of the rate of deionization 
on the degree of rarefaction of the gas and on the 
extent of the ionized region is similar in both iso- 
topes (H and D). This refers both to the initial 
rate of deionization characterized by the quantity 
reciprocal to Ty, and to the rate of the process 
in the latest stage, i.e.,.to Te. The dependence 
of T) on the gas pressure p can be seen in Big coe 


*This is one of the advantages of the probe method over 
the microwave method, which usually discloses the later 
stages of the process (after 30 to 50 psec). 

tWith the exception of the first few microseconds during 
which the ionization of the gas ceases and the plasma starts 
to decay. 
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FIG. 4. The ratio of the deionization time constants in 
deuterium and in hydrogen Tp/Ty as a function of the pres- 
sure for T, (initial) corresponding to 0) d= 36 mm, I, = 500 ma; 
©) d = 65 mm; I, = 500 ma; +) d = 65 mm, I, = 60 ma; for tT, 
(final) corresponding to a) d = 36 mm, I, = 1500 ma; Ww) d = 65 
mm, I, = 1500 ma; x) d = 65 mm, I, = 60 ma. 


It turns out to be non-monotonic both in Hy and in 
D,, in agreement with Gavrilov’s data® on Hp: 
there exists a pressure pm for which T) has a 
maximum value and, consequently, the deioniza- 
tion proceeds at the slowest rate. A similar de- 
pendence on the pressure is observed also in the 
latest stage of the processes. 

As the diameter of the positive column is in- 
creased, the rate of deionization is considerably 
slowed down in the pressure range investigated 
by us. The minimum rate of deionization occurs 
at pd~ 107! to 1 mm Hg-cm. 

(c) A comparison of the rates of deionization 
in both isotopes (H and D) shows that both T) 
and Tg are larger in deuterium than in hydrogen, 
under all the conditions investigated by us. The 
ratio of the time-constants of deionization in both 
gases Tp/TH measured with all other conditions 
being equal (the same d, p and ly, and at the 
same stages of the process) may be taken as a 
characteristic quantity in this case, Figure 4 
shows values of this ratio found in six series of 
measurements. 

In spite of the considerable scatter of points 
(the average error of a single measurement is 
0.19), they are all grouped about one mean value, 
1.4 + 0.03. It is the same both in the initial and in 
the final stages of the process. Also, it does not 
depend (at least in the first approximation) on 
the gas pressure within the range investigated by 
us. If the data referring to p< 100y Hg and to 
p > 300u Hg are treated separately, it turns out 
that in the latter region the average value of 
Tp/Ty is somewhat smaller and is equal to 1.3,; 
however we cannot assert that this difference lies 


outside the experimental error. 


4. DISCUSSION OF RESULTS 


I. The difference in the rate of Geionization at 
the beginning and at the end of the process, i.e., 
the gradual slowing down of the process with time 
(Tag > 7) is associated, as was shown earlier, with 
the gradual “cooling down” of the electron gas and 
with the transition of the plasma from the initial 
nonequilibrium state (at t=0, Te > Tg) to ther- 
mal equilibrium (at t— ~~, Teale) A de- 
crease in Te during the deionization stage was 
observed in references 7 and 8. 

II. The non-monotonic dependence of T) and 
Tce on the gas pressure is due to the fact that as 
the pressure changes the relative role played by 
the various elementary deionization processes is 
altered. For p< py, [the increasing branch of 
the curve T=f(p)] the charge carriers primarily 
diffuse from the gas towards the walls where they 
recombine (the diffusion mode). For p> pm the 
volume recombination in the gas itself begins to 
play the principal role (the recombination mode,?”? 
cf. also reference 7). As the diameter of the col- 
umn is increased the diffusion proceeds more 
slowly and volume recombination begins to play 
a greater role. Therefore for large diameters the 
curve T={f{(p) passes through a maximum ear- 
lier (at lower pressures ). 

III. Both in the diffusion and in the recombina- 
tion modes, we have tp/Ty = 1.41, i.e., within 
experimental error tTp/Ty = (Ap/Ap)'” = 
(mp/my 2 (A is the atomic weight ).° In the 
diffusion mode (p < pm) we have T= A’/Da, 
where A is the so-called diffusion length; in the 
present case A=d/2u (pu < 2.405 is the eigen- 
value of the diffusion boundary-value problem ); 

Dg is the coefficient of bipolar diffusion, 


Da = bp [T. (V) wis Ts (V)], 
where Te(V) and Tg(V) are the temperatures 
of the electron and the neutral gas expressed in 
volts.? At the beginning of the process Te(0) > 
Tg and Da * bpTe(0); at the end of the process 
Te * Tg and Dag ®& 2bpTg(V). Further 


b, eh, (MC, = euihe-/| (27 ,m,)', 


since in the deionization stage Tp ~ Tg almost 
from the start. The quantities Tg, Ap, and Te 
may differ somewhat in H andin D. Thus, be- 
cause of the lower rate of diffusion in D, the mean 
ionization frequency Z (sec!) (and consequently 
also the value of Te(0) in D,) must be some- 
what lower than in H, (cf. also references 9 and 
10). Further, since the average fraction of the 
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kinetic energy transferred by elastic collisions 
between electrons and molecules, kK = 2Me /Mg, 

is smaller in Dy than in Hg, the gas temperature 
Tg can also be less in D, than in H,. However, 
all these differences are small compared with the 
difference in the mobilities of the D and H ions; 
therefore in the first approximation we should ex- 


pect that in the diffusion mode 
t/t =(a)u/ (Pa)p 


= (b,)4 | (Op )p = (tp / my) = V2 =1.41, 
which is indeed observed experimentally. 

A more complicated state of affairs exists in 
the recombination mode (p> py). Here various 
types of elementary recombination processes can 
occur: (1) those involving radiation (Mt+e— 
M+hyvp), (2) triple collisions involving two elec- 
trons (M*+ 2e ~M+e), (3) triple collisions 
involving neutral molecules (M*+e+M— 2M), 
(4) electron capture by a neutral molecule and the 
subsequent recombination of the ions (e +M—M_'; 
M+ M*— 2M), and (5) dissociative recombina- 
tion (M,+e—M*+M). The recombination coef- 
ficients in cases (1), (2) and (5) depend only on the 
average velocities of the electrons (i.e., on Te) 
and on the effective cross sections and the statis- 
tical weights of the ions, which are also determined 
by Te (cf., for example, reference 11). Conse- 
quently in the first approximation* the rate of re- 
combination in these two cases should not depend 
appreciably on the atomic weight of the gas. And 
since experiment shows that in the recombination 
mode deionization occurs more slowly in D, than 
in H,, therefore under our experimental condi- 
tions recombination plays no significant role in 
either double collisions [cases (1) and (5)] or 
triple collisions with two electrons. Conversely, 
the third and the fourth processes enumerated 
above both lead to the required result. The re- 
combination coefficient 8 in the third case is 
proportional to the average velocity of the gas 
molecules; in the fourth case it is proportional 
to the average velocity of the ions. In both cases 
B~ (m yf 2 and, consequently, one can expect 
that 7 ~ A’/?_ The choice between the third and 
the fourth process under our experimental condi- 
tions is facilitated by estimating the mean time for 
the capture of electrons by molecules: 

Teapti= (ScapeCe * fg) *. 
The literature contains data on the calculated 
values of Scapt for H atoms:” .scapt ~ 10°” 
cm“. To obtain an upper limit for the estimate 
of the capture cross section for the H, and D, 


*Neglecting the small difference of T, in H, and D,, 
which has been already noted above. 
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molecules, we take a value greater by an order 
of magnitude: 107! cm?. Further we set Ce = 
10° cm/sec; at the highest pressure investigated 
by us (p= 0.6 mm Hg) ng = 2X 10!8 em=?; nee 
Toapt ~ (10, cL 00x 2x 10!6)-! = 0.5 x 107° sec 
= 500pu sec. Since the deionization process in our 
experiments occurred mainly during a time = 30 
to 50 sec, the formation of negative ions could 
not have played any significant role in this case. 
Consequently the principal recombination process 
under the above conditions is recombination in a tri- _ 
ple collision involving a neutral molecule. 


5. CONCLUSIONS 


1. The process of plasma deionization occurs 
in deuterium at a rate which is 1.4 times slower 
than in hydrogen over the whole range of conditions 
investigated by us (pressures from 15 to 600 Hg, 
tube diameters 3.2 and 6.5 cm, preceding current 
from 60 to 1500 ma). This ratio is equal to the 
square root of the ratio of the molecular weights 
of the two gases. 


2. For pd < 107! mm Hg-cm deionization oc- 
curs primarily by means of the diffusion of charged . 
particles to the walls where they recombine. ; 

3. For pd = 1mm Hg-cm volume electronic 
recombination is predominant in the process of 
deionization of hydrogen and deuterium. The 
principal elementary process is now recombination 
in triple collisions involving a neutral molecule. 


‘Ww. Koch, Z. Techn. Physik 16, 484 (1935). 


mov Las Granovskii, Izv. Akad. Nauk SSSR, Ser. 
Fiz. 4, 449 (1938); J. Tech. Phys. (U.S.S.R.) 13, 
123 (1943). 

3S. N. Gavrilov, Dokl. Akad. Nauk SSSR 71, 265 
(1950). 

4M. Biondi and S. C. Brown, Phys. Rev. 75, 1700 
(1949). 3 

°M. Biondi, Rev. Sci. Instr. 22, 500 (1941). 

°T. Langmuir and H. M. Mott-Smith, Phys. Rev. 
28, 127 (1926). 

"F, Mohler, Nat. Bur. Stand. J. Res. 19, 447, 
559 (1937). 

®G. Mierdel, Z. Physik 118, 574 (1943). 

°D. J. Rose, Phys. Rev. 104, 273 (1956). 

104. Giintherschultze and H. Schultger, Z. Physik 
94, 395 (1937). 

‘Vv. L. Granovskii, JuekTpuyeckuil TOK B raze 
(Electric Currents in Gasses) 1, §63, Moscow, 1953. 

“HH. S. W. Massey and E. H. S. Burhop, Elec- 


tronic and Ionic Impact Phenomena, Oxford, 1952, 
p. 335. 


Translated by G. Volkoff 
296 


SOVIET PHYSICS JETP 


VOLUME 35(8), NUMBER 6 


JUNE, 1959 


POLARIZATION OF PROTONS ELASTICALLY SCATTERED FROM Si”® NUCLEI 


P. V. SOROKIN, A. K. VAL’ TER, I. Ia. MALAKHOV, and A. Ia. TARANOV 


Physico-Technical Institute, Academy of Sciences, Ukrainian S.S.R. 


Submitted to JETP editor July 5, 1958 


& 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1386-1390 (December, 1958) 


The degree of polarization of protons scattered through angles of 60, 90, 125 and 150° in the 
center-of-mass system in the energy interval 1.6 to 2.2 Mev has been calculated on the basis 
of a phase-shift analysis of elastic scattering data. The polarization was measured at 60 and 
90° with He‘ as the analyzer. The calculated and measured results are in agreement within 


the experimental accuracy. 
INTRODUCTION 


Oress. Haeberli, and Lewis point out in a 
short communication! the existence of resonances 
in the cross section for p-Si% scattering at Ep = 
1.65 and 2.09 Mev with widths of 60 and 25 kev re- 
spectively, as well as a broad resonance at 2.9 
Mev apparently due to a number of levels. 

The results of measurements of the p-Si”’ 
elastic scattering cross section for 1.5 to 3.1 Mev 
protons and their phase shift analysis are contained 
in the work of Val’ter et al.? The information on 
the levels of the P”* nucleus, corresponding to 
the 1.65 and 2.08 Mev resonances, obtained from 
this analysis is given in Table I. 

The experimental values for level widths de- 
termined in reference 2 differ significantly from 
the corresponding quantities as given in reference 
1. However the results of Val’ter et al.” are in 
good agreement with the data on the width of the 
corresponding levels obtained in the study of the 
STN py) reaction.? The information on the spin 
and parity of the 4.31-Mev level given in this re- 
view? is in agreement with the results obtained in 
reference 2. 

The great width of the 4.31-Mev level and the 
oe spin value lead one to believe that the scattered 
proton beam will be polarized to a significant ex- 
tent in a large energy interval. 


It follows from reference 2 that the experimental 
results can be satisfactorily reproduced theoretic- 
ally using the characteristics of the levels given in 
Table I. Therefore these characteristics appar- 
ently form a hopeful basis for the calculation of 
proton polarization. 

In this note we report results of calculations 
and of an experimental study of the energy de- 
pendence of proton polarization at various angles 
for p-Si2® scattering. 


COMPUTATION OF THE POLARIZATION 


The polarization resulting from proton scatter- 
ing is described by the vector 


P = P(6 E)n, 


where n=(kxXkj)/|k xk | is a unit vector per- 
pendicular to the scattering plane. 

The function P(6@, E), in the case of elastic 
scattering by a spin 0 nucleus (in particular pacic 
scattering), can be expressed as follows‘ in terms 
of the phase shifts oF corresponding to scattering 
in a state of total angular momentum 1 +43 and 
1-3: 


AB* BA* 
a (1) 
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TABLE I 
ee ee eee 
Reduced | The ratio* 

E. Mev Level Level Level width oR 1) 3 ht 

p> energy, Mev width I", spin and A %4\/ 2 

kev, c.m.s. parity Mev cm 
1.65 4.31 48 Ae 2.23-10-18 Oe? 
2,08 4,73 13 Tjgt 0.13-10-38 0.01 


~ a =.5.86 x 107 cm 


969 


970 1 ay A 


6, barns 


apy, FIG. 1. The proton polari- 


zation P(E) resulting from 
p—Si?* elastic scattering at 
60° in the center-of-mass 
system and the corresponding 
cross section 0{E), calcu- 
lated on the basis of the 
phase-shift analysis of the 
experimental data on the 
scattering cross section. 
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l 
where 7 = (Ze*)/(fiv); k=pv/h; a7= 22) tan? 5 
S=1 


is the Coulomb phase shift. The phase shifts oF 
necessary for the computation were obtained from 
the expression:° 


F key? | At 
> + [ eee =i af A] : 
6p == | —tan”*—— +tan7* =——,—> 
ees Seen a ae 
we ky} (2 dA, | 1) (3) 
s Omg ATs Gdeuly we Joes 
Aj=Fi+ Gi 


Here Fz and Gj are Coulomb wave functions, 
while E, and VR are the characteristic energy 
and reduced level width of the compound nucleus 
and p= kr. 

The values of yi} were taken from Table I. The 
calculations were carried out for scattering through 
angles of 60, 90, 125 and 150° in the center-of-mass 
system for protons with energies in the interval 
from 1.6 to 2.2 Mev. The results are shown in 
Figs. 1 to 4 together with the corresponding curves 
for the scattering cross section o(E) =(|A|? + 
3 iho hase 
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MEASUREMENT OF THE POLARIZATION P(E) 


For elastic scattering of spin 3 particles by spin 
zero nuclei the polarization is more sensitive than 
the cross section to the choice of the characteris- 
tics of the levels. Therefore even comparatively 
crude measurements of the polarization yield val- 
uable information for checking results obtained 
from an analysis of scattering cross section data. 
For this reason we performed experiments to de- 
termine the proton polarization. 


The proton polarization was determined from 
double scattering experiments. Si?® was used as 
the first, and He’ as the second scatterer. The 
apparatus and experimental procedure have pre- 
viously been described in detail.®»” A free film 
was used as the first target, obtained by evapor- 
ating silicon of natural isotopic composition 
1 mg/cm? thick in vacuum. The experiments were 
performed with the electrostatic generator of the 
Physico-Technical Institute of the Academy of 
Sciences, Ukrainian 8.S.R. The results are shown 
in Table II. Column 1 gives the scattering angle 
at which the polarization P(E) was measured, 
column 2 gives the energy of the incident protons, 
and column 3 gives the value of the asymmetry R 
in the secondary scattering from He’. Column 
four gives the polarization determined from the 
expression 

1—R 
Pore, (A= RR)” 


texe = 
where Pog is the effective polarization of the 
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POLARIZATION OF ELASTICALLY SCATTERED PROTONS 


TABLE II 
See eae R Pexp Peale 
17 0.86+0.04 |—0.34+-0.08} —0.26 
1,75 | 0.90+0.04 |—0.18+40.05} —0.19 
1.8 0,900.04 |—0.1440.05} —0.07 
60° 1.85 | 0.96+0.04 |—-0.05+40.04] —0.03 
2.0 0,960.04 |—0.040.04| —0.02 
2,05 | 0,97-40.04 |—0.024-0,03} —0.03 
2.10 | 0.97-+£0.04 |--0.02+0.03] —0.04 
90° 2,45 | 4,280.05 |40,164-0.03). +0.45 


helium analyzer determined from the calibration 
curve published previously .°" 

Since a target of considerable thickness was 
used the values Pexp correspond to an average 
over the energy interval resulting from the energy 
losses in the target. Therefore, to compare ex- 
perimental and calculated results, the latter were 
averaged over energy according to the formula 


E—AE 


Preate = ( 


BS 


E—AE 
P(E) =(e) de | | a(B)4e, 
EB 

where AE is the energy loss of the protons in the 
silicon target; P(E), o(E) are shown in Figs. 1 
and 2. It was assumed that the stopping power 
dE/dx is constant in the interval AE and that the 
distribution of the protons as they traverse the foil 
is energy independent. 

The integration was performed graphically. No 
errors were included in the determination of Peale 
since they are much smaller than the experimental 
errors in Pexp. The results of the calculation, 
Peale: are given in the last column of Table II. 


DISCUSSION OF RESULTS 


It can be seen from Table II that the experimen- 
tal and calculated values for the polarization are 
in agreement within the experimental accuracy. 
Since the errors in the determination of Pexp are 
rather large we cannot discuss this agreement 
quantitatively. However it is possible, on the basis 
of the results obtained, to draw definite conclusions 
about the spin and parity of the levels near which 
the polarization was measured. 


ial 


It follows from Eqs. (1) and (2) that the near 
vanishing of the polarization for 2.08-Mev protons 
is a convincing proof that the spin and parity of 
the 4.73-Mev level of P?? is at If one assumes 
that the spin of the 4.31-Mev level is 4, then the 
value of the function B(6) in Eq. (2) would have 
the opposite sign to that which it has for spin 7, : 
and the polarization would, correspondingly, have 
the opposite sign to what is experimentally ob- 
served. (It follows uniquely from a qualitative 
analysis of the experimental data on the p-Si® 
scattering cross section” that the 4.31-Mev level 
is due to the capture of an 7=1 proton and has 
odd parity.) 

Thus the present investigation provides new 
confirmation of the validity of the phase shift anal- 
ysis of the experimental data on the scattering 
cross section.? The results indicate that pasic 
elastic scattering at energies close to 1.65 Mev 
can be used for manufacturing proton beams of 
a given polarization, as well as for analyzing of 
polarized protons, in addition to the presently 
known (pp) processes on He “and c. 
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The magnetic anisotropy of a single crystal of anhydrous copper sulfate has been measured 
between 1.5° and 300°K. The transition to the antiferromagnetic state has been found to be | 


accompanied by an anomalous growth of x,, while the parallel susceptibility varied in the 


usual way. A quadratic temperature dependence 
magnetic structure of CuSO, is discussed. 


1. INTRODUCTION 


‘Tae magnetic susceptibility of anhydrous copper 
sulfate was first measured, down to hydrogen tem- 
peratures, by Gorter and de Haas in 1931.! They 
performed the measurements on a polycrystalline 
specimen at nitrogen and hydrogen bath tempera- 
tures. They found that at nitrogen temperatures 
and above, the Curie-Weiss law x =c/(T-®) 
holds, with © = —77.5°. At hydrogen temperatures, 
the value of the susceptibility is considerably 
greater than that calculated by the Curie-Weiss law 
and is independent of the temperature. In 1941 
Stout” observed in anhydrous copper sulfate at 

T = 34.8°K, a heat-capacity anomaly characteristic 
of a second-order phase transition. The data indi- 
cated above, together with our magnetic investiga- 
tions’ of a group of anhydrous sulfates of Ni‘, 
cre. Wea and Cus suggest that the anhydrous 
copper sulfate, like the other foregoing compounds, 
is antiferromagnetic. 

The temperature dependence of the magnetic 
susceptibility of a polycrystalline specimen of 
CuSO,, which we have obtained in a previous in- 
vestigation,’ show that at T = 34.5°K this sub- 
stance experiences a transition and apparently 
becomes antiferromagnetic below this temperature. 
The transition itself is unusual and is distinguished 
by an anomalously rapid growth of the susceptibility 
near T = 34.5°K. To explain the character of the 
observed anomaly and to investigate in greater de- 
tail the behavior of the susceptibility below the 
temperature of this anomaly, we have undertaken 
to measure of the temperature dependence of the 
susceptibility in a single crystal CuSQ,. The re- 
sults are reported in this paper. 
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has been established for x). A possible 


2. APPARATUS AND SPECIMENS 


The magnetic susceptibility was measured by 
the Faraday method with apparatus analogous to 
that previously described.® This apparatus made 
it possible to cover without a broad continuous 
band of temperatures from 1.3 to 300°K. The 
temperature was measured in the 1.3 to 4.2°K 
range by determining the vapor pressure of a 
helium bath, from 4.2 to 20°K by determining the 
resistance of a carbon thermometer, and from 20 
to 300°K by determining the resistance of a copper 
thermometer calibrated with a standard platinum 
resistance thermometer.® The carbon thermom- 
eter was calibrated by the Clement and Quinnell 
method.' 

The susceptibility was measured at several 
magnetic field intensities between 12.5 and 13.5 
kilooersteds. The susceptibility was measured 
in various directions in a plane perpendicular to 
the line of suspension of the specimen. The error 
in the absolute value of the susceptibility did not 
exceed +1 x 1074 per mole; the relative error 
did not exceed 2 to 6% in the various temperature 
ranges. The relative errors were somewhat higher 
than in previous investigations, owing to the small- 
ness of the specimens. A correction was introduced 
for the diamagnetism of the SO;7 ion.® Single- 
crystal specimens of anhydrous copper sulfate were 
used in the investigations. These specimens were 
obtained* from a solution of cuprous oxide in mol- 
ten ammonia sulfate.’ The (NH,4)2SO, decomposes, 
above 360°C and the anhydrous copper sulfate drops 


*The author is very grateful to N. N. Mikhailov for permit- 
ting him to grow crystals in his laboratory and for constant 
interest in this work, 
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out as a crystalline precipitate. Preliminary in- 

_ vestigations have shown that the size and quality of 
the resultant crystals depend, firstly, on the rate 
of decomposition of the (NH,),SO, and, secondly, 
on the value and constancy of the temperature dur- 
ing the entire process. If the process is carried 
out at ~ 390 or 400°C, an intermediate compound 
of the type [Cu(MH3),]SO,*H,O is first formed and 
is then transformed into CuSQ,, but not in form of 
crystals but in the form of a powder. If a higher 

‘temperature, approximately 500°C, is maintained 
during the entire process, the CuSO, may decom- 
pose after the removal of the decomposition prod- 
ucts of (NH4)2SO,. We therefore chose an interme- 
diate temperature of 430°C, which was maintained 
accurate to 2 or 3°. At this temperature, the entire 
process was completed in 20 hours. The optimum 
initial proportion was one part CuSO, four parts 
of (NH,4),SO,4 (by weight). 


FIG. 1. Diagram of the equip- 
ment used to grow single crystals 
of CuSO4q. 


FIG. 2. Temperature dependence of the 
reciprocal molar susceptibility 1/x 4) of 
single-crystal CuSO4. @) data of present 
work, x) data of reference 4. 


Figure 1 shows the diagram of the equipment 
used to grow single crystals of CuSO,. Approxi- 
mately 10 g of a mixture of CuSO, and (NHy4),SO, 
were placed in cup 1. The decomposition products 
were removed through test tube 2. A feature of 
this equipment is that the optimum rate of decom- 
position can be chosen for any specified tempera- 
ture. Smooth variation of the mounting height of 
test tube 2 regulates the gap between the bottom 
of test tube 2 and cup 1, thus regulating the speed 
of removal of the decomposition products. 

The temperature of the oven 3 was regulated 
with a platinum resistance thermometer 4, con- 
nected in a de bridge circuit. The null device of 
the bridge was a type MRShchPr-54 regulating 
millivoltmeter which controlled the operation of 
the oven. This circuit maintained the oven tem- 
perature accurate to 2 or 3°. The platinum resist- 
ance thermometer served only to regulate the tem- 
perature. The oven temperature was measured 
with a copper-constantan thermocuple attached to 
the upper part of test tube 2. The thermocouple 
readings were recorded by an automatic millivolt- 
meter. 

The foregoing procedure has yielded single 
crystals of anhydrous copper sulfate measuring 
3xX1%x0.2 mm and weighing 1 to 2 mg (see refer- 
ence 4). These crystals are transparent and have 
a weak gray color. Unlike the polycrystalline 
CuSO,, obtained by roasting in vacuum, they can 
be exposed to air for a sufficiently long time (ap- 
proximately 15 days) without absorbing any mois- 
ture. Most crystals are elongated prisms with 
rhombic cross section, terminating in most cases 
with quadrilateral pyramids. The angles between 
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FIG. 3. Temperature dependence of the 


molar magnetic susceptibility y. 9) of 
single-crystal CuSO4. 


the prism faces are approximately 66 and 114° re- 
spectively. 

The structure of anhydrous copper sulfate has 
not yet been thoroughly studied. Hammel!” has ob- 
tained x-ray diffraction patterns of anhydrous sul- 
fates of transition metals by the powder method. 
He has established that the lattice of these com- 
pounds is apparently rhombic with four molecules 
in each elementary cell. For CuSO, he obtained 
the following lattice parameters: a=4.88A, b= 
6.66A, and c=9.32 A. 

Preliminary x-ray structural investigations, 
made by Porai-Koshitz* with single crystals of 
CuSO, produced by us, have confirmed Hammel’s 
data. Hammel has found later that the principal 
plane forming the prism is {120} and that the 
ce axis coincides with the long edge of the prism, 
while axes a and b lie along the long and short 
diagonals of the rhombic section of the prisms, 
respectively. According to these data, the angles 
between the faces of the prism should be 60°30’ 
and 111°30’ respectively, which is in good agree- 
ment with our data. 


3. MEASUREMENT RESULTS 


The susceptibility was measured with two single- 
crystal CuSO, specimens weighing 0.95 and 1.1 mg. 
The susceptibility was measured in the first speci- 
men inthe ab plane (c axis directed along the 
suspension line), and in the second specimen in 
the planes ab (c axis along the suspension line) 
and ac (b axis along the suspension line). In the 
entire investigated temperature range, the suscep- 
tibility component xX, inthe c direction coincides 


*The author is deeply grateful to M. A. Porai-Koshitz for 
supplying him with data on the structure of CuSO4 and for much 
valuable advice. 


with the component X, along the b axis. We de- 
note henceforth xX, = Xp =Xg and Xj = Xg- 

Figure 2 shows the temperature dependence of 
the reciprocal of the molar susceptibility of CuSQ,. 
In the temperature range from 300 to 85°K, within 
the limits of experimental accuracy, xX, coincides - 
with xX, and with the susceptibility values obtained — 
by us with polycrystalline CuSO, .4 Figure 2 shows ~ 
therefore, for this range of temperatures, the data 
obtained for a polycrystalline specimen, which are 
more accurate. The diagram shows that the Curie- 
Weiss law holds in the temperature interval form 
300 to 85°K. The constants are C=0.517 and @ = 
—77.5°. The value of the g factor, calculated from 
these data, is 2.38. 

Figure 3 shows the results of the measurement 
of the magnetic susceptibility below 60°K, plotted 
in coordinates Xmol and T°... When, Die2350- 
X; increases sharply, almost tripling in value 
within approximately 2.5°, reaching a maximum 
at T = 34.5°K. It then drops to three quarters of 
its maximum. From 12 or 14°K down to 1.5°K 
X,; does not change with temperature. Below 60°K 
x,, is almost constant down to 36°K, below which 
it diminshes practically to zero. The small rema- 
nent value of Xj, Observed at T= 1.3°K, may be 
due to an imperfectly accurate mounting of the crys- 
tal and corresponds to a 1° deviation from the crys- 
tallographic direction. The maximum value of X]| 
corresponds to approximately one quarter of the 
maximum value of xj. A dependence of x; on 
the magnetic field is observed in the transition 
region. Qualitatively this dependence is similar 
to that observed in polycrystalline specimens,* in 
that the susceptibility decreases with increasing 
magnetic field, and its maximum shifts towards 
the lower temperatures. 

Quantitatively this dependence is difficult to 
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| FIG. 4. Assumed 
magnetic structure of 

CuSO4. a= 4.88 A, 

b = 6.66 A, c = 9.32A. 
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estimate for a single-crystal specimen, since the 
susceptibility can be measured only in strong mag- 
netic fields, owing to the smallness of the speci- 
men. No field dependence was observed at all for 
X|;- We did not find within the limits of the meas- 
urement accuracy, the dependence of the suscepti- 
bility on the field, observed by de Haas and Wiers- 
ma! at hydrogen temperatures, or the residual 
moment observed by Schultz et al.'* at the same 
temperatures in a polycrystalline specimen. 


4. DISCUSSION OF RESULTS 


Our measurements of the temperature depend- 
ence of the magnetic susceptibility of anhydrous 
copper sulfate in a single-crystal specimen show 
that at 34.5°K the substance experiences a transi- 
tion, below which it becomes antiferromagnetic. 
While it was difficult to conclude the character of 
the observed transition (whether it is a first-order 
or second-order transition), from the data for the 
polycrystalline specimen of CuSQ,, the behavior 
Of CL) sina single-crystal specimen is unequiv- 
ocal evidence of a second-order transition. This 
conclusion is also confirmed by Stout’s* data on 
the heat capacity of CuSO,. 

According to the observed temperature depend- 
ences fore@Xas\ Xp» and X_' in the antiferromagnetic 
state, the CuSQ, in the antiferromagnetic state is 
uniaxial in the magnetic sense. The direction of 
least magnetization coincides with the a axis. 

As indicated above, we still do not know the 
exact crystalline structure of CuSO,. However, 
from data on the crystalline structure of NiSO,”° 
and from preliminary results on the x-ray struc- 
tural investigation of CuSO, made by Porai-Koshitz, 
we may assume that the arrangement of the Cu** 
ions in the elementary cell of CuSO, is as shown 
in Fig. 4. 

Let us attempt to ascertain what type of order- 
ing of the magnetic moments is the most likely for 
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the structure we are investigating. Following the 
theory of the molecular field,'*»!> we divide the ini- 
tial lattice into four simple sublattices, as indicated 
in Fig. 4. Let Mj; be the mean magnetization per 
unit volume of the i-th sublattice. We consider 
only interactions between ions that are 4.0 to 5.0A 
apart, and introduce the following symbols: A — in- 
teraction constant between ions inside each sublat- 
tice, I’; — constant of the interaction between ions 
of sublattices I and II and sublattices III and IV, 

I’, — constant of interaction between ions of sublat- 
tices I and III and sublattices II and IV. For the 
mean moments of the four sublattices we can write 
the following equations: 


M, = o-[H — 2AM, — 0M, — 4 MG]; 
Mies e [H — 21M, — 2AM, — 4T.MyI; 

G = (2) 
Ma = Tap [Hf om 4] oM, Saas 2AM, oe 20, Mal; 
VOT ate Nipee OP Oe 


WN 
~~“ 


Using these equations, we determine the Curie 
temperature Tc in the following cases: 


the M, =— My; Ms =— Vie lr M,; 


G a 
Te = Sry or, 4); 


Ye M,=—M,;; Me Vine My, = — M,; 
G (2) 
Pore ee or, Ay 
3. M,=M,; M;=—M,; M,= — M;; 


G 
To, == (0,—-T — A). 


It is obvious that the most probable order corre- 
sponds to the maximum Tc. Toestimate Tc we 
first estimate the magnitudes of the interactions A, 
I,, and I',. Assuming that the exchange interac- 
tion between the magnetic ions increases with di- 
minishing distance between them, we obtain 


tee (3) 


Using (3) to estimate Tc in (2) we find that the 
most likely type of ordering is the first one, i.e., 
M,=—-M;, M3 =—M;, M,=M, (see Fig. 4). 

From the data obtained for the susceptibility of 
a single-crystal of CuSO, we can draw certain con- 
clusions regarding the temperature dependences for 
Xj, and xX, below the Curie point. It is seen from 
Fig. 5, which is plotted in coordinates x) and Te 
that X =a + b(T/Tc)? from ~15 to 34°K. This 
result agrees with the general deductions of the 
theory of spin waves.'/*"!8 The presence of the con- + 
stant a may be due to an incorrect allowance for 
the diamagnetic correction for the SO,” ion. No 
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simple power-law approximation could be found 
for X Tt 

The most interesting is the anomalous increase 
in anisotropy, which we observed in the narrow re- 
gion of the transition point. Since the exchange in- 
teraction is isotropic, we must assume that the 
establishment of antiferromagnetic ordering is 
accompanied by a change in the spin-orbit inter- 
action. Attention should be called to the fact that 
the value of the g factor in CuSO, is considerably 
greater than 2. This is evidence that in the split- 
ting of the orbital levels by the crystal field, the 
distance between the lower levels becomes rela- 
tively small. One can assume that the exchange 
interaction leads to a further change in the split- 
ting picture. We made no numerical calculations, 
but qualitatively such a scheme could explain the 
anomalous increase in the anisotropy. 

The author expresses deep gratitude to A. S. 
Borovik-Romanov for continuous attention and for 
guiding the project. The author is thankful to 
Academician P. L. Kapitza for continuous attention 
to the work and also to Professor P. G. Strelkov 
for much valuable advice. In addition, the author 
is indebted to V. I. Kolokol’nikov for aid in the 
measurements. 
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FIG. 5. Temperature dependence of the parallel 
magnetic susceptibility of a single crystal of 
CuSO, below the Curie point. 
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Experiments on triple scattering of 660-Mev protons are described. The depolarization pa- 
rameter D(90°) is found to be equal to 0.93 + 0.17. This result indicates that p-p scatter- 
ing through 90° is mainly due to the C (0, +9))+n term in the scattering matrix. 


1. INTRODUCTION 


thie parameter D, introduced by Wolfenstein,! 
serves as a measure of the change in the normal 
component of the polarization vector in the second 
scattering. It follows from his formulas that for 
p-p scattering the depolarization parameter is 
determined by the expression 


6o(1-—D)=1/,|G—N—BP+{HP, 


where 0, =4|Bl|?+2|C|?+4|G—-N|?+4|N|?+ 
3|H|? is the cross section for the scattering of 
an unpolarized proton beam by hydrogen, and B, 
C, G, H and N are five complex amplitudes of 
the p-p scattering matrix in the same notation 
as used in reference 1. The amplitudes B, C, 
G, H, and N are functions of the scattering 
angle and energy. The measurement of the pa- 
rameter D is of considerable interest from the 
point of view of obtaining full information about 
p-p scattering, in particular if the measurement 
is performed at angles smaller and larger than 
90° in the center of mass sytem (c.m.s.) where 
singlet-triplet interference might appear. 

In this communication we report the results 
of a measurement of the depolarization parameter 
in p-p scattering at 90° in c.m.s. at 640 Mev. 
The experiment was performed on the six-meter 
synchrocyclotron of the Joint Institute for Nuclear 
Research. 


2. EXPERIMENTAL PROCEDURE 


660-Mev protons underwent first scattering 
inside the synchrocyclotron chamber from a beryl- 
lium target-polarizer 4 cm thick. A proton beam 
with polarization? P, = 0.58 + 0.03 and energy 


*Reported on May 22, 1958 at the IV Session of the Scien- 
tific Council of the Joint Institute for Nuclear Research. 


Schematic diagram of the location of the scatterers and de- 
tection apparatus in the scattering plane. M—monitor; R, —sec- 
ond target (vessel with liquid hydrogen); R, — third target: 
a—5x8x6cm graphite block, b — polyethylene block of the 
same dimensions; C, through C, — scintillation counters. 


640 + 12 Mev was obtained, predominantly by dif- 
fraction scattering to the left at an angle of 9°. 

The flux density of the beam in the experimental 
area, after passage through a collimator 3 cm in 
diameter, was 7 X 10° protons/cm’sec. The loca- 
tion of the second and third scatterers and the de- 
tection apparatus in the plane of the first scattering 
(which produces the polarized beam) are shown in 
the figure. 

The second scattering took place in a glass ves- 
sel 12 em in diameter filled with liquid hydrogen. 
The average energy of the protons was 635 Mev in 
the center of the second target. Three counters 
Ci, C, and C3 selected the beam of twice-scat- 
tered protons. The profile of this beam was, for 
all practical purposes, symmetric with respect 
to the axis of the telescope C,C,C3. In the second 
target, scattering of protons by protons took place 
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atan angle 0, =41+ 2.5° (90+ 5° in the c.m.s.). 
The energy of the twice-scattered protons was 315 
Mev with a spread of +40 Mev. 

The normal component of the polarization vec- 
tor of doubly scattered protons was determined in 
two ways. In one method (Fig. la) the asymmetry 
€sn aftera third scattering, through an angle 93 = 
12°, in a carbon target-analyzer was measured 
with the help of counters Cy, Cs, Cg and C;. The 
use of carbon as analyzer has definite advantages 
at large second scattering angles, when formation 
of m mesons in the third target is either negligible 
or absent altogether. The contribution from Tt 
mesons and secondary protons from the reactions 
pp — pnt and pp — ppr? to the count of the pro- 
tons elastically scattered from the second target 
was substantially reduced by detecting both elas- 
tically scattered protons with the conjugate tele- 
scopes C;,C,C3; and CgCyg whose opening angle 
corresponded to the kinematics of elastic p-p 
collisions. The counters were connected in groups 
of three to standard triple coincidence circuits 
(ee Nn" sec), whose signals were.in turn 
in coincidence. The plastic scintillators of count- 
ers C,; through Cy measured, in the horizontal 
and vertical directions respectively, 6.5 x 6.5, 
Oba sO Xa. 62% Gy GX 6.07 6.0% 7.96.0 % 6.5, 

7.9 X 12, and 8.5 X 13 cm and were 6 mm thick. 
The background of accidental coincidences did not 
exceed 3% of the hydrogen effect. 

The second method (Fig. 1b) for the determina- 
tion of the normal component of the proton polari- 
zation vector after the second scattering consisted 
of measuring the asymmetry €3n at an angle 63 = 
30° after p-p scattering in the third target made 
of polyethylene. The scattering of 315-Mev pro- 
tons by protons in the third target was differenti- 
ated from inelastic processes by registering both 
the scattered and recoil protons with the conjugate 
telescopes C4Cs5CgC, and CgCy placed first sym- 
metrically to the right and then to the left of the 
beam which passed through the telescope C,C,C3. 
The coincidence signals from the conjugate tele- 
scopes were picked up in coincidence with the 
signal from the telescope C,C,C3. The background 
from accidental nine-fold coincidences with the 
same scintillators did not exceed 1% of the hydro- 
gen effect. This method for determining the nor- 
mal component of the polarization vector of doubly- 
scattered protons can be used when the second 
scattering is through amall angles and it becomes 
impossible to distinguish elastic p-p scatterings 
by means of conjugate telescopes. 

The value of the depolarization parameter, when 
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the second scattering is through 90° in the c.m.s., 
is given by 

D (90°) = &gn / 3, 
where ¢€3 is the asymmetry obtained in scattering 
by the third target analyzer of a proton beam with 
polarization P; and energy equal to the energy of 
the protons in the doubly-scattered beam. The re- 
duction in energy from 640 to 315 Mev of the once- 
scattered polarized beam was accomplished by a 
set of polyethylene and lead absorbers placed in 
the path of the protons before and after the purify- 
ing magnet in such a way that the angular spread 
of the slowed down protons was approximately the 
same as that of the proton beam which underwent 
a second scattering in the hydrogen target. Con- 
trol experiments indicated that the slowing down 
of the protons did not depolarize the beam. 

The measurement of the asymmetry ¢€3 (cali- 
bration of the analyzer) was performed under the 
same geometrical conditions and with the same 
detection apparatus as the measurement of €3p. 
The counters C;,, G, and Cs and the target 
analyzer were placed in the path of the slowed- 
down proton beam and the second hydrogen target 
was removed. In the calibration of the carbon 
analyzer, the asymmetry was determined by means 
of coincidences between the telescope C,C,C3 
(which selected the symmetric proton beam), and 
the telescope C,CsCgC; (which registered the 
scattered protons). It should be emphasized that 
all measurements with the carbon analyzer were 
performed without a filter between the counters 
in the telescope C,CsCgC7, so that the observed 
asymmetries ¢€3; and €3y were proportional to 
the polarization of the incident proton beam and 
to the analyzing power of the carbon as determined 
by the proton polarization from diffraction as well 
as from inelastic scattering. In the calibration of 
the polyethylene analyzer, p-pe scattering was 
selected by means of conjugate telescopes in the 
Same manner as in the measurement of the asym- 
metry €3n after p-p scattering in the third target. 

In the processing of the experimental data, cor- 
rections were included for the background of acci- 
dental coincidences, for the effect of the empty 
liquid hydrogen vessel, and for the effect of the 
scintillator C3, placed close to the third carbon 
target. 


3. RESULTS 


On the basis of data from nine separate series 
of measurements, we find that protons which are 
previously doubly scattered have, after scattering. 
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by the carbon target, an asymmetry 
Ean = 0.200 + 0,032. 


On the other hand, the calibration measurements 

of the asymmetry in the scattering by a carbon 
target of the primary polarized proton beam, whose 
energy was reduced to 315 Mev, gave the value 


es = 0.216 + 0.012. 


We indicate only statistical errors; they predomi- 
nate over the systematic errors due to uncertain- 
ties in the estimates of various geometric factors. 
In a great majority of measurements values for 
€3n and ¢€3 were obtained coinciding, within the 
error, with the average values of the correspond- 
ing quantities. 

It follows from the values of the asymmetries 
€gn and ¢3 that 

D (90°) = 0.93 + 0.17. 
The same result, but with smaller precision, was 
also obtained when the experiment was performed 
by the second method. 

This value for D (90°) is noticeably larger 
than the values found at 310 (reference 3) and 415 
Mev (reference 4), and is close to the upper limit 
of the —1 to +1 interval to which the values of 
D(90°) are confined. This fact indicates that the 
change in the normal component of the polarization 
vector in p-p scattering is small. In that case the 
amplitudes G and N of the scattering matrix van- 
ish and the following relation results 


2|C?—1/2| A [? 


D(90") = ay TBP+ 2c P+ lar 


The proximity of D(90°) to +1 indicates that of 
all the terms entering into the p-p scattering 
matrix only the C(0;,+0,)°n term is important 


for scattering through 90°. Judging from the aver- 
age value of D(90°) the contribution to scattering 
through 90° of the C(o;,+0))-n term is not less 
than ~ 90%, the contribution of the tensor term 
H[(0,°K)(0,°p) - (0;°p)(0,°k)] may reach 
~4%; thus the contribution of scattering in the 
singlet state is not more than ~ 7%. In Born ap- 
proximation the C(o;, + 0,)°n term corresponds 
to a simple spin-orbit coupling.® 

It should be noted that if D(90°) =1 exactly, 
and consequently the scattering amplitudes are de- 
termined solely by the function C, all the polari- 
zation properties are determined uniquely once 
0)(90°) and D(90°) are measured. In that case 
all three tensors (correlation polarization Pj, 
depolarization Dj, and recoil polarization Kj) 
are equal to each other and have only normal com- 
ponents: 


Pin (90°) = Dex (90°) == Kin (90°) = rar 


(nj are the components of the normal n) 
The authors are obliged to Ia. A. Smorodinskii 
and R. M. Ryndin for useful discussions. 
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The glow of an initially solid opaque body that appears after its compression by strong 
shock wave with subsequent expansion into a vacuum is studied. Condensation of the vapor 
of the substance and recombination of ions and electrons under these conditions are also 


considered. 


Fexposivis can be used to produce very strong 
shock waves in solids. Pressures of the order of 
ten million atmospheres are achieved, with tem- 
peratures behind the shock front of the order of 
tens or hundreds of thousands of degrees.'~* It is 
natural to inquire whether the radiation from a: 
shock-compressed body can be used for the meas- 
urement of its temperature.* Such measurements 
have recently been performed for a transparent 
body (Plexiglass ),? but transparent substances 
are, of course, exceptions. It would be most in- 
teresting to investigate compressed metals, even 
very thin layers of which (~ 107° cm) are opaque 
to visible light. A fundamental difficulty is pre- 
sented by the fact that before the shock wave 
reaches the surface the compressed material is 
covered with an undisturbed opaque layer. Expan- 
sion begins immediately after the shock wave 
reaches the surface; between the compressed 
material and the observer there is a layer of 
material which undergoes compression followed 
by expansion. Therefore the radiation observed 
when the wave emerges at the surface of an opaque 
body cannot be used to measure the temperature 
reached during compression. However, the study 
of this radiation is of independent interest. Ex- 
periments performed by Kormer, Sinitsyn, and 
Kuriapin have shown that the optically measured 
temperatures of opaque bodies are much lower 
than the calculated compressional temperatures. 
The measured temperature falls off considerably 
in the time interval, from 0.1 to 2 or 3 microsec- 
onds, when measurements can be obtained. The 
lower limit, 0.1 microsecond, is set by the resolv- 
ing power of the apparatus. These experiments 
have led to the theoretical study of optical and other 


*The glow of gases, particularly air, in shock waves has 
been considered theoretically in references 4 and 5. For fur- 
ther bibliography see the review article, reference 6. 
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physical phenomena that should occur on the sur- 
faces of expanding bodies following shock compres- 
sion. 


1. THE HYDRODYNAMICS OF EXPANSION 


When a shock wave reaches the interface be- 
tween the solid and air or a vacuum the material 
begins to expand from the surface. The hydrody- 
namic solution for a rarefaction wave is well known 
(see references 7 and 8, for example). This is the 
self-similar solution, in which all hydrodynamic 
quantities depend only on the ratio ‘x/t, where x 
is distance from the initial position of the boundary 
and t is time computed from the instant when the 
shock wave reaches the boundary. The motion is 
isentropic and each particle of matter expands adi- 
abatically. 

When a relatively weak shock wave reaches the 
surface with energy that is insufficient to cause 
evaporation of the solid the velocity of the matter 
while being unloaded to atmospheric pressure (or 
zero pressure when bounded by a vacuum) becomes 
2U9, Which is double the velocity uy acquired in 
the shock wave. The material, which is heated ir- 
reversibly by the shock wave, remains in a final 
solid phase. 

The unloading process is entirely different when 
a solid body is heated by a strong shock wave to a 
temperature of the order of tens of thousands of 
degrees so that its thermal energy is considerably 
above the heat of vaporization. The adiabatically 
expanding and cooling material in the unloading 
region is then in its gaseous phase. The adiabatic 
curve passes above the critical point, and the ma- 
terial density at the leading edge of the unloading 
wave falls to practically zero together with the 
temperature and pressure when the substance un- 
loads into a vacuum. 

In first approximation we find, when the material 
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isassumed to be a gas with the adiabatic exponent vy 
that the velocity of particles onthe surface of the body 
during expansion into a vacuum is [1+vV2y/(y—1) ] Ug 
where up is again the velocity of the shock-com- 
pressed material. Taking the effective value y = 
1.3 (with account of ionization), we obtain approx- 
imately 4uy for the velocity of the boundary. 

In the unloading zone the density passes continu- 
ously through a very wide range of values from zero 
to the density of the shock-compressed solid. The 
density of an individual particle obeys the law p ~ 
t-/(Y+1) | 4 number of interesting phenomena oc- 
cur in the unloading zone. 


2. GLOW DURING UNLOADING 


The surface of the unloading wave glows brightly. 
The radiation is the typical emission from a gas 
with a steep temperature distribution. The absorp- 
tion and emission of visible light in the case of a 
monatomic gas, such as a metallic vapor, are due 
principally to photoelectric transitions from highly 
excited atomic levels and to the reverse process 
of photorecombination. The absorption coefficient 
is sharply reduced with decreasing temperature 
following the Boltzmann law* and is proportional 
to the density: 


xy ~ pexp[— (1 — hy) /kT], 


where I is the ionization potential, which may be 
somewhat reduced through the strong Coulomb in- 
teraction of the plasma in regions of high density. 

At sufficiently low temperatures, where the 
range of light is greater than the characteristic 
distance upt, the gas is transparent; on the other 
hand, at sufficiently high temperatures the gas be- 
comes absolutely opaque. Therefore the radiating 
layer corresponds to temperatures at which l,(T) 
im Ugt. 

More precisely, the effective (visual) tempera- 
ture is given by the condition 


\ dx eat 


where the integral is taken from the gas-to-vacuum 
interface up to the radiating layer with a tempera- 
ture approximately equal to the effective tempera- 
ture Toff. . 

Making use of the equation of the adiabate, p ~ 
pi (al); and the hydrodynamic solution p = p(x/t), 
we go over to the new independent variable, the tem- 
perature 

THT @&/t), x<=tf (1), dx=—t7 jar. 

*In accordance with the number of atoms whose excitation 
energy is high enough so that a light quantum of frequency v 
can induce ionization. 
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We obtain our condition in the form 

Toft 
const - ¢ exp[— (J — Ay) [RT] TdT = 1, 

0 

where a is a constant on the order of a few units. 

The behavior of the integral is determined princi- 

pally by the exponential function. Approximate in- 

tegration leads to the transcendental equation 


T et = (I — hy) /k In (tT & - const) 


where £, which is a constant of the order of a few 
units, depends on the adiabatic exponent y. 

A numerical estimate shows that the effective 
temperatures of metals with I ~ 5 to 8 ev, range 
from 3000 to 7000°, beginning already with very 
small times, ~ 107!" sec. 

The screening of radiation in the unloading re- 
gion fundamentally limits the possibility of observ- 
ing temperatures of hundreds or thousands of de- 
grees in the region not yet reached by the rarefac- 
tion wave. This region becomes invisible when the 
unloading region becomes of the order of the range 
of light, i.e., ugt ~ 10-8cm, which at velocities 
Ug ~ 10° corresponds to t ~ 107? sec. Thus it is 
impossible to follow the frequently-advanced sug- 
gestion that the temperature in a shock wave be 
measured from the brightness of the glow when 
the wave reaches a vacuum-bounded surface. (Even 
if an instrument with time resolution ~ 107! sec is 
constructed, it is practically impossible to make 
the wave front parallel to the surface of the body 
with accuracy ~ 10-8 cm. ) Therefore at present 
the temperature of the wave front can be measured 
from the brightness of the glow only in the case of 
transparent bodies, as was suggested in reference 2. 

However in a more detailed study of the optical 
properties of a gas the curve of Teff(t) may yield 
some information regarding the gas density in the 
emitting region, where the temperature ~ Teff, 
i.e., it may be possible to estimate the entropy of 
the gas, which in virtue of the isentropic motion 
equals the entropy in the shock wave. 

It must be noted that the measured mechanical 
parameters of a shock wave do not indicate directly 
the entropy and temperature in the wave.® 


3. CONDENSATION DURING UNLOADING 


Under certain conditions the brightness of the 
unloading wave may be affected by vapor condensa- 
tion at the low temperatures that exist on the lead- 
ing edge. Condensation is of interest independently 
of the wave brightness. The adiabate of the vapor 
during expansion must intersect the curve of equi- 
librium between the condensed material and satu- 
rated vapor since in the adiabate T and p are 
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related by the power law T ~ p’! and in the phase 
equilibrium curve by the exponential law p ~ 

exp {-—q/kT}, where q is the heat of vaporization. 
The number of condensation nuclei is determined 

by the adiabatic vapor cooling rate; the degree of 
supersaturation at which strong condensation be- 
gins, thus preventing further supersaturation, in- 
creases with the adiabatic cooling rate, i.e., with 
the shock wave amplitude. 

Vapor condenses on nuclei which are formed at 
the initial moment when maximum supersaturation 
is reached; new drops are then no longer formed. 

A kind of quasi-stationary state is established in 
which the degree of condensation “follows” the 
further expansion of the material. Calculation 
shows that the number of condensed drops is so 
large that even with total condensation of the vapor 
the drops are considerably smaller than visible 
light wavelengths. This indicates that the drops 
absorb light volumetrically, i.e., only in proportion 
to the total quantity of condensed vapor, which in- 
creases with time. After sufficient time this ab- 
sorption can screen the glow completely. 

It would be very interesting to investigate how 
small drops of a condensate diffusely scatter light 
from an outside source illuminating the unloading 
wave. The scattering of light by small droplets is 
proportional to the square of their volume, unlike 
the case for absorption. Therefore such an experi- 
ment would enable us to investigate both the total 
quantity of condensate and the droplet size. 

It should be noted that diffuse scattering of light 
depends strongly on the existence of condensed 
drops, since a gas scatters very weakly. Therefore 
the method of recording the scattered light is a very 
sensitive means of detecting condensation. 


4. CONDITIONS AT THE LEADING EDGE DURING 
UNLOADING INTO A VACUUM 


A small quantity of matter at the leading edge 
of the unloading wave is subjected to nonadiabatic 
conditions, since it absorbs light that proceeds 
from deeper layers. This nonmechanical transfer 
of energy from deep layers to outside layers in- 
creases the velocity of the leading edge compared 
with the velocity of adiabatic unloading. The con- 
ditions at the leading edge approximate those in an 
isothermal rarefaction wave, where the velocity of 
the leading edge is known to be infinite as the den- 
sity drops exponentially. It would be of great in- 
terest to investigate electrical conduction in a rare- 
faction wave just as the electrical conductivity of a 
plasma is studied in a shock tube. 

As a result of the rapid drop in density, recom- 
bination processes, which require triple collisions, 
do not reach equilibrium at the leading edge. The 
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kinetic equation of these processes is 


de|dt =F (c)p% \de/f (c)— \prat, 
where c is the specific concentration of atoms, 
electrons or ions, and f(c) ~ ce? or ~c, depend- 
ing upon whether we are considering pair-wise re- 
combination or adherence to inert molecules. When 
the density drop obeys the law p ~ t-7(Y+1) the in- 
tegral on the right converged, approaching a finite 
limit in infinite time. However the equation for ra- | 
diative recombination contains the first power rather 
than the second power of the density. The integral 
(with the cross section ~ 1/T) diverges for any 
y >1. Consequently, c 0, the decrease of c 
being determined by photorecombination. 

Even a brief enumeration of the phenomena that 
occur in unloading waves of solids heated by strong 
shock waves shows the broad possibilities of this 
method, which can be used to investigate diversi- 
fied physical processes in the vapors of metals 
and other solids at high temperatures and in the 
broad range of densities which cannot be achieved 
by other laboratory methods. ; 
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An analysis is given of the spectral distribution of the current in a turn that impinges with a 
constant nonrelativistic velocity on a medium possessing arbitrary € (w) and uw. Deriva- 
tions are given of the criterion for reflection at nonrelativistic velocities, and of the expres- 


sion for the acting forces. 


1. FORMULATION OF THE PROBLEM 


Ly an earlier paper! the author has calculated the 
interaction between a semi-infinite medium and a 
constant rectilinear current incident on it with a 

constant velocity 6 =v/c. If the current is inci- 

dent on plasma (or on metal), the force of repul- 
sion does not depend on the electron density or on 
other characteristics of the plasma, andas B—1 
the force increases as 1/(1 — pry¥?, provided the 
velocity exceeds a certain critical value B > Boer 
=cy)/wir (cf. reference 1). When 8 « Bey the 


force decreases, practically linearly with decreas- 


ing 6 (if the logarithmic term is not taken into 
- account). These results are not applicable to a 
ring current even if the distances to the plasma 
are sufficiently small so that the curvature of the 
current is negligible, since the change in the mag- 
netic flux through the current circuit as it ap- 
proaches the plasma will change significantly the 
magntidue of the current, and therefore also the 
magnitude of the forces, unless we assume that 
such a change in current is compensated by some 
additional electromotive forces. Consequently 
the restuls of the earlier paper! are applicable 
to a ring current only under the assumption that 
the magnitude of the incident current is at its 
limit. | 

In the present paper we consider the field of a 
ring current of radius a, which is incident with 
a constant velocity v ona medium occupying the 
semi-infinite space z <0. The medium is de- 
scribed by arbitrary w and « =e(w). Itis as- 


sumed that the plane of the ring current is parallel 


to the plane surface of the medium. Further, we 
assume that the ring is characterized by infinite 
conductivity, so that the total flux of the magnetic 
field linked with the current circuit is a constant 
of the motion. When the distance from the circuit 
to the medium is infinite, z— (cf. Fig. 1), the 


Zé 
E(w), ft 
FIG. 1 


magnitude of the current I, is considered to be 
given, and its subsequent variation is determined 
by the motion of the circuit. It is assumed that 
the radius of the ring does not change in the course 
of the motion. Thus, the current density can be 
written 
je=io=0, jp =1()8(2+ut)D@, a), (1) 
where a is the radius of the ring, I(—) =Iw. 

A change in the current in the course of the mo- 
tion of the ring means that of definite frequencies 
are excited in the ring. Without solving the prob- 
lem it is possible to make a number of qualitative 
statements with respect to the frequency distri- 
bution of the excited currents from the uncertainty 
relation AwAt ~ 1 in the same way as is done in 
the case of radiation in accelerators. The order 
of magnitude of the maximum excited frequency 
can be estimated as Wmax ~ 1/Teol, where Teo] 
is the characteristic time for the collision of the 
ring with the wall. At speeds v~c, asa result 
of relativistic contraction, this time is of order 
of magnitude a(1 — Bry¥2/o, i.e., Wmax ~ 
c/a(1—p7)”?. Thus, as B —1 successively 
higher harmonics will be excited in the ring. The 
object of the present work is a quantitative inves- 
tigation of this effect. 

To analyze the frequency distribution we expand 
all the quantities in Fourier integrals. In particu- 
ani 
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hye \ Iee-tdor, (2) 


I (t)8(z-+ ot) = Fe | Fo tue tot hede die (3) 


In view of the cylindrical symmetry of the prob- 
lem it is convenient to expand the radial function 
D(p, a) in terms of Bessel functions: 


D(o, a) = a\ g (b) kul (bp) Js (Ra) dh. 


0 


(4) 


A linear ring current corresponds to g(k)=1 
and D(p, a) =6(p-a). The quantity g(k) has 
the meaning of a form factor that characterizes 
the “smearing” of the current and which must cut 
off values of k greater than 1/65, where 6 isa 
dimension that characterizes the current cross 
section. Since the specific form of g(k) is not 
important in the case of thin rings, which will be 
discussed from now on, it is convenient in specific 
calculations to take g(k) =exp{—k6}. In accord- 
ance with Eqs. (1) to (4), the potential of the field 
of the ring current can be written in the form* 


2a \ I tye 


Oe pe OER, 
a c \kR?+x2—w?/ c? 


eltee— fo] (pda (Ra) g (k) ded do, 
(5) 


Generally speaking, it is necessary to add to the 
expression 1/(k? +42 w/c?) a 06-function term 
that leads to retarded potentials, and to interpret 
the integral containing 1/(k? + x? — w?/c?) in the 
sense of its principal value (cf., for example, 
Bolotovskii’ ). This operation is equivalent to 
specifying a definite method of going around the 
poles by means of infinitesimally small imaginary 
(or, in general, complex) additions to the denomi- 
nator. We assume that the rules of going around 
the poles are specified by prescribing a complex 
€ which differs from unity by an arbitrarily small 
amount, while the sign of the imaginary term in the 
complex expression for € must correspond to dis- 
sipative processes for a given choice of the sign of 
the frequency (cf. Bolotovskii?). This requirement 
leads in an unambiguous way to the displacement of 
the poles into the upper half-plane of complex w, 
which is equivalent to adding to the principal value 
of P(1/(k’ + «2 — w*/c?)) the 6-function term 
(tiw/|w|) 6(k? + x? — w?/c?). Expressions con- 
taining such denominators will be interpreted hence- 
forth in this sense. 


2. THE METHOD OF IMAGES 


Let the medium be described by certain €(w) 
and -u. We assume that the field for z =>0 con- 


*The only nonvanishing component A of the four-potential 
will be denoted throughout simply by A. 
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sists of the field A’ in the absence of the medium , 
and the field of the “reflected” current, the poten- 
tial A() que to the latter being obtainable from 
A° by letting z—-z and by multiplying the 
Fourier components of the current by ,(w, kK): 


Alepo = A°+ A”, (6) 


ni) (7) 


2 
- \ ®, (0, x) 
-eitetot) dk dx dw kJ, (kp) J, (Ra) g (R). 


The field for z <0 is the field whose potential 
A®) can be obtained from A? by letting z— ¢z, 
where £=£(w, k), by multiplying the Fourier 
component of the current by #)(w,«), and by re- 
placing c by c/Veu: 


2 
Alego = A= —E\0, (0, ») 


| 
| 


sta exp {i [x¢ (@, *).z — al]} 
P—euat/e + C(O, X) 


x kJ, (ko) J (Ra) g (k) dk dx de. 


In the special case when the current does not vary, | 
and the medium is not a dispersive one, the above | 
replacement means that the field due to the medium 
at z= 0 is the field of the reflected current whose 
magnitude is reduced by the factor 9. 

From the boundary conditions we obtain: 


C= {1+ (w/cx)? [pe (o) —1]}"*, Rel>0; 


(8} ) 


(9) 


®1 (0, x) = (u—C(@, »))/(U+6(, »); 
®, (0, x) = 2 /(U+6(@, *))e 


In order that Eqs. (6) to (8) be fields that satisfy 
the foregoing equations, it is also necessary to 
show that if ¢, ®, and #, are defined by rela- 
tions (9) and (10), expressions (7) and (8) satisfy 
the homogeneous equations in the corresponding 
regions z=>0 and z <0. To verify that the cur- 
rents obtained from (7) and (8) vanish in these re- 
gions it is sufficient to let w—w-— xv in the in- 
tegrands of the expressions for the currents and 
to deform the path of integration into the lower 
half-plane of complex «. In virtue of Re £>0 
and of the form of xf, ®, and 45, the only sin- 
gularities of the integrands will be the singular 
points € and 1/e (cf., for example, references 
3 and 4). Wg have taken the time-dependent fac- 
tor in the present case to be the same as in ref- 
erence 4 (exp{—iwt}), but the expressions in 
which we are interested contain w-— xv, so that 
the poles with respect to x lie in the upper half- 
plane of complex x. Integration over the large 
semi-circle in the lower half-plane gives zero 
for certain ranges of values z=>0 and z < 0, 
since £—1 as |k|—~, because eu —1 as 
| w| — o. 


(10) 


INTERACTION BETWEEN A MEDIUM AND A RING CURRENT 985 


3. INTEGRAL EQUATION FOR THE FOURIER 
COMPONENTS OF THE CURRENT 


The change in the current is determined by the 
flux , which can be obtained from (5) and (7): 


4rd? (prints 
@ = 2nd peg = \ og (h) hl (ha) dle de doo 
u—C (a, x) et 
—i(xu+oa)t SSAC %) V—i(o_xo 
x fe rich aae Cateny © the 
For a superconducting ring we can write 
® (t) = ®(— 00) = Lao/o(l—py* (12) 


_ On multiplying this equation by exp {iat } and in- 
tegrating with respect to t we obtain: 


me 2 { I, 
|g (b) bili (Ra) dhe die pe a 
=e x) 1) tone \ co 5 
u+ CO (A+ xv, x) k2+ x*— (A+ xv)? /c2) e (4 — Br /2 (X). 
Here L is the self-inductance of the cirucit 
Ls 4x%a®\ g (k) J? (ka) dk. (14) 


0 
If we set g(k) = exp{—k6}, we obtain from (14) 
for 0 .<"a, 


L = 4na {In (8a / 6) — 2}. 
We transform Eq. (13) by introducing in the sec- 


| ond term of the left hand side the new variables 
KV =(w—A)/2, A+Kv=(wW+tA)/2. We obtain: 


hK() +) Ks 8) lado = iE 
where 
kJ? (ka) g (k) dk de 
K0)=\ape—asme’ (16) 
—t, 4 kJ? (ka) g (k) dk 
Be eh ere we) BE OST arena (7) 
with 


sa (re Qs) [e CE)". as 


In virtue of the remark made above with respect 
to the rules for going around the singularities of 
the integrands, ‘the kernels K(A) ae K(A, w) 
are complex; it follows from I, = K that 

K (-N =KQ); K (—, —e) =K(, @). (19) 

We now evaluate the integrals (16) and (17). The 
integral (16) with respect to x can be easily found 
by taking into account the rules stated above for 


going around the singularities 


mi Rg (k/ a) dk? (f) 
B2) |! \ 


KO Gee ee ew 


where (¢?—k?)/2 =1(k2- 42)” if k> w. Here 
~ =ra/c(1—67)¥/2, while, in the case of negative 
A, K(A) can be obtained in accordance with (19). 
The function g(k/a), which appears in (20), cuts 
off k>1/y =a/6. For »> 1/y we can set in 
the integrand of (20) (y¥2-k*)!/2 =. If, in addi- 
tion, we set g(k/a) = exp{—ky}, we obtain for 
y<«Kl 


K (a) =i /a(1 — B*) "py. (21) 


In the other limiting case, wy « 1, we simplify 
the calculation by setting g(k/a) = exp {-y(k?- 
y yi 21, which corresponds to cutting off k? > 


ye+y? xy, and obtain: 
K (d) = K (0) 
= » au 2u 
<a oa | Jn (x) dx —| Qn(x)dx|, (22) 
0 


K (0) = L/4na? (1 — 82)", 


“J. and Q, are the Bessel and the Lommel-Weber 


functions of the second order, L is the coefficient 
of self-inductance. 


Further, the integral (17) can be written 


1—t, ¢ kg (k/ a) J? (k) dk 
K (ha) oe oe (23) 
0 
where 
X = (a/ 20) {(k — w)? — B2 (A + 2}, (24) 


If x > 1/y, we can neglect k* compared to x? in 
the denominator of (23); we then obtain 


K(h, ®) = od ees (25) 
, domy?y 1+) 
If x « 1/y wecanset g(k/a) +1. By writing 
one of the J,(k) in the form J,(k) = (H{") (k) + 
H?) (k))/2, we can write (23) in the form of an 
integral from —«to+. The resulting integral 
can be evaluated by the method of residues, taking 
into account the rule given above for going around 


the singularities on the real axis; we then have 


Ri) ICH 


20 1+, (26) 
— =H}? (iz). 


(2) = + Ah (iz); 


4, INVESTIGATION OF THE FIRST APPROXI- 
MATION 


If the current is far from the medium or if the 
medium in general has a small effect on the cur- 
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rent (as is the case, for example, for a dielectric), 
we can restrict ourselves in solving Eq. (15) to the 
first approximation obtained by the method of itera- 
tions, in which we take for the zero-order approxi- 
mation the expression for the Fourier components 
of the time-invariant current, which is equal to the 
current at infinity lh =1,,6(A). The first approxi- 
mation has the form 


ID = —1eK 0, 0)/ KO 
On substituting expressions (22) and (26) into 
(27) we obtain 


aN —i1 a(4 aa B2)'l2 
eu 2u 


(27) 


2 
11 (0) Kx (%9) {1-5 \ @ 


0 


i) 
Q 
= 


We ni te 


2U 
ae Cae \ 2 (xdxb, 


0 
= (ad / 20) (1 — By", 
where 7 is one-half the linear inductance. 

Thus we can introduce two characteristic criti- 
cal frequencies w(t) and w(?) which determine 
the shape of the frequency distribution of the addi- 
tional currents induced in the ring. For these fre- 
quencies we have respectively xy=1 and jy = 1: 


wl) = (c/a) (1 — B*)"*. (29) 
In the nonrelativistic limit B <1 we always 
have w(t) <« w), therefore the denominator in 
(28) is equal to 1; if, moreover, w(t) is appre- 
ciably lower than the characteristic frequencies 
of the medium, then € = €(0) and, consequently: 


u (48) (heh). 


From the asymptotic behavior of the Bessel func- 
tions I, and K, it follows that frequencies lower 
than w(t) are excited in the ring with approximately 
the same amplitude, and I)/I,. = (Ba 4cl)-(e€(0) pu 
—1) Oe Fig. 2); the amplitudes of the frequencies 
w > w(t) fall off as 1/w. 

A frequency distribution of the same form, but 
with a different numerical factor 


y= ha/c(1 — By" 


of = 20/a(1 pty 


~ 
wm 


ID = Teo8 (2(0)p—1) 


ee (30) 


p(y 161 rs 
I eI 


los) 


VirNe TSY TOME 


~ for rsa and — ~<y, (ae aes 


; {In —2\ forr< aand — EN I SS 


1) = too ygi (Aap) Ke (*55) 


can occur under certain conditions also in the case — 


of metals and plasma. If one can assume that in 
metals the number v of collisions between elec- 
trons and ions considerably exceeds w(t), then 
one can set €-1=—w}/ivw; if, moreover, w(t) 


<< wp?/y, and, consequently, B > 2yXo /woa, then | 


in (28) (£,-1)/(€+1) ® 1. Consequently, under 
these assumptions the amplitude of the frequency 
distribution increases with decreasing velocity 

and does not decrease as in (30). The condition 

B >> 2yk)/woa in fact means, as can be easily seen, 
that the skin depth in the medium at a frequency 
wit) is considerably smaller than the radius of 
the ring a. If we can assume that the number v 
of collisions between electrons and ions in the 
plasma is considerably smaller than the critical 
frequency w/t) 


bee the distribution (31) will hold for 
most of the excited frequencies provided only the 
plasma oscillation frequency wy, is small in com- 
parison with the critical frequency w(t), However, 
if p> w(t) and w(t) > B?4n0, then for most fre- 
quencies the distribution has the form: 


L 
If the conditions v <«< w(t) and wt) >> Wo are sat- 
isfied, we obtain for most frequencies 


sh (4$e)x, (424). 


Thus, for vy > w(t) and w(t) >> B40 only the fre- 
quencies w < B4no are Scied with a constant 
amplitude, while for vp « wit) 


2 


K, (te 3 a. 


ag iBo | ‘ 
Sars im: (84) 


ajo] 


(1) 
J 20") 


j= 


sh 


fi (33) 


oe loz al “oe 


b> w(t) >> Wo only the 
frequencies w XK wy are so excited. 

With the aid of the foregoing frequency distribu- 
tions we can find the dependence of the current on 
the time, or, which is the same thing, on the in- 
stantaneous distance r = —vt to the medium. The 
current and its time derivative are expressed in 
terms of the integral 


| e-*!doK, (a|@|/20) I, (a|@| /20) = (@ / 2na®) m1, 84) 
where M is the coefficient of mutual inductance 
between the current and its image in the case of 
a perfectly conducting wall. The limiting expres- 
sions for the current defined by (30) and (31) may 
be obtained by utilizing the limiting values for the 
coefficient of mutual inductance: 


“8 


or — SN, re 
(35) 


U 
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(31) 
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For r «c?/4nov, v/r « v the current for the distribution (32) can be obtained by integrating (34) 
a \2 Se 
cy (Zt) ant tBoa 6 c.) ee age (36) 
is cl 1—<(In “+ 1) for r<a. 


For v/r >v, r «c/w we obtain 


7) (2) oa {a/8r for r >a 


== 37 
I. 4c* Mie efor iy = as wy 


Let us now examine the question as to the man- 
ner in which the frequency distribution of the cur- 
rents in the ring will change as its velocity in- 
creases right up to ultrarelativistic values. As 
6B — 1 the critical frequency wl) 5 increases, while 
w2) decreases. There exists a critical velocity at 
which these two frequencies become equal, Bey = 
V2 —1; since 1/V1—f? is not large at this point, 
the speed Bey is not ultrarelativistic. In the ex- 
treme ultrarelativistic case, when not only wt) 
w 2) but also, wl) > yw 2), y = 6/a, we can sub- 
stitute into (27) the value of K(A) from (21): 


gee eS a|o| (4 —B2)? 
lo = lor ea ag Ohl 2c ) 
(38) 
o __ R2y'J2 (1) 
x K, (4! 6?) ) forw<- =P, : 
(1) : 
4 p} ol 
Io = I 4 TH we foro>—. (39) 


If w (1) /y<« uy (0) on the order of the charac- 
teristic resonance frequencies of the medium, the 
frequency distribution has the approximate form 
shown in Fig. 3, since the factor (¢—-1)/(g+1) 
can be taken to be independent of the frequency, 
and 

ax _ 6 8 
i ~ €+1 c (4 — B2) . 


As £ increases w(t) also increases, i.e., 
successively higher harmonics are excited in the 
ring. Finally, at sufficiently large 6 the quantity 
w!t) /y becomes of order w'); the frequency de- 
pendence of the factor (£—-1)/(€+1) becomes 
important, for it produces peaks in the frequency 


Wy a 


- a 
oe ae 


distribution at frequencies close to the characteris- 
tic frequencies of the medium. 

In the case of plasma or of a metal the charac- 
teristic resonance frequency must be set equal to 
zero, since the induced electric field is a purely 
rotational one, and the frequency dependence of 
(¢-1)/(€+1) is therefore always important. 

In the following special cases the factor (¢-1)/ 
(¢+1)=S has the following form: 


S-=-] for wo!) /y¥<v ando® /y< 4x; 
S = rai /w for wo) /y<v ando / 1 >> 4x0; 
Sel for o® /y > vando (7 < Wo; 


S=— wo? [402 for oF S> vyando™ SS wor. 


The form of the frequency distribution in these 
special cases may be easily found from (38) and 
(39). 

From the frequency distributions we can obtain 
the expression for the current. For a number of 
limiting cases the analytic expressions for the de- 
pendence 1(1)(t)/Too of the current on the time are 
collected in the last column of the table. It is as- 
sumed here that 1/(1 — p*!/2 > 1, while ¢€ is 
taken to be of the form: ¢€ = 1—w/(w? + ivw), 

o = we /4nv. 


5. THE CASE OF LOW VELOCITIES 


_ In the case of low velocities the problem can be 
solved in much greater detail. Here we investigate 
only the case of incidence on a plasma character- 
ized by low losses, i.e., € =1—w/w*; B<« 1. 
When these two conditions are satisfied the integral 
equation for the Fourier components of the current 
can be solved exactly, since 


©, = {1 — [2B eo / (A — w)) 7}; 


and therefore the kernel of the integral equation 
depends only on the difference A-—w; K(A, w) = 
K(|A—w]|); moreover, in the case under consid- 
eration we may also set K(A) = K(0) = L/4ma?. 
On multiplying (15) by exp { —iwt } and integrating 
with respect to t, we obtain 


TG) = 1) do) (lL My EY, 


where after integrating with respect to w (by de- 
forming the path of integration into the upper half- 
plane of complex w) we can write for M(r) 


% = (a/2v)|K—o| 


(40) 
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Dependence of the current on the time 
eee 
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a) r > c/4no r>a,* (38%8/16a) (14 — B*) (a/r)* 
” ”? req 8/r (1 — B») * 3 
29 r<c/4no r>a (6126 /8c) (1 — B?) (a/r) 
vA a2 2 
oe oA oe $2n0 y in 4a tt B?) at) 
c (1—B2) ” 
e/r >v r > c/a r>q (30 /16a) (1 — B?) (a/r)* 
” ? req Sind — Be). 
”? r<C/w r>q (Straw /32c?) (1 — B?) (a/r)? 
” ” rKQq Satte.92/4c” 
* a, =a (1 — 82)" 
w | 
ae / ko)?y 2? — 4 Hee | Jon I? 4a (In (4aeq / ¢) — 2} 1 c | 
M(r) =4n%a\ § + (eo J? (ka) e-2*" dk. (41) ne ee 


gt (oo/ key? +4 


Thus, the magnetic flux linking the current circuit 
and produced by the medium has the form 


®O,,= 1M /c. 


Thus, in spite of the fact that the image current in 
the plasma has a different magnitude for each fre- 
quency, the magnetic flux produced by the image 
currents in the plasma is such as if there exists 
in the non superconducting plasma an image cur- 
rent I which is numerically equal and oppositely 
directed to the incident current at a given distance 
from the plasma (just as in the case of a super- 
conducting wall), but the coefficient of mutual in- 
ductance is changed and depends on the frequency 
of plasma oscillations wy. 

When r > c/wy the quantity M is simply the 
coefficient of mutual inductance of two circular 
currents. This coefficient can be expressed in 
terms of elliptic integrals whose asymptotic val- 
ues are well known. When r < c/ wy the coeffi- 
cient M approaches the constant value 


Tawa? 


Ai 


c* 


na /8r, 
4/3, 


Thus, the current in the ring does not increase 
indefinitely, but reaches a certain maximum. There- 
fore the magnetic energy which can be stored in the 
ring cannot exceed 


r>a, 


r< a. (42) 


Umax = (p? / 2 (L Sie Max) — @ / 2 (43) 
or, since ©? = const = L7I%/c?, 
ee LITEM mex / ee (L ae M max) (44) 


The last equation also means that the ring will not 
be reflected from the plasma for all energies of 
translational motion of the ring. This energy must 
be less than Umax. In the two limiting cases a > 
c/wy and a «<c/wy the conditions under which 
reflection occurs can be written in the form 


mvc? | len < (16 2/3) a'ro; AK c/M; ro =e? /pc?; (46) 


where m is the mass of the ring, n= pw /4ne’, 
pw. is the electron mass. If the density of the plas- 
ma is so great that 6 > c/w, then for any arbi- 
trary values of r the plasma can be considered 
to be superconducting. 

The point at which reflection occurs can be 
found by equating Umax = mv’/2. The force of 
repulsion between the ring and the plasma can be 
obtained both directly from the expression for the 


fields, and by differentiating V with respect to 


r=-—vt 


2 


a \2 ee iG 
Fz ~ 202 ar cz Te) for Senge oat 
(47) 
Be Taras » C 
Ey a for Se OSE (48) 


The force that stretches the ring can also be 
found in a similar manner: 


242 
2 


Pam [2 a 
Ce 4 @ fr 


~~ 2c2 da 


72 


Fo= 


for r<; rsa. (49) 
0 


2 2 

fo) 95 E c = 

oa oR fOr fie ye 
Mo 


P, (50) 
§. FORCES AT HIGH VELOCITIES FOR CON- 
STANT CURRENT i 


We consider here only the case of plasma with 
low damping, on the assumption that the current is 
constant. 

The force repelling the ring can be obtained 
from (7). After integration with respect to x we 
obtain 
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eo aA | 2na)? 12, 2! 
F, == Qna — mayrTe, ¢ (1 + BAe(iko / (4— B2y'*)—1])"2 — 4 ane?) 
c dz z=—ot (TB) iG + B® [e(iko/ (1 — 62)" *)— 1)" 44 exp { fis Baia} (ka) dk. (51) 
When r = —vt >a(1- £2), if we restrict our- F, = wal, (1 — B?) /4c?r? for rs a V1 — peand r c/a, 


selves to the first term in the series expansion of 
a Bessel function, we obtain 


Loo) 
rat] 


fp aay te ae) 
0 


{1 + B%(e(ikv)— 1)}'2# +1 


k8e—2kr dk. (52) 


In the limiting cases we have 


Fe = (38°M% /4c®) (i — 82) at/r4 for r/o, (53) 


Fz = (nIS, / 2c?) wpa? /c? for r<<z /wo. (54) 


When r «<av1-—? the use of the asymptotic ex- 


pansion for J, leads to the results given in refer - 
ences. 
From (7) we obtain the force that stretches the 
ring: 
2na Tey oO 


oS ae (0A) 
Spe fos) z Me 
C 2 (+ B(e(iko)—1)}" + 1 


x Jo (ka (1 — B*)") Ja (Ra (1 — B?)'). 


In limiting cases we obtain the following expres- 
sions 


(56) 


be trl) oy t= B2 forme a Val Band r > c/w). 

(57) 

I express my sincere gratitude to V. I. Veksler, 
M.S. Rabinovich, M. L. Levin, and L. M. Kovri- 


zhnykh for the detailed discussion of the results 
of this work. 


1V.N. Tsytovich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 1646 (1958). 

2B. M. Bolotovskii, Usp. Fiz. Nauk 62, 201 
(1957). 

31. D. Landau and E. M. Lifshitz, 
JueKTpOMMHAaMUKAa CHUOWHbIX cpeq (Electrodynam- 
ics of Continuous Media) Moscow, 1957. 

4N. Bohr, The Passage of Atomic Particles 
through Matter (Russian translation), IL, 1950 
(note by editor of translation). 


Translated by G. Volkoff 
301 


SOVIET) PHYSICS ti EyEP VOLUME 


THE SHAPIRO INTEGRAL TRANSFORMATION 


CHOU KUANG-CHAO and L. G. ZASTAVENKO 
Joint Institute for Nuclear Research 


Submitted to JETP editor May 5, 1958 


35 (8), NUMBER 6 JUNE, 19599) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1417-1425 (December, 1958) 


We give an integral transformation which is related to the decomposition, into irreducible 
representations of the proper Lorentz group, of the representation according to which the | 
wave function of a particle with mass M and spin s transforms. | 


abe problem mentioned in the abstract was stated 
and solved in 1955 by I. S. Shapiro.! Unfortunately, 
he used a wave-function transformation law which 
is incorrect for s>0 (the transformation law for 
the spin under a pure Lorentz transformation? Ne 
and thus the equations he obtained can be used only 
for spin zero. 

In this paper we solve Shapiro’s problem for 
arbitrary spin using a wave-function transforma- 
tion law previously obtained;? the principles by 
which the integral transformation is obtained are 
the same as those used by Shapiro. 

In the first two sections we state some known 
facts which we shall need later.?*? In the third and 
fourth sections we derive the integral transforma- 
tion. 


1. IRREDUCIBLE REPRESENTATIONS OF THE 
PROPER LORENTZ GROUP 


Let 


k = (kyRoksh) (1.0) 


be the 4-momentum of a particle with mass 0, and 
let 


ky = (00 RR). 


Obviously k=R(n)ky, where R(n) is the rota- 
tion* which carries the third axis into the direction 
given by n=k/k; if @ and @ are the spherical 
angle coordinates of n, we may write 


R(n) = Rs (9 + #/2) Ri (8), 


where R3(@) is a counterclockwise rotation about 
the 3-axis through an angle a. Let k’ = Sk, where 
S is a transformation of the Lorentz group. We 

shall denote the relation between n=k/k and n’ = 


(1.0’) 


(1.1) 


*In what follows we shall always denote by R a pure rota-: 
tion (or the matrix in the appropriate function space corre- 
sponding to such a rotation); L will denote a pure Lorentz 
transformation. 
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k’/k’ by 


no= Su; (1:2)5}} 


then n’ = Sn and n” =Syn’ implies that n” = 
S,Sjn. Arbitrary transformation t of the Lorentz 
group can be written in the form 


Eke (1.3), 
where Kny =np in the sense of (1.2), and r isa — 
pure rotation such that rnp) = tn) [again in the 
sense of (1.2)]. Here the choice of np is arbitrary, ; 
(1.3) obviously determines r up to an arbitrary 
rotation about the ny) direction. We shall choose 
ny as the unit vector along the third axis; we de- 
fine r by the condition r = R3(¢;,) Ry(@), which 
means that 2. =0, and then the factorization im- 
plied by (1.3) is clearly unique. 

Now let x’ = Sx. It is well known that if H(x) =: 
Xj + (o-x) and b(S) is the matrix corresponding 
to S inthe 2x2 representation of the Lorentz 
group, then H(x’) =b(x)H(x)b*(S). If we now 
choose x=ky [see Eq. (1.0’)] we see that in the 
2X2 representation a K transformation of the 
type in (1.3) is represented by a matrix of the form 


Ry = 
4 Bae 


We now define the transformation K(S,n) by ap- 
plying (1.3) to the matrix t=S™'R(n) (the defini- 
tion of R(n) is given in (1.1)): 


S Rin) = R(Se ny) Kesen) (1.5) 


[the vector S™'n is defined in (1.2)]. Applying 
both sides of (1.5) to mg, we see that in the pres- 
ent case r= R(S"'n). 

Further, making use of the uniqueness of the 


(1.4) 


factorization given by: (1.3), we find that K(S, n) 


has the property that 
K (Ss, n) K (Sy, Sy*n) = K (S28, n), 


which we shall need later. 


(1,6) 
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Consider the association 


f (mn) —~ f’ (m) = «(S, n) f(S7n). (1.7) 


Let us find the properties that @(S,n) must sat- 
isfy in order that this association form a represen- 
tation of the Lorentz group. We have 


Si 
f (n) —> f" (n) = « (S;, n) f’ (Syn) 
= a(S,, m) a(S, Sy*n) f (S*Sy'n). 
It is thus necessary that 


MA Seth) (SAS ns. 4. (SiS, tt). (1.8) 


It is seen from this that we may choose as 


a(S,n) any matrix element [K(S,n)]). to any 
power [see (1.4) to (1.6)]. Thus 


Kg = | Feae \° exp {i arg Roo +b}. 


Now (1.4) implies that if k’ =S™+k, then | ko, |* = 
|k|/|k’|. Denoting the association k ~n=k/|k| 
by 


k | = &(n), (1.9) 
we may write |k(S, n)..|*=k(n)/k(S"‘n). 
Further, let us write* 
arg Reo = */29(S, n), (1.9a) 


so that a(S,n) becomes 


*Let us study the angle ¢(S, n) in more detail. 
(a) S=R. In this case the definition of ¢(s, n) in (1.9a) 
is equivalent to 


(1.9b) 


(b) S =L, [the definition of Lp is given in (2.1)]. Let the 
rotation R(L, n) be defined (clearly not uniquely) by 


RR (n) = R (Rn) Ra (9(R, n)). 


L-in= R(L, n)n. (1.9c) 
Then i 
LR (n) = R(L, n) R7 (L, n) L“*R (n) 


= R(L, n) R(n) {R™ (n) R*(L, n) LR (n)}. 


The transformation in curly brackets does not alter the direc- 
tion of the 3-axis. If we take advantage of its arbitrariness and 
choose the rotation R(Lp, n) to be about the axis parallel to 
p xn, the k,, matrix element of the transformation in the 
brackets will be real. (To see this we note that the expression 
in curly brackets is equal to R’(Lyp,, Mo) Lp, Here p, is ob- 
tained from p by the same rotation as leads to m, the unit 
vector in the direction of the 3-axis from n. The proof is 
completed by a simple calculation involving the matrices of 
the 2 x 2 representation.) The angle ¢(L, n) therefore satis- 
fies the relation 

R(L,, 1) R(n)=R(R (Lp, 9) ) Rs (9 (Lp, n)). (1.9d) 
The angle involved in the rotation R(Lp, n) is given in the 
Appendix. 
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n) = [Rk (n) / k (SHaypae | 2 ime (Sn): 


Kimo (S, 


(1.10) 


Equations (1.7) and (1.10) define the complete 
set of representations of the proper Lorentz group, 
with p taking on all complex values, while m 
takes on only integral and half-integral values. 
It can be shown that all these representations are 
nondecomposable and that all except those for which 
ip is an integer are irreducible; they are all ine- 
quivalent, except for pairs one of which has param- 
eters p and m, and the other of which has param- 
eters —p and —m. It is easily shown that when 
p is real, (1.7) gives a unitary representation of 
the Lorentz group in the sense that for such repre- 
sentations one can define a scalar product 


3 


(Fas fa) =F (a) fe (a) a2 (n), 


which remains invariant under (1.7), i.e., which is 
equal to 


(fay fe) = \[pegetey | 42 (a) fi (Sn) fe (SH. 


Indeed, we note that 
[A (n)}? dQ (n) = [k (S“*n)]? dQ (S™'n). 


Then writing S'n=m, we obtain (ff) = (f,f). 
These unitary representations form the so-called 
first class of unitary representations of the Lorentz 
group. 

The Lorentz group also has another set of uni- 
tary representations (the second class), but for 
our purposes only the first will be necessary. 


2. THE TRANSFORMATION OF THE SPIN UNDER 
PROPER LORENTZ TRANSFORMATIONS 


Let Lp (or Lp) bea pure Lorentz transfor - 
mation such that 


p=LpPo, (2.1) 


where p=(p,E ), and py =(0,M). 

Let S be any Lorentz transformation. We shall 
write the transformation Slip as a product of:a 
pure Lorentz transformation and a rotation, i.e., 
SLp = LR. It is easily seen that here L = Lgp. 

One can thus consider the formula 


SLp = LspR (S, P) (2.2) 
to be a definition of the rotation R(S, p). 
It is easily shown that 
R (S28), (S251) p) 
=R(S2, Sz p) R(Si, (S_S1)_‘P). (2.3) 


From this one easily finds that the association 


Yu (p23) —> Yom (ps) = R°(S, SP) ,9E sa (Sp, 9’) (2-4) 
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(where R® is the matrix whiéh represents the ro- 
tation R(S, S**p) in the (2s + 1) -dimensional 
irreducible representation of the three-dimensional 
rotation group‘) gives a representation of the 
Lorentz group. This is the representation accord- 
ing to which the wave function VYoyj(p,o) of a par- 
ticle with mass M andspin s transforms. 


3. INTEGRAL TRANSFORMATION 


Let us now break up the representation sM de- 
fined by (2.4) into irreducible representations pm 
[see (1.7) and (1.10)]. 

For the representation sM we can define the 
invariant scalar product 


DE @. oF e.2)e'p/ Ep, 
so that in decomposing sM we-can obtain only 


unitary representations.* Thus the desired de- 
composition leads to the integral transformation 


ee 


—s 
d3 , 
( E, Y omn (P, 3) ‘Pp 


Yona (p, 3) oom (3.1) 


3.la 
hover — ( ) 
o=—s 


The kernels Ypomn(P; 7) and Y’ must satisfy 
the following condition. If Yygfpmn according 
to (3.1) and (3.1a), and if Up = Yoo according to 


(2.4) and fomn = fomn according to (1.7), then 


Yoo = fomn according to (3.1) and (3.1la), for all S. 
We may write this as the following condition on 
Yomn (p, a): 

R* (S, SP) ao'¥ pmS*tn (Sp, 3’) 


= (ein iets ny a? Oe iae sips) 


(3.2) 


The inverse kernel Ypmn (P, a0) satisfies a simi- 
lar condition if we write 


Yemn (P, ¢) = 


and if (3.2) is satisfied. 

Let us first set p=0 and S=R in (3.2). Then 
RS(S, S"4p) = RS(R) is simply the matrix corre- 
sponding to the rotation R. In this case (3.2) gives 


RS (R)oo'Y 


Comparing this with (1.9b) and recalling that 
R3(%) ao =e 29? dg, we find that 


CaNions (P, 2), 


ime (R, ny 


omr-n (0, 3’) =e Yomn (0, 9). 


Vanes (0, 3) = R* (A) oa. (3.3) 


Further, let us set S= Lp in (3.2). Then 


*In fact, only representations of the first class. : 
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R(S, Sp) gy = Boo, k(n) /& (Sn) = M/(Ep—p-n), 


and we obtain 


E.—p-n —l1—ip | 2 “eee 
( p e ime (Lp, Ny 
M 


Y omn (P, 9) = 


Noting that in (1.9c) R(Lp, n)n= Lp'n, we can 
rewrite (3.4), using (3.3), in the form 


E. —p-n\—1—ée/2 & 
WY en (ps) =| ae Riaiklp: n) Rom (M1). (3.5) | 


Let us now prove that the Y kernel as defined 
by (3.4) satisfies (3.2). We do this by inserting . 
(3.4) into (3.2). The left side then becomes 


R(S, S™*p)ao’Ro'm (Lp, S~*n) exp {— img (Ls-p, S'n)} 
* {k(Sz ny RLS Se 

while the right side becomes 

exp {imo (S, n)} (k(n) /k(S7n)y* *? [k (n) /k (Lp ny]? 
x exp{— ime (Lp, n)} R(Ls Wn 


According to (2.2), SLg-ip = L R(S, S'p). 
Therefore 


k(LsipSn) = k[R*(S, Sp) Lp np = R(Lp in), 


since a rotation does not change the magnitude k. 
Thus the factors k on both sides cancel. Further, 


R (S, S"p)es'R(Ls-1pS. Mo's 
» S*p)ao'R [R™*(S, Sp) Lp "Mom = R (Lp M)am 
So), RS, Sp) eam 


RS 
x exp {— ime[R*(S, 


Thus the rotations on the right and left are also 
equal; we are left with the angles gy. We use (2.2) 
to write the last angle obtained in the form 


PIR (S, Si p).absapS ann: 


To this we must add g(Lg-ip, S™ In); 
to (1.8) and (2.2), their sum is 


according 


o[LsapR'1(S, S4p), Stnj=[S *L,, 'S *n}. 
Taking the angle ~(S,n) from the right to the 
left and adding it here, we obtain 9 ( Lp, n); the 


same angle remains on the right. This completes 
the proof. 


4. CALCULATION OF Cmp 


We have thus arrived at the mutually reciprocal 
integral equations 


Fem (P, 2) = 3) ded (ny (Ep pen) | Mj 


m 


x Rox (Los 1) Rerm (1) for (1): (4.1) 
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fom (n) = Cinp We [(E, — pn) / M)-1+e1 


ORL (Lp5 n) Ree (n) Ys (ps) 


[see Eqs. (3.1) to (3.5)]. 
- To find the still undetermined factor Cmp: let 
us rewrite (4.1) and (4.2) in the form 


(4.2) 


fe , 8, a : 
(9 — 0") (MM — 1) Bune = Cup | $ ((Ep— pen) | MY 
lees 4 


x (Ep — pon’) (My 


A Res(Up, 1) Rew iil) Rav (Lp, 1) Rann), (43) 


We now multiply both sides of (4.3) by Raita’ 
sum over m’, integrate over dQ(n’), and choose 
n=ny along the 3-axis. We thus obtain 


2 (p ae oe) Sma = Cine a: ((E,— p-Ny) / Mee 
Dp 
Ey P-)/ Ml Bon (Lpy Wo) Roa Lgh ao any: 


In this expression we write R(Lp, n’) = R(p/p) x 
R (Lp), 0”) R'(p/p). Here py is directed along 
the 3-axis, and n” is obtained from n’ by the 
same transformation which carries p into pp. 
Since p-n’=po:n” and dQ(n’) =dQ(n”), we 
have 


*\ > a3 — fo/2 
(0 —p') ba = Cmo \ EP (Ep —P-to)/ MJ 
P 


x [(Ep— pon”) / My 
X Rom (Lp, "10) Raa (P/P) Rue (P/ p) Rap (Lp,n") dQ (n"). 
We shall first perform the integration over the azi- 
muth angles, writing 
dQ (p) = sin§d6 de, dQ(n”) = sin 6” d0" do". 

According to (1.1), R(p/p) = R3(g~+t 7/2) R,(@). 
According to Appendix A 

R(Lp, Mo) = Rs (p—=/2) Ri (a (p, 2)) Rs’ (9 —*/2), 

R(Lp.n") = Rs (¢" + 7/2) Ri (a (p, t")) Re" 9" + 2/2). 
Here t=p-n/p=cos 9 and t” =p-n”/p=cos 4", 
while the angle a(p,t) is defined [see Eqs. (A.2) 
to (A.4)]. Since R3(¢%)nm = 6nm exp {— ing}, 


4 , 
(inj (? — 0°) ma = Cine 
y 2d z a 4 
x \ ee \ dt y dt” [(Ep — pt) | My 1+? 
0 by =] —1l 


x (e,— pt’) / Mire 2s er >) ee (a (p, t)) 


Otte (& (Ppt) tis (8) Baw (8) S543 


here the ugmn(x) are functions defined by Gel’fand 
and Shapiro.* By making use of the properties of 


these functions,* this equation is easily transformed 
to the form 


1 


ise) 1 
(1 / 2n)%3 (9—p’) = Cine | sata \ dt \ dt" [(E,— pt) | My 2+?” 
0 — 


Key pty Myr re 


. (4.4) 
XD) Unala(p, t) + 0] usa (a(p, 4”) wh. (8), 
Oe 
Dal c2Ouh eel) eae PAP Dp 
(2m) 5 (0 — 9p’) mo | E, i ae’s (P) f maps (P), 
6 a 
where 


aa | 
eft 
f maps (p) = \ [(Ep — pt) | My Puig [a (pt) + 6] Bina (8) dt. 
—1 
We now calculate Faps(p). We do this by using 
the power series 


Usa («) = Yalax!, 
q 


where x=1+ cosa, and 


Say SO! 
27(q — «)! (q+)! (s— q)! 


gq 
aso. 


The calculation gives | 
ee g@ og@t1 9 COS (Ap / 2) + (e / 2) sin (Ag / 2) 
Fags (Pp) = p ps Asad ee Se IAM TSUN ee 
4.6 
+ Ques (2) ae 
Here coshA=Ep/M, and Qapg(p) can be rep- 
resented in the form A(p, p) cos (Ap/2) + 
B(p, p) sin (Ap/2), where A and B are func- 
tions bounded for all p>0O and approaching zero 
as p—o as 1/p uniformly in p. 
We now evaluate fmaps(p). To do this we 
make use of the series 


Una (0) = (xin rorial x) e972 


"max 


XK > A, (1+ x)", 
0 


x% = cos 6; 


Using (A.5) and (A.6), we find that for |m+ a| # 0 


* 5, (0) = (—1)9- 2 [25 (8 — mm) 
X [(s +n)! (s—m)! /(s—n)! (s+ m)!]# (4 — 2? 
1 Exp? (dy dx)" (PSP h(E Ft eaie='c0s 0; 
BF, (0) = Gin (0) = Og (9)5 


>) Gra (81) Hin (82) = Lian, (1 + 92). 


a 
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| f maps (p) (4 . 7) 


where a is the smaller of |m +a]. 


leconst pt) 


We rewrite 
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by (1.1), and R(Lp, n) is defined by (1.9c) and 
by specifying the direction a its axis perpendicu- 
lar to both p and n, By Re ab We denote the ma- 


4 


the sum in (4.4) in the form 


pa De [x(p,¢ 


= DSR [a (pt) Sia 0] Dies (4) team («’) 


a 


- >) Wa (%+6) Dra (9) [Were (cc) — Us, (0’)].- 


a+- fl 


trix elements of the (2s + 1)-dimensional irre- 
ducible representation of the three-dimensional 
rotation group which correspond to the rotation R‘ 

Equation (4.1) gives the expansion of the wave 
function Vsgyj(p, 7), transforming like a wave 
function of a particle with spin s andmass M 
according to the s, M representation [see (2.4)] 
in terms of the functions fpm (n), transforming 
according to the irreducible representations of 
the proper Lorentz group. Equation (4.2) gives 
these irreducible components of Ygm(p, a) in 
terms of the function itself. 

The authors express their gratitude to Profes- 
sor M. A. Markov for his interest in the work. 


) + 6] pa (9) ee («’) 


Because Umm = U-m-m, we see that a=-m 
does not enter into the last sum. Using the summa- 
tion theorem for the Umm functions, we can write 
(4.4) in the form 


3, 
x 
5a] 


8 (0 —p') = (25)*Cing | 8 Fmrs (P) Fm — 28 (P) 
; 


Dp 
+ >» 


Ja l#| m| 


(4.8) 


f mags (P) [Fao’s (P) — F me's (p)}}- 


APPENDIX A 


Let @ be the vector of the rotation R(Lp, n), 


It follows from (4.6) and (4.7) that only the prod- - 
so that 


uct of the principal parts of Fmps and Fm-ps 
contributes to the 6-function. All the other parts 
of the integral in (4.8) can only give a finite contri- — 


R(L,, n)n =cos @&n + [axn] sina / a+ a(a-n) (1 — cos a) [o, 


From the conditions 


bution (which must cancel in the sum). Thus 
co ==. PSs 
B (po!) ~ (2n)*Cmp | ah See (29/2) + (e (2) sin (e/2) Shi opi 2) a yaaa eae at ee 
: q? + (ep / 2) which determine R(Lp,n), and from the formula 
q’ cos (Ae’/2) +(e” 2) sin (4"/2) grt t247 gt” ines =, 
x 2 (q’ )? + (9” (2)? masme Pp |) [nM -++ p (pn) / (Ep + M) —p] [E,— (pn)] ’ 
Gules which is implied by (1.2) and (2.1), we easily arrive 
co at 
4 , 
7 cos (p/2) cos (hp"/2) dh on enter aan 
« a Tm zn: (A.2) 
he Res Meee Bs ; 
Sr) EIS Ca This leads to 
and (E, —pn + mM)? 
eS 1+ cose = Es MEL ae MVE = pal” (A.3) 
\ cos (ho/2) sin (dp"/2) dd = 0, : | 
: ios = p= (pn A.4 
we arrive at 2 as Epa M)(E,— pn)’ Sa 
reams , 99’ + (9/2)?] af%,,0% 2947 It is now easily shown that 
Cm (9? + (e/2)?] [(9’)? + (9/2)? 
° oe 1 +cos («+ 6) =(Ep—p)(1+2)/(E—pt), (A.5) 
It follows from this that (see Appendix B) 1 —cos (a + 6) = (Ep + p)(1—t)/(E — pt), (A.6) 


where t=cos 6=p-n/p. 


_ ep? + (2m)? 
Cre = imp (4.9) 
APPENDIX B 
5. CONCLUSION 
; We shall here prove (4.9). We have 
Thus our final result is that if a relation of the 


form (4.1) exists, the inverse relation is given by Sarat Qata eer ae = Mate 
(4.2) with Cmp given by (4.9). In these equations 99’ Lae Foret ei) 2 DFE CR CG Dig 


Sy NAD gh e : : : 
Ep +p) fr the rotation R(n) is defined Comparing the equation Ag = sD 24’ 49’ /(q +q') 
q’ 
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with uSim = >>a%'x9’, we sée that 
q’ 


(—)s—™ 


2 
= +7 (s— ml \ aoe tate (djdx)s—" (2 | Bae ke a oi. 


0 


When q>m, integration by parts shows simply 
that Ag =0. When q=m, we easily obtain 


A, = (—)s-m (s — m)! (2m — 1)! = 4 
perei(oz) (s +m)! 2magna” 
Thus 
My 4 
21 aE ODP 
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We discuss the idea of constructing a “table of random stars” which could reproduce, in a 
form suitable for comparison with experiment, theoretical concepts concerning the multiple 
production of elementary particles. It is shown possible to construct such a table for ener- 


gies up to 10 Bev. 


Most papers on the theory of multiple particle 
production are devoted to the solution of two prob- 
lems. The first is the determination of the statis- 
tical weights of the various different reactions, 
and the second is the determination of the momen- 
tum distributions. Ordinarily one does not discuss 
the question of angular correlations or of other cor- 
relations between the directions and velocities of 
the secondary particles. Yet the solution of this 
question would allow one to reach more definite 
conclusions on the applicability of the theory to 

the process of multiple production. Indeed, corre- 
lations between the directions of the particles must 
depend on the nature of the interaction between the 
particles at the time they are produced. Thus in 
Fermi’s original statistical model of independent 
secondary particles, the correlations should de- 
pend only on restrictions due to the conservation 
laws, while according to the presently accepted 
ideas of a resonance interaction between the nu- 


cleon and meson, the correlation should be stronger. 


A qualitative estimate of the “forward-backward” 
correlation was already given by Fermi! from con- 
siderations of angular-momentum conservation. 
The difficulty in obtaining quantitative results lies 
in the very complicated calculations necessary. 
But even if these calculations could be carried out 
with very simple assumptions, the complication in 
the form of the interaction matrix (the natural 
way to proceed with the theory) would present 
new difficulties. In view of these conditions, an 
obvious way out would be to establish a model for 
multiple particle production. But since our ideas 
as to the mechanism for multiple production are 
still too cloudy for us to find among large-scale 
processes one with the appropriate regularities, 
we may make use of a numerical model. Such a 
model should be capable of reproducing a large 
class of physical assumptions on the form of the 
interaction. 


996 


M. I. Podgoretskii and M. Ia. Danysh (in a pri- 
vate communication) have suggested the idea for 
such a model in the form of a “table of random 
stars” for the isobaric model. The essence of 
their proposal is to construct a table of random 
variables which satisfy the same laws as the mo- 
menta of the secondary particles as predicted by 
the isobaric model. The table of random stars 
should contain a series of entries each of which 
represents one case of particle production, i.e., 
contains the magnitudes and directions of the in- 
dividual secondary-particle momenta. The statis- 
tical analysis of such a table will give the same 
kind of information on the multiple-production 
process (statistical weights, momentum distribu- 
tions, angles, charges, etc.) as will the analysis 
of actual stars in photographic emulsions or cham- 
bers. 

The distributions or correlations which one is 
able to obtain from stars, say, in a hydrogen cham- 
ber, can be duplicated on the corresponding table. 
A shortcoming of the method is the low accuracy 
obtained from a small table, the large amount of 
calculation necessary to construct and analyze the 
table, and the impossibility of obtaining analytic 
expressions for the results. 

It is shown in the present work how this idea 
can be realized using an electronic computer. It 
is possible, however, to construct a table contain- 
ing 100 or 200 lines with some simplifying assump- 
tions for five or six secondary particles by our 
method without resort to machines. 

Our method takes into account energy and mo- 
mentum conservation in the reaction. It can be 
generalized to a relatively wide class of concepts 
concerning the interaction of particles in multiple 
production. For this reason we are able to answer 
affirmatively the question of whether it is possible 
to construct a model for multiple production more 
accurately than it is possible to test numerically 
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any particular physical model for multiple produc- 
tion. 


1. TABLE OF THREE-PARTICLE REACTIONS 


Consider the reaction of two particles with total 
energy E and zero momentum, resulting in the 
production of three particles with masses mj, mo- 
menta pj, and total energy ej (with i=1, 2, 3). 
According to Fermi’s theory, the probability for 
this reaction is proportional to 


W (E) =| epp.p.d(Ser— £)(S) pi). (1.1) 


The product of 6-functions represents the momen- 
tum distribution density in nine-dimensional mo- 
_ mentum space, and the entire problem of construct- 


ing a model lies just in achieving such a distribution. 


But the narrow bands along the intersections of the 
zZej—- E=0 and ZXpj =0 surfaces of the nine-di- 
mensional rectangle have too small a volume for 
the randomly chosen points with coordinates pj 
to fall sufficiently often into these bands. On the 
other hand the integral 

W(E) = 8x? \ pape (E —e,— e,)dpidpo, (1.2) 
obtained from (1.1) by simple operations, can be 
used to achieve the necessary momentum distribu- 
tion. In this integral the region of integration D3 


(Fig. 1) is bounded by the curves cos 96 =+1 
(where @ is the angle between p; and p,). The 
equations of these curves are 


et= 0, ¢ = 0, (1.3) 


where 


et =e, + e+ [(pit pe)? + mg] "*— E. (1.4) 


It follows from (1.2) that the joint probability that 
the momentum p, lies in the interval dp, and py 
lies in the interval dp, is distributed with a den- 
sity (which is thus also the density of points 
M(p;, P2) in D3) proportional to the function 


W (Pr, Po) = PiP2(E — &1 — 2) (1.5) 


According to (1.5) the points M are not uni- 
formly distributed in D3. There are two ways of 
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obtaining random variables a distributed in (a, b) 
with density f(@). These are (a) the rejection 
method and (b) the “direct” method.? The two- 
dimensional distribution of (1.5) is conveniently 
obtained by the “rejection method”. To do this 

one must know the maximum of W(p;, p2) on 

D3. It is easily shown that the values of py, 9, 

which we shall call p;.., for which this maximum 

is attained are the roots of the set of equations 


pi] 1 = pz] & = E—e, — es, (1.6) 


if they lie within D3. If they do not, then pj. lie 
on the boundary of D3; (the curve «€ =0) and 
satisfy the set of equations 


p2[E — e1 — 2 — (pi /e:)] __ p2—(E — 2) (pi / e1) 


pilE—ei1—e2—(p2/e2)]  Pi—(E — es) (p2/ és) ’ Sen 


(1.7) 


For high values of the energy E, it is (1.6) which 
must be solved, while for low ones, it is (1.7). 

A pair of numbers p;, py determines the mo- 
menta of all three particles in magnitude and direc- 
tion. Therefore the procedure for obtaining a single 
entry in the table of three-particle stars correspond- 
ing to Fermi’s model is the following. 

1. The random variables p, and p, are picked 
uniformly in the intervals (0, pjmax) and 
(0, Ppymax).* Here 


~ 


Pimax = {[E* =e (my, + Ms, + ms3)?] 


x [E? — (m, — mz — mg)?]}"2/ 2E, (1.8). 


with a similar expression for Pymax- 
2. One must check that (p;, pp) is a point in Ds. 
The easiest way to do this is to verify that 


oo Ose 0 (1.9) 


If these inequaiities are fulfilled, one can always 
find an angle 6 between p, and py, such that 


@oees Epi ee Pa) oe tits ine Be 


If (1.10) is not fulfilled, however, (p,, P)) is 
rejected and a new pair is picked. 

3. The random variable 6 is picked uniformly 
in the interval (0, Wmax = W()1; P2)) and the in- 
equality 


(1.10) 


B<w(pi, Pz): (LU) 


is checked. If this inequality is not fulfilled, the 
(Pi, Py) pair is rejected. 

4, If (1.11) is fulfilled, (1.10) is used to calcu- 
late 


cos 9 = (93 — pi — p>) | 2p1Pe- (1.12) 


The momenta of the three particles can now be 


*The terminology is explained elsewhere. ”’3 
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taken as 
Pi a {Pi cos >, — a Pi sin d, 0}, 


Pz = {p2,cos(9— 9), p2sin(® —¢), 0}, 
ee S| be 
where ~ is a random angle uniformly distributed 
in (0-27): 

A table in which each line is calculated from 
(1.13) will be a table of plane stars. This means 
that in analyzing an experiment one must reduce 
all the three-particle stars to a single plane be- 
fore comparing the experimental and the tabulated 
statistics. To obtain a table of three-particle stars 
not restricted to a single plane, what is necessary, 
obviously, is to allow the end point of the unit nor- 
mal to the (p;, Py, p3) plane to be uniformly dis- 
tributed over the unit sphere. 

In the next section we give a method for trans- 
forming plane stars to stars uniformly distributed 
in three-space. We also evaluate in this section 
the efficiency with which our method yields stars. 


(1.13) 


2. TABLE OF REACTIONS WITH n SECONDARY 
PARTICLES 


General case. Consider the case in which n 
secondary particles are formed in the interaction, 
the square of the interaction matrix element 
F(pj,.--,Py) being a function which remains 
bounded everywhere. This function F can also 
depend on the energy E and on the parameters 
of the initial particles, but in our discussion such 
dependence is of no import. The momentum part 
of the expression for the statistical weight is of 
the form 


W{E, P) = (dp... .d°p,F (Pi, +--+ P,)8 


a Bees 
ele pala P), (2.1) 
where P is the total momentum of the system. 
The region of integration over the first (k -— 1) 
momenta will be denoted by D,, and the other 
momenta pk,...,Pn are not restricted in any 
way except in so far as they are involved in the 
conservation laws. Let us denote by d, the re- 
gion of integration over px for fixed pj,...,py-4 
and arbitrary (except for the conservation laws) 


Pk+i1,---,»Pp- We shall introduce the following spe- 
cial notation for the energies and momenta of par- 
ticles k,...,n when the momenta of particles 
Ite ke—elowarestixed: 
R—-1 k—-1 
E,x=E— JV ei Pi DS) Pye; (2.2) 
1 1 


we also denote the characteristic (“maximum”) 
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energy and momentum of particle k in the center- + 
of-mass system of particles k,...,n for fixed 
values of pj,...,Pk-1 by 
Ey = (Me t+ mi — pe) /2 Mr(R=1,..., n—1), 
EB = (Mini a Ties =p mn /2Mn—-1, 
pn = (Ex — mi)" 
={(Mi— mi — ve) — (2rrnye)?}"* / 2Mn, 
where My is the effective mass of the system of 


(2.3) 


particles k,...,n, and p, is the mass of the | 
compound particle composed of particles k+1,..., ny 
i.e. 


n 
Lr= », Mj. 


k+1 


Mi, = Ei. — Pi, (2.4) 

We shall specify p, by its spherical coordinates 
pk = {pk, 9k, Yk} in a system fixed with respect to 
the sum of the p,,...,Pk-,;, momenta which have 
already been picked. We take the polar axis along 
the P_ direction, 0k to be the angle between Py, 
and pk, and calculate gy, from the vertical plane 
containing P, (Fig. 2). This coordinate system is | 
convenient in that the magnitude of P, +p, is in- 
dependent of 9, ; indeed, 


PA P? =~ p= 2Pp, COs 9, (2.5) 


FIG, 2 


The Cartesian coordinates of the momentum (see 
Fig. 2) are given by 


Pe {Xe Zee, Rp = (Xi), a. Y%)'* 
: Xp Ui Gs Zee 
came: E as \P, Reo een °.] sin »,| ; 


(2.6) 


ia Ze x 

Y, = P,| p~ cos, + — — cos o, + —* sin sind 

k h| P, k Peery ht MR Pr k|? 
Z R 

2, = Di B_ 008 9, — sing, cos ak (2.7) 


Let us now rewrite (2.1). Integrating over Pn 
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and @n-1, we eliminate the 6-functions in the in- 
tegrand, obtaining 


ie j Bi 
Wi(E, P= \ 4p. bed DC deme py ae 
oO deh 
x F (Pi, Bos Di SP a Pe); 


where Ppn-; is the vector whose components are 


E — m2 Lie Pp? Sy 

-1i n n n—l Pn—y 

pa =| 5 COS) : 9) , 
n—1 Prov OP te pe a ger 


(2.9) 


and the region Dy of integration is bounded by the 
surfaces cos 0n-; =+1, i.e., 


{(Proa =k oe a ey t= Ei es Cn (2.10) 


Now (2.8) can in principle be used to solve the prob- 
lem of achieving the distribution associated with the 
model whose interaction is given by F. There are 
no dependent variables of integration in (2.8), so 
that the sets of values of py,...,Pn-2, Pn-1, Pn-1 
must satisfy certain inequalities rather than equa- 
tions (as is the case for (2.1)), and this increases 
greatly the efficiency of drawing. However the 
amount of calculation necessary to obtain a distri- 
bution over pj,...,Pn-2, Pn-1, Yn-1 With density 
Pn-1EnF/Pn-; is still extremely large. All fur- 
ther operations should be directed toward decreas- 
ing the amount of calculation. An obvious way to 
do this is to perform as many integrations as pos- 
sible in (2.8), since this reduces the dirnensional- 
ity of the region of integration and thus increases 
the ratio between the volume of this region and the 
volume of the rectangle under consideration. This 
goal is not, however, possible to achieve in general 
with arbitrary forms of F. Since we wish to de- 
velop a method suitable for all F, we shall pro- 
ceed to reduce the amount of calculations in a dif- 
ferent way. We write d*p, in the form pjdp, x 
dcos 0,dg,, making use of the spherical coordi- 
nate system described above. Then the density of 
distribution. over p;, COS 94, 943; Po,---3 

-,Pn-23 Pn-i> Pn-1 Will be of the form 


4 Ee “n—2 
ON Duwivirs ai) = Py dy Tee F [| Pe (2.11) 
pa 


where the arguments of F are the same as in (2.8). 
The essential result is that the regions D,,..., Dr, 
...,Dy for the solved values py; Py, Po; -- 

oe Dict; i pi, 21-5 Pap eare independent of 
Y1,-+-,9n-i- We proceed to prove this assertion. 

Let the momenta p;,...,Pk-; (where k = 
n—2) be fixed. Let us find the region of variation 
d; of the momentum px. The remaining k, k+l, 
...,n particles fulfill the relations 


-3 Pi, Pea, 
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de = Ee PB, = eh (2,12) 
k 

It is known‘ that if in multiple production one par- 
ticle has its maximum possible momentum, then 

all the other secondary particles move as a whole, 
i.e., as a particle whose mass is equal to the sum 
of the masses. For particle k this massis pu, 
[see (2.4)]. The conservation laws for two particles 
with masses m, and p,, total energy E, and 
momentum —P, can be written in the form 


(Pi, of: may'l2 Bin Mins P, a P,)” “3 pele 7S Ey 


This is the equation of the surface which bounds 
the region d, of possible positions of the end 
points of p,. The location and shape of dy, is 
most clearly found by a graphical representation 
of the conservation laws.° On going from the 
center-of-mass system to the laboratory system, 
the pj; =const sphere is deformed into an ellip- 
soid of revolution prolate along the direction of 
relative motion of the two coordinate systems. In 
the case we are considering the center of the el- 
lipsoid lies at O (whose position vector is 
—E,P;/M,), the major axis (the axis of revolu- 
tion) is of length 2pfE;,/M, and is directed 
along P,, and the minor semiaxis is of length 

pe (Fig. 3). Here Ej and pf are given by (2.3). 


A FIG. 3 


We can now find the region D,. Since the en- 
ergy EE of particle k in the center-of-mass 
system of particles k, k+1,...,n is no less than 
its mass m,, it follows that [see (2.3)] 


Mii (Rony (2.13) 


This is not only a necessary condition on p;,..., 
Pk-1, but also a sufficient one. That is, when it is 
fulfilled there always exist Py,...,Py Such that 
the conservation laws will be fulfilled; for instance, 
particles k+1,...,n may all be moving in the 
same direction (in the coordinate system in which 
P;, =0), while particle k moves in the opposite 
direction. 

But M, depends only on the magnitude of Px, 
as indicated by (2.4), and this in turn is independ- 
ent of 9, [see (2.5)]. Therefore the shape of Dx 
as given by (2.3) is independent of 9, (for k= 
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n-1). For D, this follows from (2.10). 

The fact that the shape of D;, is independent 
of ~, for all k from 1 to n makes it possible 
to decrease the dimensionality of each Dx by a 
factor of ite thus, for instance, the dimensional- 
ity of D, willbe 2(n-—1) instead of 3(n-1). 
This, in turn, greatly increases the ratio between 
the volume of Dy and the volume of our rectangle 
of the same number of dimensions. 

Thus we can use the following procedure for 
obtaining n-particle reactions for an interaction 
the square of whose matrix elementis F. First 
py and cos 6; are picked from a uniform distri- 
bution in (Pimin, Pimax) and (—1, 1); then p, 
and cos 6, are picked from (Dymin, Demax) and 
(-—1, 1), and (2.13) is checked with k = 3;. 
then py, and cos 6, are picked from* (Pk min, 
Pkmax) and (-1, 1), Ex4, is calculated from 
(2.2), and Py, from (2.5), and (2.13) is verified. 
If it is not fulfilled, we pick again from p,, while 
if it is, we proceed to k+1, etc., up to k=n-—1. 
For k=n-1 WANS Py-1 is picked, within the lim- 
its Peer Pas 1* Pn-1 En-1|/Mn-; (but not between 
Pn-imin 2Dd Pp-imax!), and (2.13) need not be 
verified. Only now are 9,...,Pn-, picked from 
(0, 27), value of cos 0,-; calculated by (2.9), and 
the value of @(pi,...,Pn-1) calculated by (2.11). 

The use of the rejection method to obtain the 


distribution with density ©® has its peculiarities in. 


the present case. It cannot be used by rote, since 
if F is everywhere finite, @max = © when Py-; 
= 0. But itis just in the limit Py-;—0 that the 

interval of variation of py-; contracts to a point, 
so that pn-; is uniquely specified and need not be 
picked. f 

After obtaining the distribution with density 94, 
the construction of the table is completed by calcu- 
lating Py = Py-; — Py-; and writing all the mo- 
menta in the cartesian XYZ system using Eqs. 
(2.6) and (2.7). 

Fermi’s model (F =1) allows some simplifi- 
cation of the method of computation. In this case 
it is possible to carry out the integration over 
Yn-, and pn-; in (2.8), or more accurately over 
€n-; between the limits 


Gola (cls NOMBRE met NA be eh (oa) 


max 


and to obtain the distribution density; 


*For n = 3, Eq. (2.15) becomes the same as Block’s® 
Eq. (4). es iy 

tThe values of pxmin and pkmax are calculated by for- 
mulas similar to (1.8). 


KO: PR Yel Ov 


OA (Pi ae pe) 


ln Wee OE Ep ee oe Le (2.15) 


7 p n—l|~n~n—l — Pre 1 Lge a p? 
NTE Nail 3 x 
3 Mi =I 


The sequence of picking is here the same as in the 


general case, but ends with the picking of Pp-2 and 


cos Oy». Having obtained uniformly distributed 
points in Dn-;, one obtains a nonuniform distribu- 
tion with density ©’ by the rejection method. In 
addition, ®max can be calculated beforehand; it 
can be shown, namely, that the maximum value of 
6’ is obtained when Py-; = 0 and the values of 


Pi,---»Pn-2 Satisfy the set of equations 
PL Pp poe 
a By NE ky en—2 


Pn E- eps 


ate? 


(2.16) 


je (Beer eae “iP Dees (Eee =H Bi pe 
These equations are easily solved by an iteration 
method. 
We must still pick the momentum )pp-4. 
it is better to pick the energy en-; by the “direct” 
method, i.e., to solve the equation 


B)EyE Gy Pars (2ehin— BEL 1enin) (1 —s «) 
ot (2einax— eyerey: ee) a, 


where qa is uniformly distributed over (0, 1). 
Only after this has been done does it make sense 
to pick! P70) Gn ae 

A characteristic feature of the methods de- 
scribed in Secs. 1 and 2 is the occurrence of un- 
successful pickings, which means that the uniform 
distributions are obtained by rejection. It is obvi- 


a spi se) ba 


3 
Ze gg 


ous that if there are too many unsuccessful pickings, 
this method for constructing the table becomes prac- 


tically useless. It is impossible to evaluate the ef- 
ficiency of this method in general. 
periment has shown, however, that for meson pro- 
duction by 10-Bev protons, the method is fifty 
percent efficient (for production of one 7 meson) 
and ten percent efficient (for two m mesons). 
For more mesons, the efficiency is too low for the 


method to be usable by hand calculation. Neverthe- 


less, it is possible to construct a table for produc- 
tion of 3 or 4 mesons by hand if one integrates 4’ 
several more times. 
puter makes it possible to construct large tables 
for 5 or 6-particle reactions by our method. 


3. THE TABLE OF RANDOM STARS 
It is difficult to compare an n-particle table 


with experiment, since experiment does not ob- 
serve neutral particles. Such a table must enter 


Instead, 


(2.17) -— 


A numerical ex- 


The use of an electronic com- 
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as a component part into a table of random stars 
formed by the collision of two given particles for 

a given energy E. To form such a table one must 
consider all forms of reactions which have observ- 
able statistical weight. The statistical weight of a 
reaction determines the average number of entries 
corresponding to it. 

Although in Fermi’s model the statistical weights 
can be calculated and are already known for many 
reactions, this is not true for a reaction with an 
arbitrary value of F(p;,...,Py,); it may turn out 
to be no less difficult to calculate the statistical 
weight for such a model than it is to construct the 
table of random stars. The above method for con- 
structing the table of n-particle reactions, how- 
ever, can in principle be used to determine the vol- 
ume W in phase space, the fundamental part of the 
expression for the statistical weight. Indeed, it is 
clear that W is equal to the product of the volume 
of Dy by the average value of © as given by (2.11) 
over this region. But the volume of Dy, is equal to 
the fraction of successful drawings of py,...,Dn-1 
in this volume multiplied by the volume of the rec- 
tangle of known dimensions circumscribed about 
Dyn. In actuality, the use of this method to calcu- 
late the volume in phase space requires a very 
large number of drawings, because the ® values 
are so widely scattered; the smaller the volume 
of phase space, the greater the number of drawings 
_ required. 

But if all the statistical weights of the most im- 
portant reactions which take place at a given energy 
are known, there is no great difficulty involved in 
constructing the table of random stars. We ar- 
range all the reactions N,, No,..., Nj, eee JUNIO 
arbitrary order, and with each we associate an in- 
terval 0j on the segment (0, 1), such that the 
length of 0j is proportional to the weight of N j: 
Then in calculating an entry in the table, one 
chooses a random point on (0,1). The index of 
the 6; interval in which this point lies gives the 
reaction N; which is represented by this entry. 
One finds (if necessary), again by drawing, which 
of the momenta in this entry are to belong to 
charged particles. The momenta of the other par- 
ticles, since they are not observed, need not be in- 
cluded in the entry. 

In a table constructed in this way, (a) the re- 
actions will be randomly shuffled, and (b) the num- 
ber of entries referring to each reaction will fluc- 
tuate in accordance with their statistical weights. 
These statistical fluctuations will obey the same 
laws as in the observation of actual stars. On the 
other hand, one may wish to increase the accuracy 
of small tables by forbidding such fluctuations. 
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Using a computer giving stars with n= 6, this 
method can take into account most reactions in- 
volving protons with kinetic energies up to 10 Bev. 
This will give rise to stars with varying numbers 
of prongs. 

The accuracy of the results obtained from a 
table of random stars depends on essentially the 
same factors as in the case of real stars. Errors 
in the determination of the energy and angles of 
emission of the particles do not occur; one may 
drop the fluctuations of the frequency of occurrence 
of the various reactions about the statistical weights; 
the results will, however, be affected by the error 
in calculating the statistical weights themselves. 
If the errors in the weights are of the order of 
ten percent, it is hardly worth having tables of 
more than one thousand entries. The allowed mar- 
gin of error is necessary to obtain nominal distri- 
butions and to compare distributions for different 
energies. The errors in the statistical weights for 
different E cancel, since they are more or less 
systematic, and thus comparison of the distribu- 
tions for different E can be very accurate. 

An interesting possibility is that of increasing 
the accuracy by constructing the table of random 
stars in the laboratory coordinate system. It is 
then no longer necessary to transform the actual 
stars into the center-of-mass system, an opera- 
tion which can be handled only very roughly for 
high energies. This simplifies the analysis of the 
experimental data and increases the accuracy with 
which the table of random stars can be compared 
with experiment. 


CONCLUSION 


The purpose of this paper was to clarify the 
possibility of constructing a table of random stars. 
A method for such a construction has been given. 

It is first of all possible, clearly, to represent 
Fermi’s model and the isobaric model in the form 
of tables. One may hope that modern computers 
are entirely able to reproduce reactions with 6 or 

7 secondary particles, which means that it should 
be possible to construct tables of the stars obtained 
in proton-proton collisions in a 10-Bev accelerator. 

The method for constructing the table for these 
models will give an isotropic angular distribution 
for the reaction products. In order to explain the 
actually observed nonisotropic distributions, it is 
necessary to give the appropriate momentum and 
angular dependence of the square of the matrix 
element F. 

Our method for constructing the table of ran- 
dom stars is applicable to different forms of F. 
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The fact that F may be a complicated functions 
plays no role, since most of the operating time 
of the computer is spent, in our method, in re- 
jecting the unsuccessfully picked momentum com- 
ponents, rather than performing operations with 
the successfully picked momenta. 

It thus becomes possible to find a phenomeno- 
logically satisfactory description of the interac- 
tion by testing various hypotheses and comparing 
the statistical weights so obtained, the distribu- 
tions, and the correlations with the experimental 
data. The same kind of an approach can be used 
to study the decay of unstable particles. 

This work was undertaken at the suggestion of 


M. I. Podgoretskii, and the author takes this oppor- 


tunity to offer him his sincere gratitude. The au- 
thor is also grateful to Iu. N. Blagoveshchenskii 
for many and valuable discussions. 
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An analysis is made of the transition radiation produced when a charged particle passes 
through a large number of slabs which are separated by vacuum spaces. 


The transition radiation produced when a charged 
particle moves from one semi-infinite medium into 
another has been treated in references 1 and 2. 
Later, in references 3 and 4, an investigation was 
made of the radiation field which is produced when 
a charged particle moves through a slab of mate- 
rial. In the present paper we calculate the transi- 
tion radiation produced by the passage of a charged 
particle through an arbitrary number of material 
layers which are separated by vacuum spaces. 

The present work is motivated by the following 
considerations. Ginzburg and Frank! have shown 
that the intensity of the transition radiation in- 
creases logarithmically with increasing particle 
energy. It is tempting to explore this effect as a 
means of measuring the energy of highly relati- 
vistic particles. Because the effect is so small 
it is impossible to observe the transition radiation 
due to a single particle. For this reason it is of 
interest to investigate the possibility of intensify- 
ing the transition radiation by allowing a particle 
to pass through a large number of material slabs. 

1. Suppose that a charged particle with velocity 
v moves along the z axis in the positive direction 
and traverses m slabs of material, which are per- 
pendicular to the direction of motion of the particle. 
The slabs are of thickness a and are separated 
by a distance b; all have the same dielectric con- 
stant €(w). 

The radiation field in the slabs and in the voids 
between them will consist of waves which move in 
the positive (E’) and negative (E”) z directions. 
In the region z <0, however, there will exist only 
reflected waves; in the region z >ma+(m-—1)b 
there will be only waves which move in the positive 
z direction. We introduce the notation = ( we/ 
oe?) — x? and A} = (w/c?) - kK’, where it is as- 
sumed that the real and imaginary parts of A and 
Ay are positive.* To compute the radiation fields, 


*We retain the notation reference 4. 


By for -z.< 0 and ik), for > mare (m=) boa 
we proceed in the following manner.* Writing the 
continuity conditions for the electric vectors at 

the boundaries of the (7 +1)-th slab (cf. refer- 
ences 2 and 4), we obtain four equations by means 
of which it is possible (eliminating the fields in 
the slab) to obtain a relation between the tangential 
Fourier components of the electric fields in the 
i-th and (Z+1)-th voids. This relation is of 

the form: 


Fis, = MF, (1) 


where 


Fi = Ex1(k)exp{—ilhy +k) (a+ 0) +e", 
Fi = E11 (k) exp {6% — k2) (a+b) +2’, 


+ €4% 2ry A eXP {— ihod — ik, (a + b)} + B exp {— ik, (a + 2b)} 
2n? 4e (en Gi) i 


-—eix Ady EC &XP {iAgh — ik, (a + b)} + D exp {— ik, (a 4 26)} 


ai ont Ge (ki — 1) (kz — 1) , 
A 2 & ety ¥Fiha 
Bf = ( N re Ao fe 
1 \ ; 2e 5 
ot ie a Betina 1 = 1exp {+ tka}, 


1 ; 2e 4 
Teg Pe Oe team 


Ris = G12EXP {— ik, (a+ b)} 


ed a a + = as 2) — exp {—2ik, (a + oy)". 


*This method was suggested by I. I. Gol’dman. 
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and the matrix M is 


Wks ie oa 
D Cy 

where 

D, = — exp {— db — ikz (a + 0) 

Bliss 1 AS I 2 SB ata 

ie sa soe) ees asl, 
D,= 0 exp {idyb — ikz (a + 6)} (5 etd 32) (e742 —_ e—ia) 

0 


ie 


C,=— 7 = espe ihob — ik, (a+ 6)} 


? 1 e . 
x ( S 2 | (Ges Fs : 
‘ ‘0 


Ca Te exp {ikob — ik, (a + 6)} 


€ AN 2 fe Alet\ic as 
. tha es —iha 
Sleermrak: 5 Je | 


The quantities a, 8, y, and 6 are given in Eq. (4) 
of reference 4. 
Applying (1) m times we have 


Pe ye a I (2) 


ey fe (D, —=,) e°% a(R; 
= aks ae (ekt Peay eb) 


Using Eqs. (2), (4), and (6) we obtain a system of 
two equations; the solution yields: 


Cie 


Eo,¢(k) = 55 {eA (qr — gr) (7) 


+ (e— tb A + e—thzb B) [etkz (a+b) (CHer, as ops) 


Se we ee +etkz ey) eo) (ee 9.) 1}; 


Ex. m,t(K) = — gee —k, ) (a+b) m {e—*kz b D (qr — 


q2) 
+ (eC + e-ikz’D) (8) 
x [ez (a+) (qr-1 = Get) +... em thz (a+b) (m—1) (9, — q,))} 


where 


; f¢ ota 
G = eth [+ = sc) eka __ (+ me =) ena) (qr —_7m 
0 


When m= 1 the last two expressions coincide with 
the corresponding formulas given in reference 4. 
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with 
pee (se = 3) 


a’ 


a” 
Fa Bey (k) exp {i (ho — &z. (@ + 6) m} + et 


In principle the relation in (2) represents a so- 
lution of the problem since it yields two equations 
with two unknowns, Ej it (Kk) and Em, (kK). How- 
ever, because it is necessary to calculate M™ 
when this procedure is used the problem remains 
essentially unsolved. The following method can be 
used to circumvent the difficulty. We introduce ie 


matrix S(t) defined by the relation 

S(t (3) 
where t is some variable. It is apparent that 
M"" -= (dS / dt”) (4) 


It follows from Eq. (3) that S satisfies the dif- 
ferential equation 


t=0n4 


dS jdt = MS. (9) 


Solving this system of differential equations for the 
elements of the matrix S and taking account of the 


fact that S(0) =1, we obtain the following expres- 


sion: 


Ga (eft Se, fh) 
(C. — Re) eft (*) 


tf eure cs) a 


2. It is now necessary to integrate the expres- 
sions with respect to dkxdky = «dxdgy. The inte- 
grals over g are carried out by means of Bessel 
functions. We shall be interested in the field at 
large distances R from the points of entry and 


exit of the particle in the medium so that the asym- 


ptotic expansion for the Bessel functions can be 
used; the integration over x is carried out by the 
method of steepest descent. 

We first consider the radiation emitted in the 
backward direction (z <0). The expression for 


Ejp is 
3 2 ” 
Le (r. t) St Vee sind \ Le (k) 
x (COOR—BRi/4 4. eGOOR+371/4) p—i0t/Xduedk,, 
where 
f(x) = 


and Eo, t(k) isdetermined from Eq. (7). 
The eae point for the function f(x) is 
(w/c) sin 6. However, because of the presence in 


ixsin 9 + id, cos 4. p(x) = —ixsin6 + ir, cos 9, 
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Ej,t (kK) of the exponentials in the expressions for 
dq; and q:, which are raised to the m-th power, 
_it can be shown that the line of steepest descent of 
the integrand is shifted. This does not occur if 


m(a+bh<R. (9) 


In the highly relativistic case, in which we shall 
be interested exclusively, the transition radiation 
is directed in the backward direction, or in the for- 
ward direction, at an angle 6)~u/E, where yp 
and E are the mass and energy of the particle. 

If we now impose the condition 


a, 0< kE*/p2, (10) 


(x is the wave length divided by 27), after inte- 
gration by the method of steepest descent it is pos- 
sible to set 6 =0 everywhere in A and Ag, with 
the exception of those expressions in which m ap- 
_ pears in the exponents. Furthermore, we limit 
ourselves to those frequencies for which |q| = 1; 
this value encompasses essentially all frequency 
values if (Ve + 1)*/(Ve —1)*>1 (when ¢€ = 
1.5 this ratio is approximately 100). Also, taking 
aVe =b, we obtain the following expression for 
the transition radiation emitted in the backward 
direction: 


Was linn ae 


mo \ 48 Ves4 


,)2m, (11) 


if m «(Ve +1)? (Ve —1)*. Thus, if the condi- 

tions given in (10) are satisfied the intensity of the 
backward transition radiation will, under certain 

conditions, increase with the number of slabs, pro- 
_ vided this number does not exceed the limiting value 
(Ve +1)*/(We — 1). As the limiting number of 
slabs is approached, in order-of-magnitude terms 
the radiation intensity becomes equal to the radia- 
tion intensity for one boundary between a vacuum 
and an ideal conductor.! Any further increase in 
the number of slabs results in a reduction in the 
intensity of the transition radiation. 

Using an approach similar to that above it can 
be shown that the intensity of the transition radia- 
tion emitted in the forward direction does not in- 
crease; the intensity of this component is, in order- 
of-magnitude terms, equal to the radiation for one 
slab of material. 

3. Consider another case; in place of (10) we 
have 


au2/E? < k<< by?/E?. (12) 


Limiting ourselves to frequencies for which |q| 
= 1, we can show that the intensity of the transi- 
tion radiation, in both the forward and backward 
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directions, is equal to the transition radiation for 
one slab multiplied by (2m-—1). In computing the 
Poynting-vector flux in this case it is necessary to 
take account of the fact that the exponentials with 
i(w/c)b cos @ give a zero contribution when av- 
eraged over the angle 6 because of their oscilla- 
tory nature. The appearance of the factor (2m-—-1) 
is easily understood because in addition to the m 
slabs we have (m-—1) voids, which also act as 
radiators of transition radiation. 

Thus, if the conditions in (12) are satisfied the 
transition radiation can be increased by a desired 
factor, where, in accordance with Ref. 4, the radia- 
tion in the forward direction is a factor of 
(Ve +1)*/(Ve — 1) larger than in the backward 
radiation. 

Let (Ai, A,) define a wavelength region which 
satisfies (12); we denote the corresponding frequen- 
cies by (4, w.). The number of photons emitted 
in the forward direction in this frequency range is 
(cf. reference 4): 


e2 


h Ostet on a =< (In iy —!)n (=) (2m—1). (13) 


It is apparent from this formula that the number 
of photons is independent of the point of the spec- 
trum at which the frequency range (Ww, Ww) is 
taken. Here, in accordance with reference 4 the 
relation |Ve —1| > c/wa must be satisfied. In 
the optical region this relation is always satisfied. 
The dangerous frequencies are those which are 
above the optical region, where Ve = 1 — 2me?/ 
mw? (n is the number of electrons per unit vol- 
ume). Using this expression for Ve we obtain 
the following condition: 


(c?/a) m/2nne? << ix. (14) 


When the values of a and b are fixed, in ac- 
cordance with Eq. (12), as the particle energy in- 
creases photons of higher and higher energy must 
be used if we wish to measure the particle energy 
from the intensity of the transition radiation. How- 
ever, when E/p > (ae/c)V2m/m [in accordance 
with Eq. (14)] the radiation in the frequency region 
given by Eq. (12) cannot be computed from Eq. (13). 

Taking a= 107-2 cm and b=107! cm, we can 
measure the particle energy up to E/yu= 10°, When 
E/u = 107, the number of photons in the wavelength 
region (1 to 3) x 10° cm will be 95 if the total 
number of slabs m= 102. When E/u = 10° the 
number of photons in the wavelength region (1 to 3) 
x 1078 cm is 145 for the same number of slabs. 
The total length of the stack is 101 cm. 

As is well known, the transition radiation is 
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emitted in a narrow cone with opening angle approx- 


imately p/E in the forward direction. Ordinary 
bremsstrahlung is emitted in the same solid angle. 
Using the well known expression,” for particle en- 
ergies of E/u = 10? and E/y = 10° we obtain 0.15 
bremsstrahlung photons in the frequency region 
indicated (Z=14, N=5 x 10"). 

It can also be shown that in the one-particle 
case the coherent radiation produced by virtue of 
macroscopic radiation, such as that considered by 


Askar’ian® for a particle bunch, is negligibly small. 


In the optical region the Cerenkov radiation is 
emitted at large angles; in regions above the op- 
tical region in general there is no Cerenkov radi- 
avuong since: 6 <1); 

To carry out the measurements indicated above 
it would be necessary to be able to make differen- 
tial intensity measurements of electromagnetic 
radiation over a wide frequency range. 

The author wishes to thank A. Ts. Amatuni and 
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I. I. Gol’dman for valuable discussions. 
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The passage of high-energy muons through thick layers of matter is studied with account of 
ionization losses, bremsstrahlung, pair production, and “star” production. The energy loss 


distributions are taken into account for the last three processes. It is shown that taking ac- 
count of the distribution functions leads to a smaller muon flux at sea level than the calcula- 


tion on the basis of mean energy losses. 


& The passage of muons through thick layers of 
matter is related to the characteristics of nuclear 
interactions of high-energy particles. We are thus 
able to state that in a nuclear interaction most of 
the primary energy is carried away by a nucleon.!? 
The importance of this conclusion increases the 
interest of the present problem, since the energy 
spectrum of high-energy muons (% 10!! ev) can 
be obtained only by measuring the dependence of 
muon intensity on depth underground, followed by 
a calculation based on a specific form of the range 
energy relation for muons, which has been calcu- 
lated in a number of papers. In his fundamental 
paper George? did not use the most accurate cross 
section obtainable for some of the processes that 
accompany the passage of muons through matter; 
moreover, he used mean energy losses instead of 
basing the calculation on distribution functions. 
The methods used by Belen’kii* and by Mando and 
Sona,° which take only bremsstrahlung into account 
in addition to ionization losses, are applicable only 
to not very high energies < 10!1 ey. In the present 
work we consider the passage of both low- and 
high-energy muons through matter, taking account 
of all known forms of muon interactions and energy- 
loss fluctuations. 

2. It is convenient to divide interactions of rela- 
tivistic muons into processes that result in continu- 
ous energy losses and others that result in infre- 
quent large energy losses. The first type is rep- 
resented by ionization losses (including Cerenkov 
radiation), while the second type includes brems- 
strahlung, the direct production of electron-positron 
pairs, and collisions that result in the production 
of nuclear-interacting particles (which we shall 
call nuclear processes). In accordance with this 
division, we shall solve our problem in an approxi- 
mation that takes into account the distribution of 
losses in only the second type of processes. loni- 


zation losses will always be assumed equal to their 
mean value. 

Following these preliminary remarks we turn to 
the equations for energy losses incurred in differ- 
ent processes by fast particles bearing the charge 
e. Ionization losses, with thickness measured in 
g/cm’, are described by (see reference 6) 


dE; 2nNZ et 
tks A mc? 


Eym?c?Z 


i 
PENA ’ (1) 


In 


where N is Avogadro’s number, m is the electron 
mass, while Z and A are the charge and atomic 
weight of the matter, which will be taken as 10 and 
20 in our numerical calculations. Strictly speaking, 
Eq. (1) describes ionization losses subject to the 
condition that the 6-electron energy is E; « E, 
where E is the muon energy. However, since EK, 
is in the logarithm, which is on the order of 30 or 
40 in the energy region of greatest interest for us, 
we can replace E, by E with an error of about 
5%. As we shall see, all other cross sections ex- 
cept nuclear losses are taken with the same degree 
of error. Nuclear losses introduce the principal 
uncertainty. Equation (1) can conveniently be 
written as* 


—dE;/dx =a-+6|n(Emey / 1000), 
Gaal Mev-cm?/g, (9) —— (OL OVAI Mev:-cm?/g. (2) 


Ionization losses depend only slightly on energy and 
will hereafter be regarded as constant. Since we 
are interested in the passage of particles with en- 
ergies above some Emin, we average (2) over the 
energy spectrum, which we assume to be repre- 
sented by a power law with the exponent (y + 1): 


meray \ ea E-(WH+) ce |\ E-C+0dE., (3) 
dx 


E min E min 


*Here and hereafter energies will be expressed in Mev. 
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When E > 10‘ only very slight dependence on y 
is exhibited by dEj/dx, which can be represented 
by 


4 Evan 
— 7, = a+ bln a6 - (4) 


The effective bremsstrahlung cross section is 
known to depend on the parameter 
uc? EE 7 —'|s ; 


where E’ is the energy of the emitted photon and 

yw. is the muon mass (see references 4 and 7, for 
example). In the limiting cases 6 > 1 (no screen- 
ing) and 6 «<1 (complete screening) the differ- 
ential cross section gy(E,v), where v =E’/E, 

is given analytically by 


gI(E, v) du 


Xs 

R 
|= 

N 

es 

aa 
=|3 
TSS 


(complete screening) and 


16 N PStrNefateh , l-v 
(2) eres wr righ 2. [me t 
of (E, v) do = 2 Fane (7) (04 5 ) 
12 4—9 E 1 
x [ In (= . EL, 5 ao (7) 


(no screening); here 


Gem 1Sle Te =e iic*. 
For our further calculations it will be conve- 


nient to introduce the meson radiation unit of length 
defined by 


4 N m \2 U EE 
j= 4a 5 Zr (2) in (= 1832-*h) (8) 


if \m gir 


In the present case this radiation length is equal to 
4.5 x 10° g/cm?. These units can be used to write 
(6) and (7) with good accuracy as follows: 


giv (E, v) = 1/2, (9) 


E(1—v) 


e®(E, v) = 0.3(4 sk ==) In 5]. (10) 


We shall now determine the range of applicabil- 
ity of these equations. For this purpose we esti- 
mate the average value of the factor E’/(E-E’), 
using the distribution (9), which diverges when the 
average is taken over the interval 0 < E’ < E, so 
that (6) and (7) cannot be used for very large energy 
losses. The average must therefore be taken over 
the interval 0 < E’ < KE, where x is close to but 
not equal to unity. E’/(E-—E’) exhibits very weak 
(logarithmic) dependence on x. Thus'when xk = 
0.9 we have E’/(E—E’) ~ 1 and when x = 0.99 
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we have E’/(E—E’) ~ 3. We can therefore use 
(9) when E >> pe2zZ~'/ ~ 104Z-¥% and (10) when 
E<«10!z7/3, Fora rough estimate in the inter- 
mediate region E ~ 10!7-3 we can interpolate 
the cross section assuming that for Z=10 itis 
represented by (9) in the entire region E > 104 
and by (10) when E < 104. From (9) we easily 
obtain the average energy loss in the region E 

> 104: 


— dE, jdx =2.2:10°°E em*/g. (11) 


We shall now consider direct pair production. 
According to Bhabha® the differential cross section 
p(E,v) differs in four energy regions as follows: 


56 N d 
op (E, 0) du = > (aZre? = F(E, 0) =, (12) 


where 
fy = In (A, E/me?) In (Rk m/op), 2me?/E<u< 2Qmc?/EaZ'ls , 
fo = In (R,aZ"*) In (R’gmn/jav), 2me?/EaZ' <u < mfp, 


fs = 9/, (m/uv)? In (Rgnv/aZ" m), mip <0<(2mE/aZ') y2c?, 


fa = 9/p (myo)? In (RyE/uc?), 2mE/aZ'isp2e? <<v<1, (18) - 


where all k are of the order of unity but their 
exact values are unknown. Continuity of the dif- 
ferential cross sections at the boundaries between 
the intervals is satisfied when k, = %, kj = 3, 

ko = kg =1, ky =3, ky=2. In radiation: lengths we 
obtain 


pO(E, v)du= — 16[Inv® + (4.3 + In E) Ino 


+ 4.3 In E}do/o, (14) 
pr, v)dv = — (280 + 64 Inv) du/v, (15) 
g@(E, v)dv = (0.0045 + 0.0005 Inv) do/v’, (16) 
g@(E, v)dv = 0.0005 In(E/50) do/o*. (17) 


Equations (14) to (17) apply to the same energy 
intervals as (13). Multiplying by v and integrat- 
ing over these intervals, we easily obtain the en- 
ergy losses corresponding to the functions ot), 
Table I shows these energy losses expressed in 
terms of 10°°E cm?/g for the different intervals 
representing four different dEQ)/ dx. 


TABLE I 
oe, 
6-40" | 40° | 6-408 | 408 

—d EY jdx 0.3.0.2. 1 Of. = 
— dE jdx Gre eee i 
~ dE") /dx O28 1.0) P.O 
— dE) dx OP O07 
aun) 
-- S\dEp jdx 

i=1 

== = dE/dx 2026 bess ee 
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The direct production of nuclear-interacting 
particles by muons can be treated consistently as 
their creation by virtual photons.*»? A calculation 
by the method of Weizsdcker and Williams yields 
the following cross section for the production of a 
“star” or electron-nuclear shower with total en- 
ergy in the interval KE’, E’ + dE’: 


+ et om 28 ee POE eek 
g(E, EE) dE =—wN (es) 2 ines (18) 
where o,(E’) is the total cross section for the 
production of “stars” and showers by a gamma 
quantum with energy E’. A somewhat more exact 
calculation’ leads to the analogous expression 
ICES 

on (E, E’) dE’ ~ 2 vin = 5, (E) & (19) 
The different forms of the logarithm in (18) and 
(19) do not represent an essential difference be- 
tween the two expressions for the following rea- 
sons. The first and less important reason is that 
in reference 9 the entire calculation was performed 
with accuracy to within a logarithmic factor of the 


order of unity. The indeterminacy of the cross sec- 


tion oy(E’) is the second and decisive considera- 
tion in estimating the accuracy. At sufficiently 
high energies (E’ > 1000) this cross section is 
usually taken as constant, although this hypothesis 
is certainly not confirmed by data on o(E’) at 
lower energies (see reference 10, for example). 
Since we do not possess experimental data on the 
energy-dependence of this cross section we can 
only compare (18) and (19) with data on the pro- 
duction of showers and “stars” by muons. How- 
ever the experimental data are not accurate enough 
to permit a distinction between the two formulas 
with oy(E’) eat constant. Following George?® 
and Kessler and Maz!! we gotae oy (E’) to have 
the constant value d x 10°28 cm? per nucleon, with 
the constant d being varied in the numerical com- 
putations. Thus by means of (18) and (19) we write 
the cross or in radiation lengths as follows: 


on (E, 0) dv =0.13d 22) do (20) 


or 


Bile ‘) ve 


O00, 0) G0, 20), faq eee (21) 


It follows that the mean energy loss is* 
— dE,{dx = 0.13d-E10-%em?/g (22) 


or 


*We shall not consider the production of penetrating pairs 
separately (as was done by George), because the most accurate 
experiments have shown that this process is only a special 
case of shower production by muons. 
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— dE/dx = 0.13dE In (E/uc?) 10°6em?/g. (23) 


3. To describe the passage of muons through 
matter, we shall now set up the kinetic equation. 
It is convenient to introduce the critical energy 
€y, Which represents the ionization losses per 
radiation length. From (2) and (4) we obtain 
éy = 1.0 x 10°, 1.0 x 10° and 1.2.x 10° for 
Onin 10 lO anda l 0 , Using the notation 
€utu =y, we easily arrive at an equation to de- 
scribe the muon spectrum 7(E, y) by analogy 
with the kinetic equations of ordinary cascade 
theory: 


we Y) pale --2 fre, teen 
0 
—saat (5 9) oS ile. e9 


where 9 = @y + Pp + Pn. 
Assuming that for y =0 the spectrum is rep- 
resented by the power function 


n(E, 0) = CE-G+, (29) 


we first solve (24) for small depths, when y KE. 
Substituting the solution without the right member, 
™m(E,y)=C/(E+y)Y*!, into the right member of 
(24), we obtain 


Onr/Oy —On/OE = o(E, y); (26) 
e(E, 9) =—=-\[ro(E, v) 9(E, 2) 


— a(9)¢ (75 5» ¥)| do. (27) 


We shall seek a solution in the form 
n(E, y)=™(E, y) + (E, y) 


subject to the initial conditions (25) and m,(E, 0) 
= 0. m, satisfies (26) when 7 is replaced by 17. 
The modified equation is easily solved by means 
of the substitutions E+y=u, E-y=w. After 
some simple transformations we obtain 


fog rE E+ 

+0 y—w 
aa | o(Styte, EAE 8) a 

E—y 

a 
ee AC el, oy y 2 = 0)t2FF ks ane ee 
== \ aS We tao 
mz (28) 
(bey) 19(5 > 0) do. 


An expansion of (E +y-yv) “~Y in powers of 
yv/(E+y) gives 


1 
iB 
DS aterm (E,.0) a(t a) (is 2) 
yo (y +1) : 29 
x [14-40 ae vere +... de. (29) 
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The method used here is valid when the condi- 
tion 7, «7 is satisfied, for which it is sufficient 
that 


(30) 


Y¥< Ey 
(or tu< 1). These conditions are both sufficient 
and necessary, since when y 2 €y it can be shown 
that 7, 2 7, which makes the method entirely un- 
suitable. It follows from (30) that in calculating 7 
we can limit ourselves to the first term in the ex- 
pansion (29). 

4. In this section we obtain a solution for E > 

€y, for which purpose the expressions for the cross 
sections ~ must be simplified so that they depend 
only on the ratio v. When E> ey, the cross section 
for pair production is then approximated with good 
accuracy (~1%). In this approximation we can 
assume 


gp = ¢) for 0 <u< mip, op = 4 for mp<v<l. 


When (9) and (18) are used as cross sections of the 
other processes, (24) becomes 


On(E, y) On(E, y) 
oy 0E 


1 my, IB 


CAVE 


' 1A [Re atc (32) 


; y)| g (v) du 


We shall use Snyder’s method’? to obtain a solu- 
tion, which will be sought in the form 
n(E, y) = Cexp {A (y) ty} F (E, 1). 


A Mellin transformation in the variable E gives 


(33) 


Hah i 
le (le, gg CD as 
sa ea iD oF, 
; —r)P(ytrt (r-+y¥+1) 
a —6—fo0 Vy a 1) Kt, j= oi dr (34) 


where 620, I is the gamma function, and K(y, r) 
satisfies the recursion relation 
a chKGenG=) 

R= aera ’ 

‘ (35) 
A (x)= \l [1 — (1 — v)*] o(v) do, K(y7,0)=1. 


0 


When E/ey >1 we can close the contour with an 
arc of infinitely large radius and calculate (34) by 
the method of residues: 


PUL yeas plone: K 


n=0 


(36) 


Comparing (36) and (33) with (28) and noting that 
when t,—0 and ¢,/E—-0 (33) and (28) must 
coincide, we obtain A(y) =—A(y). It can be 


and Vaan SDR bie es Orv 


TABLE II 
d=1 d=5 | 
- (NO) lei hs dee 0.3 0.6 1.0 | 
y=2 
¢,/E=1 TE ad Fe ek be ea bee es le 
z, B=} 4.4 ee 25°71 4.155) Ae aeletan, 
y=3 | 
= (Ee 0 dca (oe ete) Oe aco 
oy © im ‘ 
(b= is 3 1.9) 12.0 Aas | Cea OR: 


| 


shown that our functions g make (36) converge | 
in the entire region E > ey. | 
5. It is useful to compare the results obtained _ 
when meson-intensity fluctuations at different depths 
are taken into account by means of distribution 
functions, with the results based on mean energy 
losses. We find the ratio between the number 
N(E, ty) of mesons with energies above E at 
depth t,, obtained by means of (33) and (36), 
and the analogous number Ng(E, t,), computed 
neglecting distribution functions. We use the fact 
that 


co 


\ te. w) dE, 


rt 


Ns(E, tu) = (30 
where Et is the minimum energy which a muon 
can expend in passing through the depth ty when 
mean energy losses are used and the final muon 
energy is E. Ez is obtained from 


‘ dE, fe Os 
ata [e. PTS ea. dB (ea 
is : ; 
We finally obtain 
Es 2 , 
cts ACE, Se 1)"cn K (x, n) (e,/E)" 
N(E, 1,) 
NER tT Teo oe ee (39) 
3 (- yee he K (4, 1) (GulEs)" 
n=0 


Numerical values of this ratio for E = 2¢, and 
3€y are given ift Table II. 

Table II shows that N/Ns depends only slightly 
on ¢€,/E and d and that it is greater than unity 
(see also the general formula (39)). This indicates 
that a measured intensity at a given depth repre- 
sents a smaller muon flux than is obtained by means 
of a calculation neglecting fluctuations. 

In conclusion the authors wish to thank G. T. 
Zatsepin for a discussion of the questions which 
were touched on in this paper and Z. S. Maksimova 
for the numerical computations. 
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The statistics of quasi-particles, the elementary excitations of the spin and electronic sys- 


tem of a crystal, are investigated. 


Te Some recent papers!~3 have asserted, contrary 
to the general opinion, that spin-waves behave like 
fermions rather than like bosons. Doubt was also 
thrown upon the idea that the elementary polar ex- 
citations (pairs and holes) in the electronic sys- 
tem of a crystal could behave like bosons.’ It seems 
therefore worth while to study once again the statis- 
tical properties of spin-waves and polar excitations. 
In the present paper we point out some defects in 
the usual treatment of spin and polar excitations in 
crystals. In particular, these defects give rise to 
the appearance of fictitious states.2°°> We show 
that when these defects are removed the spin-waves 
behave like bosons, and we find the conditions under 
which polar excitations behave like bosons. We 
also formulate in this paper a method of second 
quantization for systems of a finite number of par- 
ticles described by symmetric wave-functions. 

2. The Schrédinger equation with an exchange 
interaction has the following well-known form: 


, 


Ora (ae fr) + Dd Sse (@ (Fase fr) —& (fis. fp) 0); (1) 


Une fr 
Here (f;,...,fy) are the numbers of the vertices 
at which r reversed spins are situated. (fj,...,f;) 
is a set of numbers differing from (f;,...,fr) by 


the exchange of two oppositely oriented spins, and 
Jgt¢ is the exchange integral for the vertices be- 
tween which the exchange has occurred. We intro- 
duce the operators 


p= VN zs Ass oe = AVN; 
Peelers tanya (2) 
by = Vig 8; 4 = 8 Vy 5 


Afa (-..V;, ny...)=a(...Nee1, Nf. ae 
(3) 
87 a(...Ny, ny...) =a(...Ny, mg L,...) 


Here Ng is the number of reversed (or right) 
spins, and ng is the number of left spins, at the 


vertex f. Bloch’ proceeded from Eq. (1) to a 
second-quantized formalism with the Hamiltonian 
He = 5 X Jas (Ge — P59) (G2 — YE et). (4) 
= Shy 
According to Eq. (3), the operators (2) obey the 
Bose commutation rules 


(5) 


The operators (2) have the unsatisfactory feature 

that, according to Eq. (5), they do not place any 

limit on the occupation numbers of left and right 

spins at each vertex. Thus they do not obey the 

Pauli principle. Therefore, instead of Eq. (4), 

we shall give another representation: for the oper- 
+ + 

ators Af and oF: 


oF Or — OFF = Sep, OF Op — bebe = Sep. 


SAM I= Nal Op mya) for Mya 
FAN Mod Nolo Opn) for mal 

: 6 
shot mem (agente) Bs aaa 
OF aU aN Gulls = {a bNe [pars es ae 


By using Eq. (6) instead of (3), we ensure the fulfil- 
ment of the Pauli principle, and yet the deduction of 
Kq. (4) from (1) is still valid. Equations (2) and (6) 
imply, instead of Eq. (5), the following commutation 
rules 

lof orl, = (dF b), =1, 

eferl= orl =0 (F#f), 

[eer = [9 Or = br = (dF oF 1 = 0. 
The commutation rules for yf and wf are there- 
fore different both from the Fermi and the Bose 
rules. For brevity we call the relations (7) the 
“plus-minus quantization.” 

In the homopolar approximation 


Ny +ny=1 (8) 


we need not write the occupation number ng in the 


(7) 
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wave-function, because it is uniquely determined by 
the occupation number Nf. Thus instead of the four 


operators (pf, ot , vf and ve, we may introduce 
two operators cr and of , acting only on the num- 
bers Ng. The connection between the old and new 
operators is given by 


RE GA ce Mgaariy.ss sty Spt Tuite OT Nas Os tte.) 
otherwise 

. (9) 

opa(...Ny, ny...) = aa lj...) for N; = 1, np =0 
otherwise 


(10) 
Consequently, if we introduce a creation operator 
cf and an annihilation operator of for a right 
spin at the vertex f, we find 


=o, cf =o}. (11) 


Equation (11), with (2), (6), (7), and (8), implies the 
following commutation rules* 


[c;cf ], == || 4 
(F#P), 
The Hamiltonian (4) may be expressed in terms of 
the new operators: 


(121) 


[cjef |_ == 0 [crepe]. = left e#I_ = 0. (125) 


Go= D dat (Cs ¢s = 05 C1 — NSN). (13) 
S += 
This gives for the linear chain in the nearest- 
neighbor approximation 
H= J 5 aaa - a Ms 
H ae CeCe NGNG) (14) 


which is identical with the Hamiltonian of Frank.! 
But we differ from Frank in requiring the oper- 
ators (11) to satisfy not the Fermi commutation 
rules but the rules (12) of the plus-minus quanti- 
zation. 

To diagonalize (14), we neglect terms of fourth 
order in the operators! cg, which means that we 
are neglecting the interaction between spin-waves. 
We use the Fourier transform 


a, N—i >; ec, , cf — Nk p e—ikicg : (15) 
Rk 
Then Eq. (14) gives 
= 2 E (k) ne. (16) 


Here E(k) is the usual energy of a Spur wave 
with quasi-momentum k, and nx = exc, is the 
corresponding occupation number. 


*Equation i) was also used by Meyer, 7 who wrote p, for 
cr, and q,, for ch Instead of Eq. (12,) Meyer used [p,q,]_ 
=u,=2p,qy—-1. "But it is easy to verify that [p,a,], = 1, 
which implies Eq. (12,). 
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To study the statistics of the quasi-particles, 
we consider the commutation rules for cy, cf. 
Equations (12) and (15) imply 


Cue —Chce = 1—2r/N; (17) 


Chee) = Chicp aoe Sy ef (kb) FN, 
' if 
[CxCe’J_ = 


(forrk=_f'); (18) 


[epcv. = .0%. (19) 
The commutation rules (19) have strictly Bose 
character, while Eqs. (17) and (18) do not. How- 
ever, so long as r/N <1 (a weakly excited sys- 
tem), Eqs. (17) and (18) approach arbitrarily close 
to the ordinary Bose relations. In the limit we 
obtain 


[cece]. See [CeCe l= [Cr xsl = 0, 


(20) 


Thus we reach the conclusion that the spin-wave 
operators obey approximately the ordinary Bose 
relations, the conditions for these relations to hold 
being that the number of spin-excitations be small. 
This condition is satisfied in the region of low tem- 
peratures, well below the Curie point. 

In spite of the formal similarity of some of our 
equations to the equations used by Frank! and 
Meyer,’ our argument differs from theirs in the 
following respects. Frank introduces the spin-wave 
creation and annihilation operators cr and cf ; 
considering them from the beginning as Fermi op-. 
erators, in view of the fact that Ng can only take 
the values 0 and 1. He naturally obtains Fermi 
commutation rules also for the Fourier transformed 
operators Cy, Ch, and deduces from this that spin- 
waves obey Fermi statistics. Our argument shows 


that the condition Ng =0, 1 implies that only one 


(namely the first of the relations (12)) of the com- 
mutation rules is of Fermi character. The rest of 
the commutation rules are of Bose type, as is seen 
from Eqs. (17) to (19). Also the result of applying 
these operators twice can be found from Eq. (15): 
Cle = a Se Pojes + a Dee lero lee 

f retin 

The first sum on the right side of Eq. (21) van- 
ishes by Eqs. (11) and (9). The second sum would 
vanish if the last of the relations (12) had Fermi 
character. But we have seen that this relation has 
Bose character, and therefore 


oe RG CC 
Cele = DNC CYC’. 
Goh 2k 
This expression is in general different from zero,* 


(21) 


(22) 


- *However, co. = 0 for m>O0, since it is impossible in 
the homopolar approximation to have more than N spins in the 
same direction. 
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and therefore it is possible for more than one spin- 
wave to exist in the state with quasi-momentum k, 
as must be the case if they obey Bose statistics. 
This example illustrates the importance of the de- 
parture of part of the relations (12) from the Fermi 
type. Fermi commutation rules fail to hold for the 
majority of the relations (12), because the sign func- 
tions of Wigner are absent in the operators (2) and 
(6). The reason for this is that the antisymmetric 
character of the wave function of a many-electron 
system was already taken into account in deriving 
the Schrédinger equation (1). The exchange of left 
and right spins represented in Eq. (1) is not accom- 
panied by a change in sign of the wave function. 
Frank introduced the Wigner sign functions into 
the fermion operators bfg which he used to con- 
struct a Hamiltonian in the Heitler-London model. 
This procedure would not change anything in our 
work, since the operators occur in the Hamiltonian 
in such a way that the sign functions cancel each 
other out. One can see this, for example, by look- 
ing at the expression (A6) for the Hamiltonian of 
the exchange interaction in reference 3. The same 
remark applies to the work of Meyer,” whose Ham- 
iltonian (12) reduces to Frank’s Hamiltonian when 
the external magnetic field is set equal to zero. 

Frank attempted to deduce the Fermi statistics 
from a direct solution of the Schrddinger equation. 
We have criticized this work in a paper with Ishmu- 
khametov.® Here we only remark that it is unsafe 
to argue about the statistics of spin-waves on the 
basis of supplementary conditions in which func- 
tions of the type apn, which ought to vanish by 
virtue of the Pauli principle, are set equal to non- 
vanishing quantities. In this connection we may 
observe that the functions u,(Rj, Rj), which cor- 
respond to the apn, do vanish in the work of Van 
Kranendonk.° 

3. We deduced the Bose statistics for spin- 
waves from two arguments. First, we showed that 
more than one spin-wave can exist in a state with 
a given wave-vector k. Second, we showed that 
when r/N <1 the relations (17) to (19) coincide 
approximately with the usual Bose commutation 
rules. When we pass from the approximate rela- 
tions (20) to the exact Bose commutation rules 


[CeCe] = Bpe°, [cue 1. = {ex ch ]_ = 0 


(23) 


the occupation number n, becomes unbounded 
above, although the actual number of spin waves’ 
cannot exceed N/2. But in the low-temperature 
region, in which only states with a number of spin- 
waves small compared to N are measurably ex- 
cited, the occupation numbers n, > N/2 have no 
practical effect in calculations of thermodynamic 


SS) Vie VONSOVSKID andy. 
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quantities. The contributions from large ny de- 
crease exponentially. One can verify this by cal- 
culating the partition function Z, taking account 
of the boundedness of the occupation numbers* ng, 
as was done in the paper of Tolmachev and Tiabli- 
kov.!° If one uses the operators cf defined above, 
one does not need any projection operator P to 
project the wave function onto the subspace of oc- 
cupation numbers zero and one. The limitation of 
the occupation numbers is already included in the 
definition of the operators cg. In the zero-order 
approximation the partition function becomes 


Dye Dye oe 
{te} {rp MF} 


* S* (Neves bee p2 E(k) ne /*T}, 


Here T is the temperature, x is Boltzmann’s 


constant, 
Ba ne. = deen (25) 
are a system of orthonormal functions in the space 


of occupation numbers n¢=0 or 1, ap is the vacu- 
um state, and 


(26) 
== na ([ as!) 2D) Win exp {— ik (fp, +...)}, 
k Py, k 
where Pty 
tices fie 

Equations (24) to (26) imply the result (15) of 
reference 10. This means that at low temperatures, 
for which exp (—E(k)/xT) «1, the Bloch theory 
is valid. Compare also the paper of Dyson," where 
the kinematical interaction, the boundedness of ng, 
also produces an exponentially small effect. 

So we see that in the low-temperature region it 
is actually possible to proceed from the approximate 
Bose relations (20) to the ordinary Bose commuta- 
tion rules (23). 

On the other hand it appears that the require- 
ment that the ordinary Bose commutation rules be 
strictly valid is not consistent for a system of a 
finite number of particles, even when the system 
can be described by a wave-function which is sym- 
metrical with respect to the interchange of particles. 
The fact is that Eq. (23) can only be satisfied by op- 
erators which are represented by infinite matrices. 
Thus the occupation numbers for particles or quasi- 
particles in the various states must be unbounded. 


is a permutation of all the right ver- 


*The occupation number of right spins, which was denoted 
by Ng in Sec. 2, is denoted by ng in Sec. 3. This is to bring 
the notations into agreement with those of reference 10. 
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Nevertheless, for a system to obey Bose statistics 
it is not necessary that the number of particles be 
_ unbounded.* 

It seems helpful, when second quantizing a sys- 
tem with a finite number N, of particles obeying 
Bose statistics, to use finite-dimensional operators, 
which satisfy commutation rules different from (23), 
but keep the occupation numbers bounded. Repeating 
the usual derivation of the expression for the Hamil- 
tonian of a system which obeys Bose statistics, 


(& | 4 i ; 
He = DX nye) a aay a bp.Op, (Pr, P2| G] Ps, Ps) Op,5p,, 
Py, Pz, Ps, Ps 


(27) 


one can verify that the same expression remains 
valid when one uses the operators 


C= —pV ap, bt =V np 8; , 
Here 6, and BS are defined by 
6 (Mp 


(28) 


Bees) 11 


NGG. ftp Ly 2--)5- (29) 
Rae aeaee ) Stl 8(A)ie (tips dot) (30) 


and can be represented by (N, + 1)-dimensional 
matrices of the form 


.000 


010...0| 00. 
001...0} 10...000 
Oi pe cnc: Wain (31) 
000...1 00...100 
000...0) 00...010 


Equations (28) to (31) imply the following relations 
between the operators bp and bp: 


DOnme oh ms? (ig Ae 1) —oing—IWliy (82) 
[bpbp 1. = 1 — (np + 1)8 (np —)), (33) 
[boy]. =0 (for pp’), (33) 
[Opbp1_ = [6p Oy |_ = 0. (333) 


The commutation rules arising from the second 
quantization of a Bose system of a fixed finite num- 
ber of particles thus differ from the usual commu- 
tation rules by the extra term (Np+1) 6(np—- Ni) 
on the right side of Eq. (334). This term makes it 
impossible for any occupation number to exceed 
the value (nNp)max = Ni. To prove this, one can 
calculate the matrix element of the expression 


Npbp — Opttp = — [1 — (Mp + 1) 8 (Mp — Ni)1 Bp , (34) 


*Sommerfeld12 showed that one can use, instead of the 
usual Bose-Einstein distribution function, the distribution func- 
tion of Gentile, a putting (np)max = N,. However, in the approx- 
imation in which we use the Stirling formula, the improvement 
so obtained is inconsequential. 4 
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by using Eq. (33). In the representation in which 
Np is diagonal, the matrix element of bp can 
differ from zero only when 


ft — fi |b (i +'1)8(n,—WNj)], » (35) 


which implies 


; i Se Ml TOTO ae ce IN 
Pp p 1 (36) 


0 for n,=N,’ 


Thus np can actually never exceed Nj. 

We now apply the above arguments in the limit- 
ing cases (Np)max= ~ and (Np)max= 1. In the 
first case Eq. (33) reduce to the usual Bose rela- 
tions, since for any value of n, the 6-function 
on the right of Eq. (334) vanishes when (np)max 
= oo. In the second case we may use Eq. (32) to 
transform (33,) into 


[O,b4], = 2np + 1— (np +1) 8(mp—1) = 1, 


Together with Eq. (335) and (333), this gives the 
plus-minus quantization rules (12), so that the 
latter may be considered to be a special case of 
the quantization of a system with bounded occupa- 
tion numbers. If the index f had referred to a 
cell in phase-space instead of to a vertex of a lat- 
tice, the boundedness of the occupation numbers 

n¢ would have led in general to intermediate sta- 
tistics.‘? But in the case considered in section (2), 
after transforming to momentum-space, the occu- 
pation numbers ny, were bounded only by the total 
number of spin-waves which could exist in the given 
system. This justifies the use of Bose statistics at 
low temperatures. 

4. We now consider the problem of polar exci- 
tations. The Hamiltonian for a many-electron sys- 
tem with polar states may be written in the following 
form, in the notation of second quantization: !%*" 


(37) 


KH = Dd (fy f’) apeayre 


4 ee eee (39) 
+5 DF (fy fas fr fe) Fodfea, a7, 


Here all the indices are to be summed. The o are 
spin indices. The ato and agg are Fermi opera- 
tors which operate on the occupation numbers ngg 
of states (f, 0) whose wave-functions 6¢ form 

an orthonormal system. The g(f, f’) and F(f;, fy; 
1, f9) are matrix elements: 


g(t F) =\%[—s- V2 + Der (| (ar, (39) 
- 


lel G ie fos ee fo) 
(40) 
ee (® (71) nl) Oy (1) Op (7) Oy (r') dr de’ 
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Here us(r) is the potential energy of an electron 
in the field of the atomic core at vertex f, while 
@(r, xr’) is the potential energy of the Coulomb 
repulsion between two electrons. Keeping in Eq. 
(38) those matrix elements which contain not more 
than two distinct functions 6¢ in the integrand, and 
using the Fermi commutation rules 


[ajoOjrol4 = 840,pr0', [ApoApra'] += [afeajorl+ =0, (41) 
we derive from Eq. (38) 
1 
KH = Yell, f) ao Piet om 1) 
f 
ee > Brpnynyp ae oa ae S) yelys 
frf’ ers, 3 (42) 
1 
+ DS Lip Sajeapot+ sy DS Jer Sy ae GjoAportpo 
ftf Ge ; ttf’ G1, 52 
eas: >; Jip >) Aj 5,Q}ioAfoAf'o,« 
fet O1# 02 
Here 
=FERRD=\OG GOH) drdr’ (43) 


is the interaction energy between two electrons in 
the same state 6f (the self-energy of a pair). 


Bi =F RTS AP) =\ OO 7) F(A) () dr dr’ (44) 


is the energy of Coulomb repulsion of two electrons, 


one in the state 6 and the other in the state Of. 


Lyp = (FP) + Stn — 84.) Ff fs fe PY (45) 


fi 
is a displacement integral, and 
Je =F EPS N= 
(46) 
\® (r, 1’) 94 (r) 9p (r) 8y (1) 8 (r’) dr dr’ 
is an exchange integral. In addition we have used 
the notation ng =>) ng. 
O 
We now define a set of Fermi operators 
= Vfot jos 


Qfs = %foVfo, fs (47) 


where vfg are the sign functions of Wigner, and 
the operators Qfg and at act according to the 
rules 


aoe Fas fori = 0. 
A ccxrntl fas <.) = 0 5 oe ri , (481) 
4 | 0 for ty.=0 
Gel tin a ibta as 6) Se 
ee ) (a.(s eal) ng el, coe) (fortis ile eo2) 


It is easy to verify that the sign functions compen- 
sate each otner in the diagonal terms and in those 
of the nondiagonal terms (42) which contain the ex- 
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But in the terms containing © 
Leg the functions do not compensate. It is conve- — 
nient to consider two limiting cases: (a) | L| > 
|J| and (b) |L|«|J|. Here L and J are the 
values of Leg and Jggr for nearest neighbors. 

In case (a) the nondiagonal terms are dominated | 


by the term )y) Leg 2) afgagrg 


double product of operators atg ato and describes | 
one-electron transitions. The effect of such tran- 
sitions upon an electron with left spin will be one 
of the following: exchange of places between a hole © 
and a left spin, creation of a hole in place of a left 
spin, creation of a pair in place of a right spin, 
creation of two single spins in place of a pair and 
a hole, and finally exchange of places between a 
pair and a right spin. Analogous processes exist 
for the transitions of an electron with right spin. 
We now make a PNAC transformation of the op- 
erators agg and ato according to Eq. (15). The 
resulting operators akg and ae obey Fermi 
commutation rules of the type of Eq. (41). This 
shows that the quasi-particles in case (a) obey 
Fermi statistics. 

In case (b) the nondiagonal terms are dominated 
by the last two sums in Eq. (42), which contain a 
product of four operators agg and describe two- 
electron transitions. Of these sums; the sixth 
term in Eq. (42) represents an exchange between 
a pair and a hole, while the last term represents 
an exchange between a left and a right spin. In 
this case we are neglecting the processes of crea- 
tion and annihilation of pairs in one-electron transi- 
tions. It is therefore convenient to introduce oper- 
ators acting upon the occupation numbers of pairs, 
holes and simple right and left spins. We change 
slightly the notations used in reference 16 in order 
to be consistent with Eq. (6). The new operators 
bf, Ve, pf and yf are defined as follows: 


change integrals Jer. 


which contains a 


Dials, Qs, R;, Se) 
(49) 
8(1—Py)a(...Pp—1, Qy, Res Sp. -), 
OF a. P.O ehis ee) 
(50) 
=0 (Palas Ppted) Qs R;, SRess ) 


A . os + 
Analogously we define We, We, ve, vf, yp and 


yf. Here Pf, Qf, Rg and SF take the following 
values: 


Py Qe Ry Sy 

1 0.0 0 if the vertex f is a pair, 

0 1-0 0. if the vertex f is a hole, St 
0 0 1 0 if the vertex f is a right-spin, 

0 0 0 1 if the vertex f is a left-spin. 


THE STATISTICS OF SPIN AND POLAR EXCITATIONS IN A CRYSTAL 


_ The same argument which led to Eq. (7) now shows 
that the operators Wg, fs, yg and vf satisfy the 
following relations: 


[OOF], = (PAF, = Leer le= [b7 oe at 


[Op OF ]_ = [LPF )_ = [pet l_ = [b,b¢]_ =0 (for peep); 

Sy? 
[P-O,)_ = [PL yl = [gr]_ = [by ]_ = ee 
[07 OF )_ = (WF EF )_ = [ef op] = [ot ory 


We thus find a plus-minus quantization similar to 
Eq. (7). For the reasons discussed in Sec. 2, the 
quasi-particles in momentum-space now obey Bose 
statistics. 

The choice between the limiting cases (a) and (b) 
depends on the ratio between the positive and nega- 
tive terms in the displacement integral Lyg-. If 
these terms are approximately equal then | Lgg| « 
| Jeger. But if terms of one sign predominate in Lf’, 
then | Leg| >> | Jggr|, for Jgg contains one overlap 
factor more than Ls. The latter state of affairs 
will exist, for example, among the terms g (f, f’), 
which are proportional to the effective charge of 
the atomic core and are negative at least for S- 
states. 

5. We have reached the conclusion that the quasi- 
particles arising in a many-electron system in a 
crystal obey Fermi statistics when one-electron 
transitions are predominant, and.obey Bose statis- 
tics when two-electron transitions are predominant 

in the dynamics of the system.* The well-known 
connection between spin and statistics, according 
to which particles with half-integer spin obey Fermi 
statistics and particles with integer spin Bose sta- 
tistics, is thus preserved. In a single-electron tran- 
sition in a crystal a half-integer spin moves, while 
in a two-electron transition an integer spin moves. 
Our results here confirm the statement of I. M. 


*The term “transition” is to be understood to refer to the 
particular model chosen. 
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Certain relations connected with the covariance of field equations under transformation of 
variables are derived. The connection between coordinate conditions and invariance of the 
field Lagrangian is established. The geometrical and physical properties of the coordinate 


systems corresponding to the coordinate conditions thus derived are considered. 


As is well known, only six of the ten equations in 
Einstein’s theory of gravitation are independent, as 
a consequence of the conservative character of the 
Einstein tensor (and mass tensor). Therefore, 
when obtaining the fundamental field tensor, four 
additional relations among its components must be 
stated beside the Einstein gravitation equations and 
boundary conditions.* Since the choice of these four 
additional relations fixes the coordinate system in 
which the gravitational field will be studied, they 
are usually referred to as the coordinate conditions. 

In contradistinction to the covariant character 
of the Einstein gravitation equations, the aggregate 
of additional conditions should not be covariant, 
since a covariant system of equations admits of 
arbitrary coordinate transformations and therefore 
determines the quantities sought only within four 
arbitrary functions. At the same time the covari- 
ant character of the Einstein gravitation equations 
permits one to choose arbitrary coordinate condi- 
tions (provided they do not contradict each other 
or the gravitation equations) and so the question 
arises: which of the permissible coordinate condi- 
tions are preferable when the peculiarities of the 
given physical problem are taken into account? 
Closely connected with this is the study of the 
physical and geometrical properties of the coor- 
dinate system chosen; it is scarcely possible to 
give a consistent physical interpretation of the 
solution of the field equations without the knowl- 
edge of these properties. 

The above problems, which have been repeat- 
edly investigated (see, e.g., reference 1), form 
the subject of the present work (Secs. 3 to 5). At 
the same time certain general problems connected 
with the covariance of field equations under trans- 
formation of variables are investigated (Secs. 1 
and 2). 


*It is also necessary to give the equation of state of the 
masses under study (see, e.g. references 1 and 2). 


1. CONSEQUENCES OF COVARIANCE OF FIELD | 
EQUATIONS 


We start with the investigation of arbitrary 
fields whose equations may be written in the La- 
grangian formalism 


IPSS Ol hor eae 
0q, p2 Ox), 0(0q,/ OX,) 
R=1 


where £= £([xj], [aj], [qj /9x;,]) is the field 
Lagrangian, [x;] stands for the aggregate of the 
independent variables (i=1,2...n), and [qj] 
stands for the aggregate of the unknown functions 
Cpe eer It 

To establish just what consequences follow from 
covariance of the field equations let us pass in 
Eq. (1) from the variables x, (k=1, 2...n) and 
q,(1=1, 2...m) to the new variables xj, qj] 
defined by 


x, =, (1%), 2), 9 = 9, (1%), [gil ), (2) 


where ¢€ is some parameter, and 


(%,) i) Xpo 


(Venn = 9r (3) 
It is easy to show, following the methods of ref- 
erences 3 to 5, that if Eq. (1) is covariant under the 
one-parameter family of transformations defined 
by Eqs. (2) and (3) then the following is true: 
n a Ox, HR ica 0q; Ox 
\ es mol pea S| J g 
» Ox, {£ (3 ‘ie > pa 0 (0q;/ OX,) Ox; = = 
i=1j=1 


= 


, 


m av 0q; / OF 
t; a 0 (8g; / Ox,) (ae Ve = Ca 10) 


where we understand by & the untransformed 

£ ({ xj], [aj], [8qj/9xj]) and the functions f, = 
fk (x4 ], [qj ], €) are determined, corresponding 
to the structure of £ and of the transformation 
(2), by the equality 


(4) 
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L* ((xi], [qi], Log; / Ox) &) — £ ([x; 


= Sn (ba [qj], ©) /Oxn, (5) 


a (Ca, [qi], Ear 2) 


/ oq; D (x, hak See 
Sa De ; i LE EP ORRD 
a L Lil [qj], | |) 


Ox, DiGaee doy Kastor 


1, [9;], [09;/0x:]) 


where 


(6) 
we 


’ x») 


with xi, qj given by the transformation (2). 

The existence of a system of functions f, which 
satisfy condition (5) is equivalent to the require- 
ment of covariance of Eq. (1) under the transfor- 
mation (2). In the special case when the function 
& and the transformation (2) are such that the 
equality ~£* = £ holds, it is possible to put all 
f, equal to zero. The function £ is then a rela- 
tive invariant under the transformation (2) — rela- 
tive, because the expression for %* contains as 
a factor the Jacobian of the transformation. 

We now specify that the field under discussion 
is a tensor field. Although the results to be estab- 
lished are applied only to the Einstein gravitation 
equations (in the region outside of masses) to 
begin with we shall not use the explicit form of 
the Lagrangian £ but will take = & ([xXq], 
[guv], [@guy»/9Xq]) where g,, is the funda- 
mental (metric) tensor.* Equations (1) become 


OL ey OL : 
28 ny ae OX, Ga) (0g, / Ox,) 


=) (1’) 


In these equations and in the following greek indices 
take on the values 0, 1, 2, 3 and repeated indices 
are to be summed over from 0 to 3. 

If Eq. (1’) is covariant under a certain family of 
coordinate transformations defined by 


(2’) 


Xp — ae Gece S), 


(<p) eno = *B» (3") 
then Eq. (4) becomes 
ro) 0x,,\ OL Ofny dx, 
Ze oe gaara 3x, (55 Seah; 
- ae Gs 5 0. 
0 (0g,,, / 0X4) / See NORE 5 


The equality (4’) can be substantially simplified 
due to the fact that the transformation of the de- 
pendent variables is, as a consequence of their ten- 
sor character, determined entirely by the transfor- 


*The discussion is analogous for the case / = = %([xal, 
ia), [aat™)/ax a!) where AU rs = An vis im is a tensor of 


is (l + Hie 


mation of the independent variables: 
0) re ee (7) 
uw v 


Consequently the derivatives of Suv with respect 
to € can be eliminated from Eq. (4’). 


Since 
(ee) a oe x) eo Ap a Ss 
08) oli, Bub on \Ge J Vuplice Obi GOey an 


we conclude that if Eq. (1’) is covariant under a 
certain one-parameter family of transformations 
defined by Eqs. (2’) and (3’) [and, of course, (7)] 
then the following relation holds 


{2 (ea \iee Ov OB yy (OX) 
tN 5 sash | | OOGis ROEM IO yg OF 1a 


OL ) ax, (He) | ae 
2 5 (6G, 1ox,) 846 sae on Gel ee 0, 


where fg is determined from an equation analo- 
gous to Eq. (5), corresponding to the structure of 
& and of the transformation (2’). 

Taking into account the identity 


OL aa )ae bed Vioreh tue @ Bec. 
9 (08, / OX.) ee 0 (dg°* / Ox,) ’ 


it is possible to express the relation (8) in a differ- 
ent form, which is more convenient for applications, 
if the unknown in the field equations is taken to be 
the contravariant fundamental tensor gH” rather 
than the covariant tensor gy. 


2. TENSOR FIELD WITH A LINEARLY-INVARIANT 
LAGRANGIAN 


. Using Eq. (8) we now establish just what conse- 
quences follow from the assumption that the La- 
grangian & isa relative invariant* under arbi- 
trary linear coordinate transformations. We shall 
refer to such an &, for brevity, as linearly invari- 
ant (omitting the word “relative”). 

In an n-dimensional space the most general 
linear coordinate transformation contains n(n + 1) 
parameters. We are interested in the case of space- 
time which is four-dimensional and, consequently, 
the number of parameters is 20. 

It is easy to show that the most general linear 
transformation of the coordinates Xp, X,4, X2, X3 
can be expressed as a linear combination with con- 
stant coefficients of the following twenty simple 
(one-parameter ) linear transformations: 


*].e. 2* = Ywhere #* is determined by an equation of the 
same type as Eq. (6). 


1020 Le 

1) Xp =X be es 

2) Xo = Xp M=u+s 
Sy) toiee ho ees 

4) Xo == 5G SG 

5) Ke SG Ky = Xy — EX2 
6) Sy ae Ki — 1 es 
7) Xp = Xo xy =X 

8) x5 == Xp — EX, 4 = — 6X) + 
9) eee es X= xy 

10) Xo = Xp) — 8X3 y=Xy 

118g = (VE 8) xy ogy ay 

12) x = Xp 1 a Leela, 
13) Xo = Xo n= a 

14) Xo = 5K 11 == X1 

15) x) = Xo Xp Sex 
16) Xo 2 2% x; = xX, + eX, 
17) Xo iy % =X 

18) Xp = Xo— 81 % = 8%) +H 
19) Xp = Xo — Oke a Oa 
20) Ls ee ag EL X= 4X 


We note that the transformations (9), to (9)49 
are special cases of infinitesimal Lorentz trans- 
formations, whereas the remaining transformations 
(9)41 to (9)a9 do not belong to the Lorentz transfor- 
mations group. 

Let us now assume that the Lagrangian £& is 
linearly invariant. It is then, in particular, a rela- 
tive invariant under each of the twenty simple 
transformations (9). Using Eq. (8), we deduce 
from this fact the following consequences: 

From the relative invariance of % under the 
translation of the origin of time coordinate xp 
[transformation (9);] and of the space coordinates 
Xi, X2, X3 [transformations (9), to (9)4,]it follows 
that & is not an explicit function of x9, x, Xb», 
Rete C= OL Siglo | Cap oe. b)- 

For a Lagrangian <%, which is not an explicit 
function of xg, we obtain, after some calculations, 
the following relations (10), corresponding to rela- 
tive invariance under the transformations (9) 

(k= 5, 6,...,20) respectively 


By ONG esiiase- - 0) Vy =a, 
7) N3=N3, 8) No=—Mj, 
9) No=— N2, 10) N8 = —N9, 
ING =f, 12) Ni = ZL; 
; (10) 
Loss == 2. STAY Werner. 
15) Nj=— WN, 16) Ni=—W5, 


12) Ne = — N16) Neo 
19)GNG == Noy 20) \NoeeeN3s 
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Xo =i) 5 = X35 

Na oe eter 

Xo =%X%,-+ 6 oe — N33 

Xy = Xp ie eee 

Xo = 8X, + Xe Xs Euan 

Xo = Xp vg = — 8X1 + Xs 

Xo = X_ — EX3 Xq = Xo + X3, 

Xgle—g 3 ae 

Kg = Og eS Xq = Xp, 

Xo = Xe X5 = — OXy hes | 
ee Xe = Xz, (9) | 
Xo = Xo z, = X3, | 
Xe = (1 +2) x2 Ng = Xe, | 
bee: Xg = (1 +8) Xs, | 
Xo = OX Xe Xe == J. 


Xo = Xo X3 = EX, a. X33. 


ET ig Xo -L EX3 xX3 = EXo + X3- 
Xq = Xe X3 = X3, 
Xo = 8X + Xo X3 = X3, 


Xo => Xo X3 = EXg ob X2- 


where 


Ofna OL 
Ox, 0 (08, /Ox,) © 


og ka 

7B uy < OF 
Nees : Dan ==? 
Oxy, 0 (Og, / OX.) a gi = og 


uB 
Collecting the relations (10) we conclude 
NE = Ldap. 
Consequently, the Lagrangian & is linearly in- 
variant if it is not an explicit function of the vari- 


ables Xq and if it satisfies the following system 
of equations: 


EL A ee 4 OF i mim OTS oe 
One 0 Ok y [Okay ce Cotas g Ox, 9 (88,9 /0%,) 


Loan. 


Pp 


We next assume that Eq. (1’) with a linearly in- 
variant Lagrangian is, in addition, covariant under 
a certain family of nonlinear transformations de- 
fined by Eqs. (2’) and (3’). Again starting from the 
relation (8) we now obtain 


OF e2 ox, 
em ae, (er) 
0 (0g,,, / OXq) mA OX 49%, de e=0 
aoe 2a 
<7 ron eae (11) 


where the function fg is determined, as before, 
by an equation analogous to Eq. (5), corresponding 
to the structure of 2 and of the transformation 
(2’). 

It follows from Eq. (11) that the linearly invari- 
ant Lagrangian under discussion will also be a rela- 
tive invariant under this family of nonlinear trans- 
formations if 
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Og o ate) 0 
0(dg,,/dx,) 8% iio, (Fe Ey ate 


In the case of infinitesimal transformations 


(12) 


Xp = xp + ea° (xp, 4, X2, Xs) (B=0, 1, 2,3), (13) 
Equation (12) becomes 


pineriend 
(6) (Og, / 0x,) 


BAx 
Tne By 


=0, (14) 


where we have introduced the abbreviation 


B 


Dien = da® (Kosets Herts). / OXeOX 0. (15) 


We note that relation (14) is not only a necessary 
but also a sufficient condition for the linearly in- 
variant Lagrangian & to be a relative invariant 
under the infinitesimal transformation (13). 

Relation (14) will be taken as the starting point 
in the discussion of the problem of coordinate con- 
ditions in the Einstein theory of gravitation. 


3. RELATION BETWEEN COORDINATE CONDI- 
TIONS AND INVARIANCE OF THE FIELD 
LAGRANGIAN 


As is well known, the Einstein gravitation equa- 
tions, in a region outside of masses, may be ex- 
pressed in the Lagrangian formalism (1’) with the 
following Lagrangian: 


=) el where D=g (Waly, — Tal e,). (16) 


In these formulas g stands for the determinant 
formed from the components of the fundamental 
tensor gy, and If}, stands for the Christoffel 
symbol of the second kind. 

Let us show that the above Lagrangian 2 is 
linearly invariant. 

From the general transformation properties of 
the determinant g (see, e.g., reference 1) 


RD) (Le Xo XA) == 

V as Dip, ie Xo, = tal V — 
we conclude that the requirement %* = £, when 
applied to the present £ [see Eq. (16)], is equiva- 
lent to the condition L’ = L. Consequently the re- 
quirement of relative invariance for 2% is equiva- 
lent in this case to the requirement of (absolute ) 
invariance of L in the usual sense. However, it 
follows directly from the known transformation 
properties of the Christoffel symbols that the 
equality L’ = L holds for arbitrary linear trans- 
formations of the coordinates. That is, the La- 
grangian & under discussion is indeed linearly 
invariant. 
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We now introduce Eq. (16) into Eq. (14). Since 
in the present case 
Of Veg 
00g) (Ox, eS) 2 


(2g"e" — ge )Ts, 


io) 


ae (argr At (epee a2 go %) ibs : 
we can write Eq. (14) as 


agg” Viv — Ay (2g Tip ge Tags) 
which with the help of a simple transformation be- 


comes finally: 
a,08”" | Ax. — a, OB” /Ax, = 0, 


where, as usual, @H¥=V—g ghY, 

Equation (17), which is a necessary and suffi- 
cient condition for invariance of the function* L 
under the infinitesimal transformation (13), can 
also be obtained directly from the transformation 
properties of the function L. 

If linear coordinate transformations are consid- 
ered, Eq. (17) becomes an identity. Thus it does 
not impose any additional conditions on the funda- 
mental tensor Sup as is to be expected from the 
linear invariance of the Lagrangian 2. If, how- 
ever, nonlinear coordinate transformations are 
also considered besides linear ones and relative 
invariance of £& under these transformations is 
demanded, then Eq. (17) gives additional conditions 
which the tensor g,,, must satisfy. Furthermore, 
the additional (coordinate) conditions resulting 
from Eq. (17) represent the necessary and suffi- 
cient conditions for the field Lagrangian to be a 
relative invariant under the given family of non- 
linear coordinate transformations. For brevity 
we shall refer to these families of transformations 
and to the resultant coordinate conditions as corre- 
sponding to each other. 

Without stopping to consider the various conse- 
quences of the invariance of the field Lagrangian 
under nonlinear coordinate transformations we 
pass now to the study of some of the problems re- 
lated to coordinate conditions and corresponding 
families of transformations. 


(17) 


4. COORDINATE CONDITIONS PREFERRED FOR 
A STATIONARY GRAVITATIONAL FIELD 


A gravitational field is called stationary in some 
(not small) region, if a coordinate system exists 
(the same one for the whole region) for which the 
components of the fundamental tensor gy, are in- 
dependent of the time coordinate x). We shall call 


*When applied to the function %, invariance in the usual 
sense is understood. 
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those coordinate conditions “preferred for a sta- 
tionary gravitational field” (more accurately, pre- 
ferred with respect to the stationary property of 
the gravitational field) whose use yields time in- 
dependent solutions of the Einstein gravitational 
equations. 

In order to obtain such coordinate conditions 
starting from relation (17) we assume that the 
values of the components of the fundamental ten- 
sor g,,) are independent of the time coordinate 
xX) and that the field Lagrangian is a relative in- 
variant under arbitrary transformations of the 
variable x). In that case we can put in Eq. (13) 

a? (Xo, X1, Xa, Xs) 
(18) 
= 9(Xo, X1, X%_, X3) Soa + P% (Xo. X1, Xo, %X3); 
where ~(Xp, Xj, Xg, X3) is an arbitrary (twice 
differentiable ) function and yP (Xoy as os 3) LS 
an arbitrary linear function of the coordinates. 
Taking into account that in the present case [see 
Eq. (15)] 


ere 070 (Xo, X1, X2, Xs) 5 
(OS) er 
Ox ,0Ox, 


06> 


we deduce from Eq. (17) the following as the nec- 
essary and sufficient condition for the field La- 
grangian to be a relative invariant under the indi- 
cated family of transformations (with the condition 
dgyp /8X = 0): 


OG*® Aq (xX, 1, X2, Xs) sg) 
Ox), Ox, 9Xq : 


where summation from 1 to 3 over the latin index 
k is understood. Owing to the arbitrary nature of 
the function ~(Xp, X1, Xg, X3), this leads to the 
following four relations 


6@*" / Ax, =0. (a =0, 1, 2, 3), (19) 

Relations (19) represent the coordinate conditions 
preferred for a stationary gravitational field. It 
also follows from the above that the coordinate 
conditions (19) and the family of infinitesimal co- 
ordinate transformations, defined by Eqs. (13) and 
(18), correspond to each other when 88uy / dX = 0. 

The following conditions, which are a special 
case of the coordinate conditions (19), 


gue O,y OC One = Orne = Iago), 


were used by Fock! to obtain spherically symmetric 
solutions of the Einstein gravitation equations in the 
static case. 

However one should keep in mind that conditions 
(19) do not exhaust the class of all possible coordi- 
nate conditions preferred for a stationary gravita- 
tional field. For instance, the coordinate conditions 


G. FIKHTENGOL’TS 


used by Schwarzchild® in obtaining a spherically ‘ 
symmetric solution of Einstein’s equations are pre- 
ferred for a stationary gravitational field and do not | 
coincide with conditions (19). | 

We will say no more about the difference between | 
the Schwarzchild and Fock solutions; this matter is 
discussed in the book by Fock.! 

The well known harmonic coordinate conditions 


(20) 


dG+8/Ax,=0 (« =0, 1, 2, 3), 


widely used by Fock in his work on the astronomical | 
problem of an isolated mass system also belong to 
the class of coordinate conditions preferred for a 
stationary gravitational field. | 
The harmonic coordinate conditions (20) coin- 
cide with the conditions (19) under the assumed in- 
dependence of the components of the fundamental 
tensor gy) on the time coordinate x9; if, how- 
ever, 0g,,,/8X) = 0 then the conditions (19) and 
(20) differ substantially. In this connection, it is 
of interest to find the family of coordinate trans- 
formations corresponding to the conditions (20). 


5. HARMONIC COORDINATE CONDITIONS 


To find the family of coordinate transformations 
corresponding to harmonic coordinate conditions we 
put in Eq. (13) | 

a? (Xo, X1, X2, Xs) 
21 
= W (Xo, X1, Xa, Xs) Xp +P? (Xo, x1, Xe, %X3) Ge 
where w(X, X4, X2, X3) is a certain (twice dif- 
ferentiable) function and yf (Xo, Xi, X, X3) is 
an arbitrary linear function of the coordinates. In 
this case [see Eq. (15)] 


8 ” ° 
aay = WuyXe -+ Wve ai Wyoue, 
where we have used the abbreviations 


Wy, = OW /OX, Way = O?w / OxX,OX,. 


Consequently, the following is a necessary and suf- 
ficiertt condition [see Eq. (17)] for the field Lagrang- 
ian to be a relative invariant under the family of in- 
finitesimal coordinate transformations defined by 
Eqs. (13) and (21): 


3,08"? / Axe + x,Wy,0G" /Axg — xpw,,0G"” / Axg = 0. 
(22) 


Now suppose that w(Xo, X;, X, X3) in Eq. (21) 
is an arbitrary linear function, then wH are some 
arbitrary constants and Wyuy = 0. Under these cir- 
cumstances Eq. (22) provides us directly with the 
harmonic coordinate conditions of interest. 

The harmonic coordinate conditions thus repre-, 
sent the necessary and sufficient conditions for the 
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field Lagrangian to be a relative invariant under 
the family of all transformations 


X, = (1 + ew) xe+ep? (8=0, 1, 2, 3), (28) 


where w and # are some arbitrary linear func- 
tions of the coordinates. 

If we take into account that the transformations. 
(23) are the infinitesimal analogue of fractional lin- 
ear coordinate transformations with the same de- 
nominator,!*! we conclude that in coordinate sys- 
tems defined by the harmonic coordinate conditions 
rectilinear and uniform motion in any one of them 
always corresponds to the same kind of motion in 
any other. This fundamental property of harmonic 
coordinate conditions, together with the fact they 
are preferred for a stationary gravitational field, 
explains the privileged character of the correspond- 
ing coordinate systems in the astronomical problem 
of an isolated mass system.! 

We note in conclusion that the harmonic coordi- 
nate conditions can be written as follows with the 
help of the field Lagrangian: 
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The interaction between shock waves in a magnetic field and magnetohydrodynamic waves of 

small amplitude is considered. The condition for stability with respect to spontaneous emis- 

sion of weak magnetohydrodynamic waves by a shock wave has been obtained. The conditions | 
are found under which the linear equations for a small perturbation do not have a solution. 


This case is interpreted as the decay of the shock wave. | 


‘Tae stability of shock waves in magnetic hydrody- 
namics, so far as we know, has not yet been con- 
sidered. The usual scheme of investigation of the 
stability consists in finding the time behavior of 
arbitrarily small perturbations of the initial flow. 
Investigations of this type were completed in ref- 
erences 1, 2 for a tangential discontinuity and for 
a magnetohydrodynamic wave in an incompressible 
fluid. A similar investigation for shock waves in a 
compressible medium requires the furnishing of 
equations of state of the medium and in general is 
very difficult. However, we can obtain some evi- 
dence on the stability of shock waves without hav- 
ing recourse to the general scheme mentioned 
above. For this purpose we must consider the 
possibility of spontaneous emission from a shock 
wave of waves of infinitesimally small amplitudes, 
and also the interaction of a shock wave with such 
waves. 

In magnetohydrodynamics an arbitrarily small 
perturbation can be represented in the form of the 
superposition of waves of four types:* fast and slow 
magneto-acoustical waves, a magnetohydrodynamic 
wave, and an entropy wave. We shall limit our- 
selves throughout to a consideration of the interac- 
tion of the shock wave with magnetohydrodynamic 
waves of small amplitude. In such a case, impor- 
tant use is made of the fact that in magnetohydro- 
dynamics a shock wave is two dimensional, that is, 
in a suitable coordinate system, the vectors of a 
magnetic field and velocity on both sides of the 
shock lie in the same plane. Furthermore, there 
is a system of coordinates in which the discontinu- 
ity is at rest, and on each side of which the velocity 
is directed along the magnetic field intensity. In 
this case we eliminate from consideration the per- 
pendicular shock wave which is propagated at right 
angles to the field and also a tangential disconti- 
nuity and a rotational discontinuity® (the magneto- 


hydrodynamical field in a compressible medium ), 
the investigation of the stability of which is com- 
paratively simple by the usual method. Thus we 
limit ourselves to the consideration of the so-callec 
oblique shock waves which include as a special case 
the ordinary shock waves which propagates along 
the magnetic field. 

We assume that the velocity of the medium and 
the magnetic field intensity are parallel to the _ 
plane (x, y) while the shock front coincides with 
the plane x=0. In the case of an oblique shock, 
the boundary equations for a perturbation on the 
surface of the discontinuity x=0 fall into two 
groups,” one of which contains the z components 
of the perturbations w and h of the velocity and 
magnetic field intensity, while the second does not 
contain these components. The first group of 
boundary equations at x=0 has the form 


{vxhz — wz} == 0; (1) 
{pUx (Wz + 0x0§/0z) — H,hz/4x} = 0, (2) 


where the vx and Hx are the normal components 
of the velocity and magnetic field intensity in the 
unperturbed shock wave, p is the density of the 
medium and  =é(x,y, z,t) is the displacement 
of the surface of discontinuity from its position 
x=0 as a result of the perturbation; the curly 
brackets denote differences in the values of the 
quantities contained in them on the two sides of 
the discontinuity. Equation (1) expresses the con- 
tinuity of the y component of the electric field, 
while (2) exhibits the continuity of the flux of the 

z component of the momentum. The second group 
of equations contain perturbations of the density, 
pressure and x and y components of the field 
and the velocity. Its coupling with the first group 
is maintained only by the displacement £ of the 
surface of discontinuity. However, if the perturba- 
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tion is itself a plane wave, the wave vector of which 
lies in the xy plane, then 9£/8z=0, and both 

_ groups of boundary equations are completely in- 
dependent. in what follows we shall limit our at- 
tention to perturbations of the form 


eilkx—oot) 
¢ 


(3) 


which are propagated along the normal to the shock 
front. Therefore, if only z components of the field 
and velocity appear on one side of the discontinuity, 
then, by virtue of the boundary equations, only these 
components will arise on the other side. 

A wave in which the perturbation of the velocity 
and the intensity of the field are perpendicular to 
the direction of propagation (x axis) and the un- 
perturbed magnetic field H(Hx, Hy; 9); is a mag- 
netohydrodynamic wave (of small amplitude )*” 
and has the properties 


Oj = = kV 4 = +kH,/ V Ano , i ase eH (0 a VE 4xo , (4) 


where wy is the frequency of the wave in the sys- 
tem of coordinates in which the medium is at rest, 
Va =H /V4np is the velocity of the wave relative 
to the liquid, and where it is taken into account that 
k = (k, 0, 0). No perturbations of the density, pres- 
sure and entropy in a magnetic field exist in a mag- 
netohydrodynamic wave of small amplitude. Thus, 
magnetohydrodynamic waves of small amplitude 
_ which propagate in the plane of the flow and which 
are polarized perpendicular to this plane can lead 
to the appearance of waves only of the same type 
when they interact with the shock wave. 

If the medium moves with velocity v, then the 
coupling of the frequency with the wave vector is 
evidently defined by the expression 


oc Ruy + @) = k (Ux el Va). (5) 


Therefore, on each side of the discontinuity, in 
general, two waves are possible, one of which is 
propagated in the direction of the flow, 


w* = k* (vy + Va), we = — At/V 4no , (6) 


while the other is propagated against the flow, and 
for it, 


ee oe eV a, (7) 


By virtue of the boundary equations for the per- 
turbation on the surface of discontinuity x=0, the 
frequencies w of all arriving and departing waves 
must be identical, that is, 

fet (Ory + Vas) = hy (Ore — Van) ms 
= kt (Vox + Vaz) = ky (Vox — Vag). 
Here the indices 1 and 2 denote the different sides 
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of the surface of discontinuity, x <0 and x>0, 
respectively. Without loss of generality, we can 
assume that w >0, while the motion of the medium 
and the magnetic field intensity are directed toward 
positive values of x, that is, vjx >0, vox >0, 

Hix = Hox > 0. Therefore, waves propagating in the 
positive direction of the x axis correspond to posi- 
tive k, while waves in the opposite direction corre- 
spond to negative k. The choice of the boundary 
conditions at infinity is determined by the particular 
arrangement of the problem. 

Let us first consider the possibility of spontane- 
ous emission of weak magnetohydrodynamic waves 
of small amplitude from the shock wave. Since in 
this case all the waves should be departing from 
the surface of discontinuity, that is, they should 
be propagated in the direction of negative x from 
the side 1 of the discontinuity, and to the direction 
of positive x with regard to the side 2, then it fol- 
lows from Eq. (8) that in the region x <0, which 
corresponds to the incident flow, one or zero de- 
parting waves is possible, depending on whether 
the condition 


Gin, <.V 91 Zbl Ay (9) 


is satisfied or not. To the right of the shock front 
in the region 2, two diverging waves are possible 
for the condition 


V2x > Vac = Hf V 4x5, (10) 


or only one if this equation is not satisfied. 

In the case of three emitted waves, two are ex- 
pressed by the amplitude of the third through rela- 
tions which follow from the boundary equations (1) 
and (2) 

(Ore — Vai) Ay = (Vax + Vaz) AY + (Y2x — Vaz) hg, ae 
V 0/02 (Ore — Vax) hyp = — (Wax + Vo) AE + (Wax — Vise) Ay. 


and the problem of the spontaneous emission from 
the shock wave of weak magnetohydrodynamic 
waves thus has a solution that contains one free 
parameter if conditions (9) and (10) are satisfied. 
If either of conditions (9) and (10) is not satisfied, 
the number of diverging waves is less than three. 
In this case, as can easily be seen from Eq. (11), 
setting hj, and hj, separately or simultaneously 
equal to zero, the boundary equations have only 
trivial solutions. Thus Eqs. (9) and (10) are nec- 
essary and sufficient for the instability of the shock 
wave relative to emission of magnetohydrodynamic 
waves of small amplitude. 

The equation of continuity of flow p4V1x = P2Vox; 
together with the conditions (9) and (10), show that 
spontaneous emission is possible only for Vix /Vox 
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= p./p1<Vp2/p, , OY p2/p, <1, that is, only for 
rarefaction waves. These conditions cannot be 
simultaneously satisfied in a compression wave, 
which is consequently stable relative to spontane- 
ous emission of magnetohydrodynamic waves. This 
result is similar to the well-known result from or- 
dinary hydrodynamics, and testifies to the fact that 
stationary shock waves are possible in magnetohy- 
drodynamics only as compression waves. True, 
the proof given above of the instability of rarefac- 
tion waves applies only to the case in which the 
magnetic field intensity satisfies conditions (9) 
and (10). This is connected with the fact that we 
have considered as emitted waves only magneto- 
hydrodynamic waves. A general result can be ob- 
tained for consideration of all possible waves of 
small amplitude in magnetic hydrodynamics. How- 
ever there is no fundamental need of this, since a 
derivation of the fact that shock waves in magnetic 
hydrodynamics can only be compressional waves 
follows from a consideration of the change of en- 
tropy in the shock wave.° 

We now consider the collision between a shock 
wave and a weak magnetohydrodynamic wave prop- 
agated toward it. In addition to the incident wave, 
there are in general three possible diverging 
waves, as we have seen: one reflected and two 
transmitted. However, the presence of three di- 
verging waves is equivalent to satisfying the con- 
ditions (9) and (10) and consequently to the insta- 
bility of the initial shock wave, which in this case 
is a rarefaction wave. Therefore, of the three de- 
parting waves in the stationary discontinuity, only 
two can be realized: either one is reflected and 
one is transmitted under the conditions 


Ope OV wag Vax Vins; 


(12) 
or else two are transmitted under the conditions 


Oy) = Vine Usx = Vee 


(13) 


while the reflected wave is impossible, since the 
velocity of the current flow is greater than the 
velocity of this wave relative to the medium. In 
both these cases the wave incident on the discon- 
tinuity leads to the production of two departing 
waves whose amplitudes are expressed in terms 
of the amplitude of the incident wave by means of 
the boundary conditions. 

However, in addition to the cases considered, 
another possibility is 


Ox > Vai, Ose Vo 


(14) 


in this case the reflected wave and one of the trans- 
mitted ones are impossible, that is, besides the in- 
cident wave there is only one departing wave Css 
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which is clearly insufficient to satisfy the boundary { 
equations. Actually, in this case, the boundary 
equations reduce to 
(Ux + Vay) fis © (Usx + Vap) ble 

V 6/02 Ur ip Vaiat = (Uz, + V 49) AX. 
These equations are consistent only if p; = po, 
that is, either in the absence of a discontinuity or 
in a magnetohydrodynamic wave of finite amplitude 
(a rotational discontinuity ), for which the equations 
of magnetic hydrodynamics reduce to linear equa- 
tions and, consequently, two such waves do not in- 
teract. In the opposite case, the equations are not 
consistent and have no solution. 

Equations (14) do not violate the equation of dis- 
continuity and the equation for the increase of the 
density at the shock, and actually serve only as 
conditions for the magnetic field intensity. In par- 
ticular, it is easy to establish that these conditions 
can be realized in a parallel shock wave — an or- 
dinary shock wave which is propagated along the 
field — but are also always satisfied in the funda- 
mental oblique shock wave in which the velocity 
on one side of the discontinuity and the magnetic 
field are parallel to the normal, while on the other — 
side they are connected by the relation v = H/V 479 
[See reference 4, Eqs. (3.39) and (3.40)]. 

In our case, the absence of a solution of the lin- 
earized system of equations for an infinitesimally 
small distrubance can only mean that a magneto- 
hydrodynamic wave of infinitesimally small am- 
plitude incident on the shock wave produces a finite 
change in the original flow, which leads either to 
disintegration of the shock wave into several new 
shock waves or to a more general non-stationary 
flow of the medium. 

It is not difficult to demonstrate the possibility 
of disintegration of a parallel shock wave satisfy- 
ing conditions (14) into two fundamental oblique 
shocks. In this case both resultant shock waves 
move at a constant distance apart, while the direc- 
tion the magnetic field in the region between them 
changes from its original direction, re-establishing 
it after passage of both waves. We can show that 
the parallel shock under conditions (14) represents 
two merging fundamental oblique waves, and sep- 
arates into these waves under the action of a small 
perturbation. However, such a system of disinte- 
grated shock waves is again unstable relative to a 
magnetohydrodynamic perturbation oriented per- 
pendicular to the plane of the motion, as a conse- 
quence of the instability of the fundamental oblique 
waves. This means that the disintegration of the 
initial shock wave into a stationary sequence of 
shock waves cannot eliminate the instability of the 


(15) 
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type under consideration. We therefore reach the 
conclusion that a parallel shock wave satisfying 
conditions (14) is converted into a certain nonsta- 
tionary flow under the action of infinitely small 
perturbations. This nonstationary flow can evi- 


dently contain one or several diverging shock 
waves. 
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An expression is derived for the angle of rotation of the plane of polarization of light in a 
sample in a fixed magnetic field to which is applied an rf magnetic field in the region of 
a paramagnetic resonance. A comparison is made with the experimental data. 


ds Daniels and Wesemeyer! have reported experi- 
mental results concerning the effect of a magnetic 
resonance on the optical Faraday effect. The meas- 
urements were made with a neodymium ethylsulfate 
single crystal at 1.5°K, using microwave power at 
9060 Mcs and the green mercury line at 5461A. 
With no microwave power the angle of rotation of 
the plane of polarization was a linear function of 
the strength of the fixed magnetic field. When the 
microwave power was switched on a noticeable re- 
duction in the angle of rotation was observed near 
resonance. In microwave fields strong enough for 
saturation no rotation of the plane of polarization 
could be observed even at very strong fields (Hy 

~ 1750 oe). 

The relation between the optical Faraday effect 
and paramagnetic resonance was first noted by 
Kastler? and the quantum-mechanical calculation 
was carried out by Opechowski.® In these papers 
it is pointed out that the effect of the radio-fre- 
quency field is to cause a redistribution in the 
electron populations in the energy levels which are 
split by the fixed field (corresponding to different 
values of the magnetic quantum number). This re- 
distribution leads to a change in the intensity of the 
Zeeman lines and affects the polarization of the 
medium. 

On the basis of a quantum-mechanical calcula- 
tion of the magnetic and electric dipole transitions 
caused by the radio-frequency and optical radiation, 
Opechowski gives an expression for the polarization 
tensor which contains a correction for the magnetic 
dipole transitions. However, it is difficult to com- 
pare his results with experiment because of the 
dipole-transition matrix elements which appear in 
the expression; also, the population numbers for 
the initial and final energy levels, between which 
these transitions take place, are unknown. The 
analysis in reference 3 does not take account of 
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the magnetic polarization due to the light and this 
effect is important at low temperatures. 

Below we give a simple macroscopic analysis 
of the effect; this analysis yields an explicit expres-~ - 
sion for the angle rotation of the plane of polariza- 
tion of the light near the paramagnetic resonance 
in a radio-frequency field, h, which is weak com- 
pared with the fixed magnetic field Hy) = H,. The 
constants which appear in the final expressions 
can be determined from optical, magnetic, and 
radio-frequency measurements. 

2. The effect of a paramagnetic resonance on 
optical phenomena is due primarily to spin-orbit 
interactions. The optical effects are character- 
ized by the dielectric permittivity, which is deter- 
mined by the orbital motion of the electrons in the 
atom. In the region of a paramagnetic resonance 
there is a marked change in the spin system. When 
spin-orbit coupling is taken into account the change 
in the state of the spin system results in a change 
in the dielectric permittivity. The latter effect is 
important in the low-temperature region, where 
the magnetization of a paramagnet is close to sat- 
uration even in a relatively weak magnetic field. 
The following system of equations’ can be used for 
a macroscopic description of these effects: 


ee 
¢ 


AA=— = {ccurlM+P— A}; (1) 
P, + wgP, = — (e2/mc) A + (e/mc) PxB; (2) 
M+ M/* = (yo/t) H + 7 MxB: (3) 

P= >) N.P.; B=curlA=H)+H;+42M, (4) 


where P and M are the densities of the electric 
and magnetic moments respectively. The vector 
potential A is given in the form 


A=A,.+A(r,?t),, where curl Ay = By = Hy, + 4xMp. 
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As has been shown in reference 4, using this 
system it is possible to introduce the spin-orbit 
interaction within the framework of a macroscopic 
theory. The self-consistent internal field Hj is 
due to the spin-spin (source of c curl M) and 
spin-orbit (source of P) interactions. The P 
term in Eq. (1) describes the polarization current 
associated with the change of electric dipole mo- 
ment of the atom due to the rotational electric 
field. This rotational electric field produces os- 
cillations in the magnetization. Equation (2) de- 
scribes the change in polarization in the ensemble 
of atoms which interact with the internal electro- 
magnetic field. Equation (2) contains no damping 
term; there is no significant change in the final re- 
sults of the calculation when damping is introduced. 

3. If a linearly polarized electromagnetic wave 
is propagated in the medium in the direction of the 
fixed magnetizing field Hy, the plane of polarization 
is rotated. The specific angle of rotation? 


8 = (w/ 4c) (n?.— ni) fn (9) 


is determined by the refractive index n, = ck/w 
for waves with right- and left-handed polarization 
and by the refractive index n if there is no mag- 
netic field Hp. 

In order to find n, and n we start from Eqs. 
(1) to (4), taking the solution in the form 


A = Yor, Bo-+ >) Ax exp {— iwt + iker}; 


kK-+0 


(6) 


P, = >) Pox exp {— iwt + iker); (7) 
k 


M=M, + by m, exp {— iwt + ik-r}. (8) 


k+0 
Substituting Eq. (7) in Eq. (2), including higher - 
order terms we have 


(9) 


Assuming further that M=M)+m, in the same 


approximation we have 
curl mp = { —- keM(kx Ax). (10) 


Now, from Eqs. (6) and (1) 


| a imNiet a 
\ ke ro x mc? @2 


2 
oO, @ 


ey (k-M)2 e} APE 6 
(11) 
Thus, at optical freaucucios the refractive index is 
n. = (ke /o)? =n? (1 (47/0) Moz}, (12) 

where 
n= 1+ >) (4eNae?/m) / (or—e?). 


a 


(13) 
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Hence, the specific angle of rotation of the plane 
of polarization 


) = (Qay/c) nM; (14) 


is determined by the dependence of the magnetiza- 
tion component Moz on the fixed magnetizing field 
Hy and the amplitude of the radio-frequency field. 
At saturation, where M, =0, both values of the 
index of refraction n, =n and @=0. 

4. If the radio-frequency field hy is circularly 
polarized 


hg = hy cos Wot; hy = hy sin wf, 


(15) 


the expression for Mo, is found easily, writing 
Eq. (3) in a coordinate system which rotates about 
the z-axis at the frequency wp. 

Under steady-state conditions 


@)*M, =yMxH, + (yoH — M,) /t. 
Solving the last equation for Mz, we have 


1— Aw / Ho He iy 


(16) 
Aw? + 7-2 +. ¥? he 


Moz = ¥oHo}1 V6 


where 
Aw = @ + yo. 


Equations (14) and (16) determine the explicit 
dependence of the angle of rotation of the plane of 
polarization in a paramagnetic medium as a func- 
tion of Hg and hy. 

It follows from Eq. (16) that when hp) =0 the 
angle of rotation is proportional to the magnetizing 
field Hy. If the radio-frequency field is weak 
|y|Th «<1 the function @(H)) has a valley in the 
resonance region wy) =|y|Hg; the depth of the 
valley increases with hj. At stronger radio-fre- 
quency fields, where |y|th<1, 6 starts to in- 
crease rapidly when |y|Hy > wy). For value of 
Hy) smaller than w/|y| there is a change in the 
sign of the angle, as is apparent from the figure. 
Because of the approximations made in the deriva- 
tion Eq. (14), in strong radio-frequency fields we 
can expect only qualitative agreement with experi- 
ment. 


Theoretical de- 
pendence of the 
angle 6 on the in- 
tensity of the mag- 
netizing field for 
different values of 
the radio-frequency 
field. 
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An analysis is given of the surface oscillations and stability of a hydrodynamic charged 
column in an external magnetic field. This analysis represents an extension of the well- 
known work of Kruskal and Schwarzchild and Tayler on the stability of an uncharged hydro- 
dynamic column. The surface-wave dispersion equation is derived and the features of the 
oscillation spectrum are investigated. From the experimental point of view these results 
are of value for investigating the nature of the radiation from a plasma in a magnetic field, 


an effect which is as yet not fully understood. 
1. INTRODUCTION 


‘Tue stability of a column (pinch) has been stud- 
ied by Kruskal and Schwarzchild,! who considered 
a plasma cylinder in which the current flows along 
the surface. It was shown that a system of this kind 
is unstable against lateral distortions. A further 
step in this problem was made by Shafranov? and 
Tayler®** who considered perturbations of other 
kinds. The analysis was extended to include a 
more general current distribution over the column 
cross section and to the case in which there is an 
arbitrary magnetic field and a conducting wall. It 
has been shown that there is some improvement in 
stability in the latter case. 

In the work cited above the electric charge of 
the plasma was not taken into account. However, 
it is known experimentally, and from the theory of 
ambipolar diffusion, that a plasma column exhibits 
a total resultant charge, even though this charge 
is weak. It is of interest to extend the results of 
the above work to the case of a charged column 
since the presence of an external magnetic field 
leads to peculiar effects: these result from the 
interaction of the self electric field with the ex- 
ternal magnetic field. 

There are extensive experimental data on the 
oscillatory properties of a plasma in an external 
magnetic field. The frequency of these oscillations 
covers a wide range (from tens of cycles per sec- 
ond to ultra high frequencies) (cf. for example, 
reference 5). In certain cases the frequency in- 
creases as the external magnetic field is increased. 
There is a minimum value of the magnetic field at 
which the field begins to have an effect on the oscil- 


lation frequency. Under certain conditions there 
is a uniformly spaced line spectrum. The number 
of lines which are observed varies from two to ten. 
It is difficult to interpret these in terms of “over- 
tones” of a single spectral line. Up to this time 
this effect has not been explained theoretically. 
Without undertaking a complete analysis of these 
effects, in the present paper we shall examine mag- 
netohydrodynamic surface waves in connection with 
the above problems. 


2. BASIC EQUATIONS 


Following Kruskal and Schwarzchild we consider 
the problem from a magnetohydrodynamic stand- 
point, assuming infinite conductivity. 

The internal region of the plasma is described 
by the usual system, comprising Maxwell’s equa- 
tions and the hydrodynamic equations: 


, : 1 OH 
ahi ==, Ghent == 0). curl E = — — “ay? 


ere ea EE Ea Hee 
ec toy (1) 
de . du @ Anois 
jap ae ON). 20 a rad ae 
1 dp y- de 


(y is the ratio of the specific heats of the plasma). 
It is assumed that the electrical conductivity of 
the external medium is zero and that the pressure 
is constant. Hence we deal with Maxwell’s equa- 
tions for source-free conditions. 
The boundary conditions at the interface are of 


the form: 
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(n-{E}) 
[nx {E}] = —{H 


= Anes, ae ==) 

(2) 
}, [nx{H}] =- —j’ as 
where n is a unit vector in the direction of the 
outward normal and u=n-v; {...} denotes the 
difference in the values of a quantity at the inter- 
face. Here and below in all cases we shall include 
the convection current ¢*v in the expression for 
the total current j*. Also 


dn /dt = (3) 


nx (nx gradu] , 
eE + — [i'x H]— n {p} =0. (4) 


where the bar denotes the average value of a quan- 
tity; as in reference 1 this average can be taken 
simply as half the sum of the values on the two 
sides of the interface. 


3. LINEARIZATION AND SOLUTION OF THE 
EQUATIONS 


We take all quantities in the form 


g = Jo + 9q (r) exp {i (m9 + kz + of)}, (5) 


where q) is the equilibrium value of a quantity q. 
We shall specify the equilibrium state as fol- 
lows: at the surface of the column there is a charge 
of uniform density ef which produces a radial elec- 
tric field Ey) = 47ef‘. In the equilibrium state there 
is no current flow. The external magnetic field Ho 
is along the z axis. The electric forces are bal- 

anced by the pressure difference {p } 9 = E2/87. 
Substituting Eq. (5) in the original equations we 

obtain a system of linearized equation from which 

we can obtain an expression for dp in the plasma: 


ORG eee 
(1:4) (LB (r, 
(ez) =e 


s 


oe 


c oo? 


where Cy = (YPo/Po) ¥2 is the velocity of sound in 
the Rieaia: and cy =H)/V4 po is the velocity of 
the Alfvén waves. The solution of Eq. (6) is 


bp = «Pol m (1); (7) 


(1 + cf, / 0? — kc? / w*) C? 
(4 + cf, /c2 — kc?, | wy 


ato 


(8) 
% (k — w? / c2, — w? /c”) (k? — w? | c?) tp wy ee 


2 pee Te 
Ra On Opp — C= 


Im is a Bessel function of imaginary argument, 
and a is the dimensionless amplitude. 
From the foregoing it is easy to obtain all the 
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remaining quantities of interest. All of these are 

expressed in terms of the same amplitude a. The 
expressions which obtained for the pressure, den- 

sity, velocity components and whey are of the same 
form as those obtained by Tayler,’ who did not take 
displacement current into account; there is one ex- 
ception: the expression given by Tayler for a, 


which in the present notation is written 


(k® — 0? / ch) (k® — 0? /c2) | (2 — 0 [chy — 0/3), 


must be replaced by n’ from (8). 

The solutions for the original equations for the 
region outside the column are given in reference 1. 
These are characterized by two amplitudes and are 
proportional to Ky, (i a or the derivative 
Kin (n’r), where 1’? w/c? (Km is a Hankel 
function of imaginary are 

The boundary conditions yield three independent 
linear homogeneous relations between the three am- 
plitudes; the existence condition for a non-trivial 
solution yields the dispersion equation 


Bt GAR) moral? @ 
Pee Ae iG 2 ite — z Aa 
(@ CH ) nie (aR) Coney’? + 200m 2 , ; 
4 c% Le"? Kee (7’R) zo f ane a 2 ‘RKm (a R)\ ° S ! . 
ET IA (n’R) Ke Aa ea 
where 
OF = EG / ARR, Om = EyHom/4xcRoo, (10) 


where R is the radius of the pinch. 
Northrup has obtained similar results for plane 
boundaries.® 


4, DISCUSSION OF THE DISPERSION EQUATION 
We now consider several cases. 


(1) The short-wave case: 


k2 > w2/c?, Rs w/o (c§3<c?). (11) 


As will be shown by calculation, the last inequal- 
ity holds if the following condition is satisfied: 


he 
Under these conditions we can replace 7, 7 and 
¢ by k and Eq. (9) assumes the simpler form: 


(12) 


wo + 200ml mK im | LmKim + chk? (LinK m | ImKm — 1) 


} , é (13) 


In the last equation the argument of the cylindrical 
functions is kR in all cases. 
The stability condition is 
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é Hi K 2 fe 
0, ( = *) — ck? oat 
TK : 


ort Lit Seabee or} 


(14) 


ary RRI,, 
2 ee PS 
gl ig mea 


+ 0% (1+ 


Except when m = 0, the third term is negative 
while the first two are positive. We neglect the 
first term in (14) since it is small compared with 
the third term if cj « c”, as follows directly 
from (13). 

The absolute value of the second term is greater 
than that of the third only if 


k>ke, (15) 


where ko is some critical wave number, which 
can be determined by setting the left hand part of 
the inequality in (14) equal to zero; we have 


Fim (ReR) = Eo/ Ho 


X° (Ii, (X) Ki (2) [ Vin (X) Ki (8) — 1) 
(LE XK ig (2) Kg 9) Xing (2) [Lin *) 
With the exception of the case m=1, Fy,(x) in- 
creases monotonically from 0 to 2 so that stabil- 
ity is possible only when 


cuphnes (16) 


2H? > E2. (17) 


When E,)=0 (uncharged column) the result 
agrees with Eq. (3.12) given by Tayler* for the 
appropriate conditions (no surface current and no 
conducting walls). This result also agrees with 
that obtained by Kislovskii’ for the case m = 1 

if we take 2 =0, wy =H. =1, Hp =H. in Eq. 
(15.45) of that reference. These oscillations are 
nothing more than magnetohydrodynamic waves 
which propagate in the cylinder. 

If there is no external magnetic field (Hy =0) 
only the first and last terms remain in Eq. (13). 
The equation which results coincides with the dis- 
persion relation obtained by A. A. Vlasov for a 
charged jet. Oscillations of this type are purely 
electrostatic in origin. 

Vlasov has also obtained Eq. (13) without the 
third term and the factor 2Ij,Km/ImKm in the 
second term, starting with a completely different 
model — the inertia motion of a charged jet with 
an ellipsoidal velocity distribution.* The interest- 
ing term in Eq. (13) is the second term; this term, 
which arises because of the simultaneous presence 
of E) and Hy can be considered the result of the 
interaction between the charged column and the 
external magnetic field. 


—— 


*Reported at the Lomonosov Lectures, Physics Faculty, 
Moscow State University, October 30, 1957. 
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In the present case the frequency wy is the 
modulation frequency. Actually, the solution of 
Eq. (13) can be written in the explicit form 


W = On Dy t 107,02, 42 02 y. (18) 


where we have used the notation 


Dijana 


OF = — cy aKa tlhe ob 


—0(1 + BRKial Kia) BRI fil ras 


where k > ke, 22m > 0, Sy ~ 1. 


Since Q?m > ae we can write 


OY 1Qn + OnPmn- (19) 


We may recall that when the substitution m — —m 
is made wy changes sign, whereas @,, does not. 
A linear combination of the four possible types 

results in oscillations of the form 


C08 Qt COS (OnPmt + mo). (20) 


There are modulated oscillations with a modulation 
frequency wWm?m. In the first approximation the 
factor @,, can be taken as unity and we obtain an 
equally spaced line spectrum, Wy, with frequen- 
cies proportional to Ey) and Hp. Sm has some 
distorting effect on the equal spacing, especially 
for the first lines in the spectrum. 

It is apparent from (19) that 


2 2 
ors On << Cyk?. 


In order to satisfy the condition k2 > w*/cd, on 
which the present calculation is based, the condi- 
tion given in (12) must be fulfilled. 

' (2) Long-wave case. For simplicity we assume 
k= 0; thus 


DP ( cht eH \ wt 

Pai aes, og 
The arguments of Km and Ky are imaginary. 

We now consider Eq. (9). 7 and 7’ appear in 

(9) only in quadratic terms or in the combinations 
nRIin (1R)/Im (NR), 1 RK (1'R)/Km (7'R); it 
can be shown that xl, (x)/Im (x) is always real 
for real and imaginary x while xK‘, (x)/Kp (x) 
is always complex for imaginary x. Whence it is 
clear that the left side of (9) is always real for 
real x but the right side is complex. Hence, in 
general there is no real solution for w. However, 
if the following condition is satisfied: 


|oR/c|>1 (21) 


1034 


it is possible to have a real frequency with a very 
small imaginary part. When |x| «1 we have 


BAG: (ix) WI Sep (tx) = — m— ixx?™ it 22-1 [(m 2 1)!}?. (22) 


We assume that w is so small that |7R| «1. 
When |x| <1 we have 


ixIm (ix) | Im (ix) =m. 


Introducing these assumptions it is possible to 
make a considerable simplification in the disper- 
sion equation (9). If we take 


o=0,+ iy, (YX), (23) 
the equation for w, is 
Bo; — 20,0m+ m(m—1)oz = 0, (24) 
where 
ied c2 (c? + ch) + cy (0 + 2c?, + 02) 
: c* (c2 + chy) 
(25) 
mo. mT (@,R / 2c)?” 
1 on Bay 1G? =) 12 
We consider Eq. (24) for two cases. 
(a) If c? > cty, 6&1, 
®,; = Wnt {Wn —m(m—1) wz}? 
P (26) 
= Om {1 [(1 — m) /m)" (c/cn)}, 
and w, is real only when m=1. 
(b) If c? « chy, 6% = 2c%;/c?, 
oy = 5-1 V@— my fm) Looe (27) 


oR ’ 


and w; is realfor m=1 and m=2. 
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(3) We now estimate the corrections for the 
quantities computed above. The following numeri- 
cal values may be taken as typical: 

Hy © 1500 gausses, pressure p = 107 sto: 105° 
mm Hg, i.e., the density of neutral particles n * 
10!1 to 10!° em7~’. Take the mass of the particles 
as w#2x1074 9; then py ¥ 107 to 107° g/cm? 
and c}, #10" to 10° cm/sec, cfy/c? = 10~* to 10779 

If we assume that the radius of the column 
R ®1.cm,. Kg 2X 10G4 cgs electrostatic units, 
E)/Hp © 107" and the modulation frequency for 
case (1) is wm = 10? to 10% cps for m=1. 

The frequency w, in (26) is wm for m=1 
while in (27) w, = 3 xX 10;° eps for) m= d,)m asa" 
We wish to thank Professor A. A. Vlasov for 
suggesting this problem and for guidance and ad- 

vice in the course of its completion. 
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An analysis is given of the exact solutions of the magnetization equation of motion. The de- 
pendence of the magnetization components on the amplitude of the fixed magnetizing field and 
the amplitude of the radio-frequency field is found. A comparison is made with experimental 


results. 


1 Ferromagnetic resonance is usually observed 
in a weak periodic radio-frequency field (ampli- 
tude hy). Under these conditions, because of the 
width of the resonance absorption line the direction 
of the magnetization vector M departs so slightly 
from the direction of the magnetizing field Hy = 
Hz > hy that its projection in this direction may 
be assumed constant. Even close to resonance 
the effect is extremely insensitive to the form of 
the damping terms in the equation of motion and 
can be satisfactorily described by the Bloch equa- 
tion 


M=y7 MxH + (y.H — M)/z, (1) 


or the Landau-Lifshitz equation, which can be writ- 
ten in the form! 


m= mxH + «mxm, «<0, 


(2) 


where m=M/M,; H=H)+h. 

The situation is rather different in strong radio- 
frequency fields; in these fields the change in Mz 
cannot be neglected. In this case the variation of 
M becomes very sensitive to the actual form of 
the damping terms in the equation of motion. 

Damon” has investigated experimentally effects 
connected with the change in the z component of 
the magnetization of a ferromagnet as a function 
of the field Hy and the amplitude of the radio-fre- 
quency field. Bloembergen and Wang® repeated 
the Damon experiments on ferromagnetic and para- 
magnetic specimens at various temperatures. It 
was found in these experiments that at high ampli- 
tudes of the radio-frequency field the total magneti- 
zation in both paramagnetic and ferromagnetic ma- 
terial does not remain constant. In comparing the 
experimental results with theory, the authors 
started with the Bloch equation. It is found that 
this equation cannot explain a number of the effects 


which are observed. 

Some of the results observed by Bloembergen 
and Wang have been explained by Suhl' on the basis 
of a number of assumptions concerning the redis- 
tribution of energy between spin waves. 

Below we give an analysis of the exact solutions 
of Eqs. (1) and (2) for a circularly polarized radio- 
frequency field of arbitrary amplitude and of the 
role of paramagnetic effects in ferromagnets in a 
strong radio-frequency field. 

2. In what follows it will be assumed that the 
sample is homogeneous and isotropic; the sample 
will also be assumed to be a sphere with radius 
less than the skin depth at the frequencies in ques- 
tion. It will also be assumed that the magnetizing 
field and the radio-frequency field are uniform. 

In a coordinate system which rotates about the 
direction of Hy at the frequency of the radio-fre- 
quency field w (for the steady-state motion) 

Eq. (1) assumes the form 


v M,xAw + XoH — My == 0, 
where Aw=w+yH solving Eq. (3) for Moz, 
find 
whe | 
4+ 77 (Aw? + vhs) ‘ 
where Aw = Awz. When Aw = 0 
Moz = Xollo (1 + 727A) 1. 


Moz = Xo Hy + 40? 


(9) 
Further, using the relation 
(6) 


and the solution of Eq. (3) for Mox and Moy, we 
obtain 


Mox + iMoy = (herb y") (hx + ihy) 


Talhw 


4 + 7 (Aw? + vhs) (7) 


x = Xo}l 


TH 


Ifa (Qot + 8) 


u“ 


ye = Xo 
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FIG. 1. The quantity 
1-—M,/M, as a function 
of a’? for the cases M)= 
Mg, (1) and My = XoHo 
(2) with Aw = 0. 


In a similar way, starting from Eq. (2), in the 
rotating coordinate system the steady-state motion 
is described by 


[myx Aw] -+ «(my *o) my = aw, (8) 
whence the quantity mz is found from the follow- 
ing: 

2ittyn = I= a? — Gp (1 a? =e)? 4, Abas, «(9) 
where 
a= hy / am; § = Aw / a. 
In the weak-field case a«<1 and mpz *1, as 


is usually assumed in the theory of ferromagnetic 
resonance. In fields such that a= 1 when Aw =0 


Moz /| Ms = (1 — a2)". (10) 


When a=21, the vector m) is perpendicular 
to Hy and we have total radio-frequency saturation 
(Moz =0). Computing My +iMy from Eq. (8) and 
using Eq. (6), we find in this case 


; @y 


where Moz is determined from Eq. (9). 

3. Bloembergen and Wang have investigated the 
quantity = 1- Moz/My as a function of the am- 
plitude of the radio-frequency field hy) for Aw =0, 
where M, is the magnitude of the magnetization 
vector in the absence of the radio-frequency field 
(Xo9H) or Mg). In the relatively weak fields which 
obtain in experiments, 7 depends linearly on ha: 
as follows from Eqs. (5) and (10). The slope of the 
line can be used to determine T or a. 

The dependence of n on hi for Aw =0 which 
follows from Eq. (1) and Eq. (2) is shown in Fig. 1. 


FIG. 2. The quantity 
M_M, (curves 1 and 2) 
and yy” (curve 3) as func- 
tions of a’ for Aw =0; 
curve 1 is for M, = Ms 
curve 2 is for My = XH. 
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FIG. 3. The depend- 
ence of (Mz/Msg)* on € 
for the following val- 
ues: 1) a=0.2; 2)a= 
0.4; 3) a=0.6; 4) a 
0.8; 5) a= 1.0; 6) a= 
2.0. 
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Using the Landau-Lifshitz equations we find n= 1 
when a= l. 

If the length of the vector M remains constant, 
the ratio Moz /My obeys Eq. (10) for Aw =0 and | 
vanishes when hy equals the half-width of the reso- — 
nance absorption line AH =|a@|Hp. On the other 
hand, if we start from Eq. (1), in accordance with 
Eq. (5) Moz/My falls off gradually as ho in-. 
creases, finally approaching zero. The quantity 
Moz /My is shown in Fig. 2 where, with a <1, 
it is assumed that V2 ayTHy = 1. 

Experiments? on nickel-zinc and manganese- 
zinc ferrites at temperatures below the Curie point 
at hy = 40 oersteds have shown the reduction in 
Moz/My with increasing hy. Unfortunately, an ex- 
periment does not allow us to choose between 
curve 1 and curve 2 of Fig. 2 since a is less 
than 0.1. In this case saturation is to be expected | 
at hg © 100 oresteds. Total saturation can occur 
in relatively weak radio-frequency fields only in 
ferrites with narrow absorption lines.4 In paramag- 
netic materials and ferrites above the Curie point, 
the dependence of Myz/M, is shown by curve 2 
of Fig. 2. 

In the experiments performed by Damon,’ car- 
ried out on single-crystal nickel ferrites at room 
temperature, the dependence of Mo,/My on field 
strength Hy was measured at various amplitudes 
of the radio-frequency field. The relations ob- 
tained are in good agreement with the theory if 
one starts from Eq. (2). The theoretical depend- 
ence of (Myz/Mg,)* on é is shown in Fig. 3 for 
various values of a. When a=1 and Aw =0, 

Moz /Mg vanishes. It would seem that in the 
Damon experiments a was not greater than 0.2. 

It follows from (4) and (8) that with Aw =0, 

x” =|yv|7Moz, i.e., the change in y” with hy is 
proportional to the change in Moz. The latter situ- 
ation actually obtains for paramagnetic materials 
and ferromagnetic materials above the Curie tem- 
perature ©. In ferromagnetic materials with T < 
©, as has been shown in references 2 and 3, the 
proportionality between x” and Moz no longer 
holds. Up to a certain threshold value of ho, x” 
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remains constant when Aw = 0; then it falls off 
approximately as a™?. 
In accordance with (11), in this case (curve 3, 


Fig. 2) 


x" = M,/en for a<t 
: (12) 
and y =‘M;/«wa? for a> 1 
the threshold field is determined by the value a = 1, 
which is larger than that observed experimentally.! 
4. Equation (2) follows directly from Eq. (1) if 
we require that the magnitude of the magnetization 
vector remain constant: M=Mg. Equation (1) can 
be obtained under the assumption that the equilib- 
rium magnetization obeys the Curie law.° Hence, 
it might be supposed that magnetic resonance ef- 
fects in ferromagnets above the Curie point should 
obey Eq. (1); this conclusion is found to be in agree- 
ment with experiment. On the other hand, at tem- 
perature below the Curie temperature, if paramag- 
netic effects are neglected one would expect the 
Landau-Lifshitz equations to hold. In cases in 
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which the paramagnetic effects cannot be neglected 
(for example, at temperatures close to the Curie 
temperature) one would expect that the ferromag- 
netic resonance effect would not be satisfactorily 
described by Eq. (2) or Eq. (1). In this case it 
would appear that the observed effects can be de- 
scribed by the joint application of Eqs. (1) and (2) 
if M=M,+XH. 


‘YH. Suhl. Proc. I.R.E. 44, 1270 (1956). 

2R.W. Damon, Revs. Modern Phys. 25, 239 
(1953). 

3N. Bloembergen and S. Wang, Phys. Rev. 93, 
72 (1954). 

4J. F. Dillon Jr., Phys. Rev. 105, 759 (1957). 

5G. V. Skrotskii and V. T. Shmatov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 740 (1958), Soviet 
Phys. JETP 7, 508 (1958). 
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The scattering matrix for reactions involving y rays (suchas y+b—a’ +b’ and y+b 
— y' +b’) is expanded in terms of spin operators Qj; which are invariant under rotations. 
A method of constructing the Q; is given and the number of independent ones is found. If 
the scattering matrix is invariant under time inversion, the corresponding conditions on the 
form and number of the Q; are found. Example are given for the representation of the ma- 
trix S by operators Qj; in the case that neither the spin of b, nor the spin of the system 
a’ +b’ (y+b—a’+b’), nor the spins of the particles b, b’ (y+b—vy’ +b’) are more 
than one. 


In an earlier paper! the author has considered the inner parity of the system does not change, while 
expansion of the scattering matrix S(k’,k) for the Qh) corresponds to the case where the inner par- 
reaction a+b-—a’+b’ interms of spin operators ity does change. The upper sign in Q{*) is to be . 
Qj which are invariant under rotation and reflec- used in formula (2) when the intrinsic parity of par- 
tion: * ticle b in the reaction y+b-—a’ +b’ is the same 
as the intrinsic parity of the system a’ +b’, while 
(1) the lower sign is to be used in the opposite case. 
From formula (2) and the number of independent 
spin operators Q(*) for the reaction a+b—a’ 
+b’! it follows that the number of independent 
spin invariants for the reaction y+b— a’ +b’ 
is (28’+1)(28 +1), where S is the spin of 
particle b and S’ is the spin of the system a’ 
+b’. Summing on the possible values of S’, we 
obtain (2s, + 1) (2s, + 1) (2s, +1) invariants, 
where Sa» Sh» and Sp are the spins of the par- 
ticles a’, b’, and b. One can similarly show that 
the independent spin invariants for the reaction 
y+b—y' +b’ are given by 


S(k’, k) = SYAp(k’+ k) Q: (k’, k, T) 
A method was given for obtaining the independent 
spin operators and for determining their number. 
Also considered were the conditions imposed on 
the form and number of the independent spin oper- 
ators if the scattering matrix were invariant under 
time inversion. 

In the present paper, these considerations are 
extended to scattering matrices S(k’,k) for re- 
actions involving y rays, i.e., reactions like 
y+b—a’+hb’, y+b—y’ +b’, where the par- 
ticles b, b’ andthe system a’ +b’ can have 
any spin and parity. 

Using the expansion of the scattering matrix 
in terms of angle operators a it is not diffi- 
cult to show that the independent spin operators 
for the reaction y+b—y’ +b’ will be the oper- 
ators 


(ee) >), (8-8), Q=), 166), 7 (ee), 


where the Qi) are the invariant spin operators 
for the reaction a+b—a’+b’, in which a, a’ 
are particles with spin zero. The signs (+) on 
(k’se) QV (k’, k, T), i(k’ s) QI (k’, k, T), (2) the operators q{*) mean the same as in the pre- 
ceding. In formula (3), the upper sign in the op= 
dent photon, s =k xe, a (+) are the spin operators erator Qi* is to be used if the intrinsic parity 
for the reaction a+b— a’ + b’ which differs from of the particles b, b’ in the reaction Vee Die 
the reaction y+b—a’+hb’ inthat the y -quantum y +b’ are the same, while the lower sign is to 
has been replaced by a particle a with spin zero. be used in the opposite case. It is clear that the 


The ‘operator Q(t corresponds to the case that the total number of independent spin invariants for 
the reaction y+b—y +b’ is 2(2S’ + tL) (25 + aay 
*The notation used here is the same as in reference 1. where S, S’ are the spins of particles b, b’. It 
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where e is the polarization vector for the inci- 


SCATTERING MATRIX FOR REACTIONS INVOLVING GAMMA RAYS 


should be noted that in reference 3 the number of 
Spin invariants for the photo-production of mesons 


with spins 0 and 1 and in the scattering of photons 
from spin 3 particles was found to be, respectively, 


4, 14, and 10, while the present considerations 
lead to 4,12, and 8. A detailed examination of 
the last mentioned case shows that the ten invari- 
ants mentioned in reference 3 reduce to eight. 

It was shown in reference 1 that if the scatter- 
ing matrix for elastic scattering of particles with 
spin is invariant under time inversion, then the 
form of the invariant spin operators Q; changes, 
while the number of independent ones decreases. 
Similar statements hold for the elastic scattering 
of photons from particles with spin, y+b—y+b. 
The proof is the same as in reference 1. We find 
that the spin operators enter the scattering matrix 
in the combinations 


(ee) (QO) (kk, T) + OQ" (k, k’, THI, 


(ss) (OPK ky, TY OP Pk, eT); 
i{(s’=e) QS (k’, k, T) —(e’«s) Q* (k, k’, T)], 
—i[(e’-s) GI (k’, k, T) — (see) QS * (k, k’, T)], 


i.e., those combinations which are symmetric 
under hermitian conjugation and simultaneous in- 
terchange k= k’, e =e’. The number of inde- 
pendent spin operators decreases by the number 
of relations between elements of the scattering 
matrix for which j =~ j’; 


i“ fi 
ST pesar, 78x = STj8x, 795 (4) 


In (4), A and A’ are numbers characterizing the 
type of radiation (A =1 for electric and 0 for 


magnetic radiation), while j, j’ are the moments. 


There are 28(2S +1) relations (4), where S is 
the spin of particle b. Hence the number of inde- 
pendent spin invariants for elastic scattering of 
photons from particles with spin S is 2(2S+1) 
x(S+1). | 

As an example, let us write out the matrix 
S(k’, k) in terms of independent operators Qj 
for some reactions like y+b-—a’+b’ and 
y+b—y' +b’. If the intrinsic parity of the 
particle b and of the system a’ +b’, or of the 
particles b, b’, are the same, then the reaction 
will be marked +, while if they are opposite, then 
the reaction will be marked —. We note that the 
matrices S(k’, k) of such reactions differ only 
by the change e = -—is = —ik xe or the change 


e’ = is’. 
(yey Grae, 


Sa SU= 03). Sik’, k)==(k’*e) A\. 
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S=S'=1,.(—). - S(k’,k) =i (te) A,+4 (ee) A, 
+ (o+k’) (k's e) As + (o+k) (k’se) Ag. 
S(k’, k) = (k’*e) Ay + i (S'[k’x €]) Ay + i (S[k xe]) Ay 
+ i (S*m) (k’-e) Ay + ((S*k’) (S-e) + (Sre) (S*k’)| As 
+ [(Sek) (See) + (S-e) (S-k)] Ast [(S-k’) (Sk) + (Sk) (S*k’)] A; 
+ (S-k’)? (ke) Ag + (Sk)? (k’*e) Ay. 


S= 0-5 = 1 or 5 = (semen 


S(k’, k) = i (Te[k’xe]) Ay + i (To[kxe]) Ay + i (Ten) (k’*e) Ay. 


(209 re Di VoD 
S=S' =0. (+4). S(k, ky)= (=) A, ss) An 
S = S' =p. (+). S (k'+k) = (e+e) At 
+ (s'+s) Ay + i (o[e’xe]) As +i (o(s’x s]) Ag 

+ i (o+k’) (ess) As + i (o+k) (s’- e) Ag 

+ i (o-k’) (s’+e) Az +i (o-k) (e+ 8) Ag, 
with A; =-Ag and A;=-—Ag for elastic scatter- 
ing. 
» (+). S(k’, k) = (e+e) {Ar 4+ (Sen) Az 
+ [(Sek’) (Sek) + (S+k) (S&’)] Ag + (Sek’)? Ay 4- (Sek)? A5} 
+ (s'+s) {Ag + i (Sem) Az + [(S*k’) (Sek) + (S°k) (S-k’)| Ag 
4 (Sek? Ay + (S+)? Ato} + i(s’*e) [(Sek’) Aus + (Se) Aye 


+ i (S-k’) (Sem) Ai, + i (Sk) (Sm) Ay] — i (e’«8) [(Sk’) Ais 


-- (Stk) Ayg + i (Sek’) (Sem) Ayz + i (S*k) (Sm) Aig], 


and for elastic scattering, A,= As, Ag = Ajo, Agi 
= Aig, Aig = Ais, Ats = Aig, Ata = Ar. 

In these formulas the Aj are functions of 
(k’-k) and the energy of the system, while n= 
k’ xk. 


lv. I. Ritus, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 1264 (1957), Soviet Phys. JETP 6, 972 (1958). 

2v. I. Ritus, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 1536 (1957), Soviet Phys. JETP 5, 1249 (1958). 

3M. Kawaguchi and N. Mugibayashi, Progr. 
Theoret. Phys. 8, 212 (1952). 


Translated by R. Krotkov 
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The angular distribution of neutrons produced in the absorption of polarized y~ mesons by 


nuclei is calculated. Numerical computations are performed for o'® and Ca*?. 


1. INTRODUCTION 


The investigation of the nuclear absorption of w~ 
mesons is a possible means to determine the char- 
acter of the non-electrodynamic interaction of the 
#4- mesons with nuclei. The nuclear absorption 
process of the ~~ mesons goes through an inter- 
mediate stage under formation of a mesic atom 
and continues via the reaction 


p+ P>N+¥+Q, (1) 


in which the proton (P) absorbing the w~ meson 
transforms into a neutron (N) anda neutrino (Vv). 
The difficulties involved in the discussion of proc- 
ess (1) in nuclei are not merely of computational 
nature. The trouble is that, owing to the large 
amount of released energy (Q ~ 100 Mev), the 
neutrino and the neutron emitted by the nucleus in 
the capture of the u~ meson carry rather large 
angular momenta, and the remaining nucleus can 
acquire a high excitation energy. One must there- 
fore consider transitions involving comparatively 
large changes in the angular momentum and highly 
excited nuclear states, which obviously is a diffi- 
cult task, because of our insufficient knowledge of 
the nuclear wave functions. 

The nuclei in the nuclear w~-meson absorption 
processes were described in most calculations by 
the nuclear shell model with jj coupling. In this 
case the ratio of the probabilities for »~ capture 
in different nuclei depends on the form of the pu 
meson-nucleon interaction, so that the Fermi in- 
teraction (scalar, vector) can be distinguished 
from the Gamow-Teller interaction (tensor, axial 
vector ).1~3 

The experimental ratios of the y~ -capture 
probabilities for six pairs of nuclei were compared 
with the computed values of Tolhoek and Luyten® in 
reference 4. In the opinion of the authors, the re- 


sults point to the possible predominance of the 
Gamow-Teller interaction. This conclusion is, 
however, not sufficiently reliable, since the above- 
mentioned calculations have at best semi-quantita- 
tive character. 

The discovery of parity nonconservation in weak 
interactions increases the number of effects which 
may be utilized to decide the question of the type 
of the  meson-nucleon interaction. A number 
of papers>~? propose to investigate the asymmetry 
in the angular distribution of the neutrons from 
reaction (1) during the absorption of polarized p7 
mesons. In references 5, 9, and 10 it is shown 
that the nucleus remaining after the m~ capture 
is polarized, where the degree of polarization de- 
pends on the type of the » meson-nucleon inter- 
action (the w~ mesons can be unpolarized). The 
investigation of the circular polarization and the 
angular distribution® of the y quanta in the radi- 
ative uw capture (where, in the second case, the 
#4- mesons are assumed to be polarized) also per- 
mits the determination of the form of the interac- 
tion. 

We point out that there are practically no ex- 
periments on the absorption of polarized ~~ mesons 
in » mesic hydrogen, since the hyperfine structure 
in the mesic hydrogen atom and the effect of the 
jumping of the ~ meson from one proton to an- 
other lead to the complete depolarization of the 
u.- mesons."'»!2_ Furthermore, the probability for 
absorption of the 4~ mesons in mesic hydrogen 
is extremely small. It is therefore of greatest 
interest to investigate theoretically the effects 
connected with the p~ capture in complex nuclei. 
In the present paper we calculate the angular dis- 
tribution of the neutrons produced according to 
reaction (1) during the absorption of polarized p~ 
mesons by complex nuclei. Preliminary results 
have been published earlier.!? 
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2. ANGULAR DISTRIBUTION OF THE NEUTRONS 


The p~ mesons produced in the decay of 1 
mesons are polarized in the direction of their mo- 
tion. During the slowing down in the medium and 
the following formation of the mesic atom a depo- 
larization of the y~ mesons is possible, which can, 
however, be incomplete.!4 A part of the neutrons 
produced in process (1) leaves the nucleus imme- 
diately after the capture of the u~ meson, i.e., 
reaction (1) is a direct process. Under the assump- 
tion that, as in other weak interaction processes, 
parity is not conserved in the u~ capture, the an- 
gular distribution of the neutrons from the direct 
process has the form 


1 + P,« cos 6, (2) 


where Py is the degree of polarization of the p™ 
mesons at the moment of capture, a is asymme- 
try coefficient depending on the type of the four- 
fermion interaction of the » meson-nucleon sys- 
tem and on the degree to which parity is not con- 
served, and @ is the angle between the direction 
of polarization of the 4 ~ meson and the direction 
of emission of the neutron. 

It should be noted that, in addition to the angu- 
lar distribution (2) of the neutrons emitted by the 
nucleus in the direct process, there is an isotropic 
background of neutrons from the decay of the com- 
pound nucleus formed in reaction (1). The spec- 
trum of the neutrons of the isotropic background 
has a maximum at the energy Ey ~ 1to 1.5 Mev, 
while the maximum for the neutrons of the direct 
process lies at EN ~ 5 Mev (see Sec. 3). One can 
thus decrease the background considerably by se- 
lecting the neutrons with energies Ey 2% 3 Mev. 

It is to be expected that, for the lighter nuclei, the 
total number of neutrons consists essentially of 
neutrons from the direct process. 

Assuming parity nonconservation, we can write 
the Hamiltonian for the four-fermion interaction 
of the » mesons with the nucleons in the form 


H= SF jOeF P(E, [ge — g,15]0 WY.) + herm. conj ; 
3 
k 
where k=s, v, p, t, a denotes, respectively the 
scalar, vector, pseudoscalar, tensor, and axial 
vector variant, and 


Osi, Os == Yon Opes OBP == = 127"8 (Yat — 1eYa), 


(ep sO Byes: (4) 


Up = — las, 
If gk =—8k we have the theory of the longitudinal 
neutrino, !° in which the neutrino produced in proc- 
ess (1) is, with our Hamiltonian (3), polarized in 
the direction of its motion. If, during the absorption 
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of the ” meson, a neutrino is created which is po- 
larized opposite to its direction of motion, then we 
must change the sign in front of the asymmetry co- 
efficient a. 

Since the neutrino carries away most of the en- 
ergy released in the uw” capture, while the nucleons 
in the nucleus acquire only energies of a few Mev, 
we can treat the nucleons nonrelativistically in the 
Ss, v, t, and a variants of the interaction. For 
the p variant (which vanishes in the nonrelativis- 
tic approximation) we use the first approximation 
for the nucleons (in terms of v/c), in which the 
small components of the wave function (g) are 
expressed in terms of the large ones (Ww) accord- 
ing to the well-known formula 9 = [(o0xp)/2Mc]y¥, 
where p=-—ihV. Furthermore, we can neglect 
terms of order %,/ay, in the p variant (Xp ~ 
2x 107 cm is the de Broulie WEY CneED of the 
neutrino, and ay ~ 2x 107!z~! em is the radius 
of the K orbit of the u~ mesic atom). 

Since the binding energy of the ~ meson in the 
K orbit of the mesic atom is much less than its 
rest energy, we may restrict ourselves to the non- 
relativistic approximation of the 47 meson wave 
function. The nucleus is described by the shell 
model with jj coupling. The recoil energy of the 
nucleus is neglected. For the wave function of the 
emitted neutron we take the complex potential solu- 
tion, which takes into account the interaction of the 
neutron with the remaining nucleus. The potential 
of the shell model and the potential describing the 
interaction of the neutron with the nucleus are taken 
to be spherically symmetric. 

With these assumptions the wave functions of 
the proton in the (n, j, 7) subshell, of the neutron, 
of the w- meson, and of the neutrino can be written 
in the form 


foo} 
~ 


bp = ee Raj ( r) Q fits. | r/r), \Rese(e WWaei ea ale (5) 


by = dn (1) Xsq. Fw (1) 
= Sit (2L + 1) az (1) Pr (ky / nr), (6) 
L 


(KN 4 (fF /r)e"N") for r—>oo, * 


by (r) ~ (2n) 


e 
hy = (40)—"? Ry (7) Xs,» ey \Ri(C) )ridr=t, (7) 


by = (Qn) uy (8) 


Here n, j, 7 are the quantum numbers specifying 
the nuclear subshell in the shell model with jj 
coupling (n is the number of nodes of Ryj 1(r) 
plus one, J is the orbital angular ae enti and 


*This asymptotic form takes account of the creation of the 


neutron. 16 
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j =1+4 is the total momentum of the proton), x 
are normalized spinors, u, is a normalized Dirac 
bispinor, and Q51j,(r/T ) is a spherical spinor.*” 
Disregarding the finite dimensions of the nucleus 
(which is admissible for Z < 30), we have 


R, (r) = 2a exp(—r/ ay), Qu = 2? /m,e? Vg 


The computational results listed below apply, 
strictly speaking, only to nuclei with completely 
filled proton subshells. In this case, according 
to the Pauli principle, a proton state in the nucleus 
is described by a wave function in form of a deter- 
minant made up of one-particle wave functions of 
form (5). It is easily shown, however, that the use 
of wave function (5) directly for the single proton 
in the calculations, with the subsequent summation 
over the projections of the total angular momentum 
jz and over all proton subshells (n, j, 7) in the 
nucleus, leads to the same result as the calculation 
using the determinant. If some subshell (n, j, Z) 
in the nucleus is not completely filled, we must, 
generally speaking, include in the calculations the 
correlation between the angular momenta of the 
separate protons in this subshell.* We further 
note that, if the nuclear spin is different from 
zero, with the protons contributing to the spin, it 
is necessary to include the hyperfine structure of 
the mesic atom in the calculations. Since the latter 
causes a strong additional depolarization of the 7 
mesons, such cases are not of great interest among 
the experiments under discussion, and we shall 
therefore leave them out of our considerations. 

With the usual formulas of first order perturba- 
tion theory we obtain from Eqs. (3) to (8) for the 
probability of emission of the neutron from the 
nucleus with an energy in the interval Ey to 
Ey + dEy (Ey = h’kX/2M) into the solid angle 
dQy under the given angle @ with respect to the 
direction of polarization of the ~ meson:f 


dW (En, (i) —— {((Fss + 2Re ice =e le) 
+ 3 (fa + 2Re fra + faa)) Ao (Ew) 
— 2Re (foe + fpa) Ai (Ew) + fp Ae (En)] 
=F Py (= (Ass oe 2Re Hse oe Rov) aE (hig ae 2Re hia =F Haga) 
X Bo (Ew) +2Re (fps +Mpa) Bi (Ew) — App Bo (En) (9) 
+ 2Im (Ase a lisa a hy; + Nea) Go (En) 
+ 21m (Apt + Apa) Gy (Ew)) cos 6} dEn dQy | 4x, 
"-*If the incompletely filled nuclear subshell (n, j, 1) con- 
tains two protons with total spin zero, the formulas below 
remain valid provided we change (2j + 1) to 2 for this sub- 
shell in all formulas of the Appendix. 
tThe notations used in (9) and in the following formulas of 


this section are explained in the Appendix at the end of this 
article. 
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where A, (En), BK(En), and Gy(En) (k=0, * 
1, 2) are functions of the energy of the emitted 
neutron depending on the properties of the nucleus 
under consideration.* 

With the help of (9) we can write the angular 
distribution of the neutrons emitted from the nu- 
cleus in the form 


g (EN; ) sek + IP sles (En) cos 4), (10) 


where 
a (Env) = {[(Ass + 2ReAsy + hov) 

— (hy + 2Rehta + Aaa)] Bo (En) 
— 2Re (Apr -+ hpa) 81 (Ew) ¥1 (Ew) + op Bo (Ew) Y2 (Ew) 
+ 21m (hse + Asa + Avot + Ava) So (En) ) 
+ 2lm (hp: + hpa) 8, (Ew)} ((fss + 2Re feo + for) | 
+ 3 (fi + 2Re fea + faa) — 2Re (fre + fa) 11 (Ew) 

+ fept2(Ew)} 2. 


We remember that for w~ capture in mesic hy- 
drogen® (neglecting the fine structure )t 


(11) 


BpcHit, oe ==0, y, =0.53-107, yx. =0.28-10%. 


(12) 
Our case is therefore different from that of the 
mesic hydrogen in that the quantities 6, (En) 
and yx (En) are here functions of the neutron 
energy depending on concrete properties of the 
nucleus, and also in that additional terms involv- 
ing 6,(EN) appear. The order of magnitude of 
the functions y,(EnN) for the nucleus agrees with 
the values in formula (12). 

In the theory of the longitudinally polarized neu- 
trino (g, =-—g;) formula (11) takes the form 


atone (Ev) = {((--|g, + 8,2? +1g,+ 2,1) Bo (Ew) 
+ 2Re [gy (g, + 84)] Bi (Ew) ¥1 (Ew) —| 85)? Be (Ew) 2 (Ew) 


— 2Im [(g§ + g3) (g, + &,)] 80 (Ew) (13) 
— 2Im [g7 (8, + £,)] 5 (Ew)} (1g, + 8,7 + 3le,+28,/ 
— 2Re [g} (g, + g.)) 11 (En) +18, 1? 12 (Ew)}?- 


In the absence of pseudoscalar coupling we ob- 
tain from (13) 


osore (En) = {((—|8,. + 8)? +18, + 82?) Bo (Ew) 
— 2Im [(g; + g3) (g, + &,)] 80 (Ew)} (13a) 
2, Hel Sle ee 


*Formulas (2) and (3) of reference 13 do not include the 
terms describing the interference between the Fermi and Gamow-- 
Teller interactions, The interference term missing in (3) is 
given by formula (A 12) of the Appendix. Furthermore, (2) and 
(3) should be multiplied by the function Prj 1 (Ey), which is also 
given in the Appendix, 

tin reference 5 the tensor and axial vector operators are. 
defined as one = (4) Oa ye- Yg y,) and Of = Yq, Ys» Tespectively. 
Here we use the usual definition [see (4)]. 
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For pure p coupling we have 


ators-(Ey) = — 84 (Ew). (13b) 


Integrating over the energy of the emitted neu- 
tron EN, we obtain, instead of (9), (10), (11), and 
(13), formulas of completely analogous form, in 
which the functions A, (Ey), By( En), Gx (Ey), 
Bk(EN), Yk(EN), and 6; ( EN) are replaced by 
the corresponding constants Ax; Br, Gk, Bs Vics 
and 8k, which depend, of course, on the properties 
of the given nucleus. 

We note that in the special case of emission of 
the neutron and the neutrino in opposite directions 
(ny +n, =0) the angular distribution of the neu- 
trons has the form (10) with q@ given by (11) and 
(13), Bk =1, 6h =0, and y, very close to the 
Yk of formula (12). 

We add a few remarks concerning the formulas 
obtained. 

1. If it turns out that the interaction of the pu 
mesons with the nucleons is that of the Gell-Mann 
— Feynman theory ,*® which assumes the presence 
of the a and v variants with one common coup- 
ling constant, then, according to, (13), the asymme- 
try effect in the angular distribution of the neutrons 
disappears. 

2. The pseudoscalar coupling is multiplied by a 
factor ~¥,, in all formulas. 

3. The spin-orbit interaction of the emitted neu- 
tron with the nucleus has been neglected in the der- 
ivation of our formulas. 


Estimates made for some special cases lead us to 
assume that the spin-orbit interaction has little ef- 
fect on the angular distribution of the neutrons. It 
may, however, become quite important in the com- 
putation of the polarization of the neutrons in proc- 
ess (1). 


3. NUMERICAL CALCULATIONS FOR o!6 AND 
Cat? 


The quantities entering into the formulas (9) and 
(11) were calculated for the p~ capture in the nu- 
clei O!8 and Ca*’. The calculations were made 
under the following assumptions. 

(A) For the radial proton wave functions in the 
nucleus we used the wave functions corresponding 
to a square-well potential. The dependence of the 
radius of the well R onthe mass number A was 


assumed to have the form R= rAt 3. We neglected 


the dependence of the radial wave function on the 
quantum number j, so that the binding energies 
of the protons in the nucleus are completely deter - 
mined by the values of the quantum numbers n 


The inclusion of this inter- 
action leads to the expressions given in reference 13. 
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and Jl. The order in which the proton shells are 
filled was, hence, taken to be: 1s*; 1p°, id7 os 28", 
etc. From the binding energy of the proton in the 
nucleus, €p, for a given radius of the potential 
well, R, we found the well depth Up with the 
help of well-known formulas. Then the binding 
energies of the remaining protons in the nucleus 
were determined. We note that G,(EnN)=0 for 
nuclei with closed proton shells, if we neglect the 
dependence of the radial wave function of the pro- 
ton in the nucleus on j. This is easily seen by 
immediately carrying out the summation over 
j=2+% in formula (A4) of the Appendix. 

(B) The interaction of the neutron with the nu- 
cleus, Vy(r), is described by a complex square 
well (Vy (r)=—-Un(1+ié) for 0=r<R, and 
VnN(r)=0 for r>R) with the same radius R 
as in the case of the proton. 

The use of the complex potential allows us to 
consider a definite absorption probability for the 
neutrons in the nucleus. In contrast to the scatter- 
ing problem where & > 0, the choice of the asym- 
ptotic neutron wave function (6) presupposes in our 
case that é < 0. 

(C) The coordinate dependence of the w~ -meson 
wave function in the K orbit is neglected. 

The parameters of the proton and neutron po- 
tentials and of the proton states in the nucleus are 
listed in Table I. The values of ry) and Uy are 
chosen in agreement with the paper of Feshbach, 


Porter, and Weisskopf.” 
TABLE I 
Proton energy levels 
Uy U in the nucleus (in Mev) 
Nucleus | t"™| (uevy| (Mev) | | 
is | 1p 4d | 2s 
O16 1.45 9) NG BVP osal | PAE aU iP aab es = 
Cat? 4.45 LO AVBIET) 025. Cul dem de Oa RSa oom 


*The data on the proton binding energy ep are taken 
from Ref. 21. 


The calculations were carried out on the “Strela” 
computer of the Moscow State University. In order 
to guarantee a sufficient accuracy (~ 5%), we had 
to include all orbital angular momenta L of the 
emitted neutron up to L=3, inclusively, in the 
case of oxygen, and up to L=4 for the case of 
calcium. For the following it is convenient to in- 
troduce the dimensionless coupling constants c 
instead of the coupling constants gx: 


for g, =c, (10 erg cm*) 


(similarly for gi.) and to measure the energy 


— 
= 
cc 
ao 
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Ey in Mev. Formula (9) then yields for the prob- 
ability of emission of neutrons with energies in the 
interval EN to EN +dEn as a result of the direct 
process: 
dW (Ew) = {[(¢ss + 2Re €sy + Coe) 
+ 3 (gt + 2Re ¢1a + ¢aa)]Wo (En) 
— 2Re (pe + pa) Wi (Ew) + $pp Wo (En)} dEn, 


(14) 


the solid curves refer to calculations including the 
absorption effect ( =-0.15). 

Figure 1 (O'*) and Fig. 2 (Ca2°) show that 
the probability of emission of the neutrons on ac- 
count of the direct process has a clearly expressed 


*Figures 1 to 4 show the dependence of the quantities 


Wo(En) and 8o(En) on the energy Ey. The form of the 

curves for W; (Ey) and W2 (Ey) is practically the same as that 
of the curve for Wo (Ey). The deviation of 8y(Ey) and Ba(En) 
from 8o(En) does not exceed a few percent. 
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maximum at neutron energies of EN ~ 5 Mev. 
The inclusion of absorption in the nucleus levels 
out the maximum without changing its position and 
lowers, of course, the magnitude of the probability. 
In columns 3, 4, and 5 of Table II we list the 
values of Wy, W;, and W, integrated over the 
energy of the neutron Ey. Columns 11 and 12 of 
Table II give the ratios of the y~ -capture proba- 


bilities integrated over En for the different shells. 


It follows from these data that, at least for the light 
nuclei, the “~ mesons are mainly absorbed by pro- 
tons belonging to the outer shells of the nucleus. 
Of the eight protons in 018 only the six protons 


in the outer 1p shell are effective in the p~ cap- 
ture, and of the 20 protons in Ca’, only the 12 
protons of the two outer shells (1d and 2s). Col- 


umn 12 shows clearly that our calculations do not 
Support the assumption that the protons in the nu- 
cleus absorb the ~ mesons with approximately 
equal probabilities (see, e.g., reference 20). 

Figures 2 and 4 show the dependence of £) (En) 
on Ey. The effect of the absorption of the neutrons 
in the nucleus is quite large. It greatly enlarges 
the value of B)(En) while, at the same time, 
smoothing out its dependence on Ey.* The values 
of By and Vic are listed in columns 6 to 10 of 
Table II. The comparison of these data with (12) 
shows that the difference between our case and the 
case of uw capture in mesic hydrogen is, roughly 
speaking, that the asymmetry coefficient ay for 
mesic hydrogen with neglect of the hyperfine 
structure is here multiplied by some positive fac- 
tor smaller than unity. For an absorption corre- 
sponding to € =—0.15, ay is reduced to about 
half its value. It is easily shown that 2, (EN) ~ 
E? for Ey —0. 


To exhibit the sensitivity of our results to a 
variation in the parameters, we repeated the cal- 
culations for O! with r)=1.3 x 107% cm and 
Uy = 52 Mev (in agreement with reference 19, 
we assumed ryU' = = const). The proton param- 
eters were the following: Up = 36.6 Mev, binding 
energies es = 12.1 Mev, and ep = 24.3 Mev. 
Within the limits of error of the calculation, the 
results agree with the data obtained with our ear- 
lier value rp = 1.45 x One Mev (for example, 
taking £ =-—0.15 we get Bo = 0.491, and the 


*As shown in a number of papers devoted to the calculation 
of the scattering neutrons from nuclei, the choice of an ab- 
sorption coefficient corresponding to € = — 0.15 is, for our 
neutron well parameters and for energies Ey ~5-15 Mev, 
quite reasonable. 


results are apparently isotropic. 
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ratio of the probabilities of u~ capture in the 1s 
and 1p shells is equal to 1:31, etc.). 


4. CONCLUSION 


The calculations for the absorption of ~ mesons 
in oxygen and calcium lead to the following results. 

1. The energy spectrum of the neutrons emitted 
from the nucleus immediately after the w- capture 
has a clearly expressed maximum at neutron en- 
ergies of Ey ~ 5 Mev. 

2. The overwhelming majority of the ~~ mesons 
is absorbed by protons in the outer shells of the nu- 
clei. 

3. The angular distribution q(@) of the neu- 
trons emitted during the absorption of polarized 
fJ— mesons by nuclei can, in first approximation, 
be represented in the form 


q(9) = 1+ P,Bau cos 6, 


where ay is the asymmetry coefficient for p7 
meson capture in mesic hydrogen (with neglect. 
of its hyperfine structure), and the factor B 

f | B | a i) depends on the properties of the nucleus. 
B ~+0.5 for pp capture in O and Ca- 

4. Since the degree of polarization of the p7 
mesons in the K orbit of the mesic atoms reaches 
the value P,, ~ 0.15 to 0.20 (see references 14 
and 22), while ay is enclosed within the limits® 
~1 <a <+%, one may, for B ~ 0.5, expect an 
asymmetry on the order of 3 to 10% in the angular 
distribution of the neutrons from the direct process. 

Recently there appeared a preliminary account”? 
of measurements of the angular distribution of neu- 
trons for the w~ capture by 8S, Zn, and Pb. The 
It should be noted, 
however, that the experimental errors of these 
measurements are comparatively large (2% for S, 
3% for Zn, and 10% for Pb). Since the expected 
asymmetry effect may amount to only a few percent, 
reliable conclusions can be drawn only from meas- 
urements with accuracy of at most a few tenths of 
a percent. 

We express our deep gratitude to I. S. Shapiro 
for his constant interest in this work and for dis- 
cussing the results. We owe our sincere gratitude 
to M. K. Akimov, who did the numerical calcula- 
tions on the “Strela” computer of the Moscow State 
University. 
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We give a list of the symbols used in the article: 
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foo = 2°28, + O5o,. ha = 818,+ 8,8, (2,0=8, 2, p, t, a); 
An (Ew) = © > ((2j +1) /(20 + 1) (Ev""/2Me?)" Anji (Ew) enjt (Ew); 


njl 


Be(Ey = C DU(Qi+1)/(2L+ I(EN /2Me?) Buy (Ew) prj (Ew): 


njl 


G, (Ey) =C D(2j + 1)/ Cl +1) (E0/2Mc*)* Gay (Ew) Gait (En); 


njl 


8, (Ev) = — Be(En)/An(En), Ce (Ev) = An (Ew)/Ao(En), 8x (Ew) = Ge(Ew)/ Ao (Ew): 
A= ( Ar(En)dEy; Be= \ Be (Ey)dEn, Ge= \ Gs (Ew) dEw; 
a p= — Bz/ Ar, Xe = A. As, dp => Gils, (Rk = 0, ili 2); 
Anjt (Ew) = D\(2L +1) (24 + 1) (Crono)? | beanie (Ew) * 
LA 
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(A.1) ¢ 
(A.2) 


(A.3) 


(A.4) 


(A.5) 


(A.6) 
(A.7) 
(A.8) | 


Brn (En) = Re S\{(2L + 1) (2L + 2)(2L + 3) (2A + 1) (2A +2) (2A + 3)P"* [Crono Crviovsio W(L+ 1A; A+ 1L) | 


LA 


x Oran (En )Ocera+injt (En) ob Chic W VE aXe A + WL aL. 1) Or4rAnjl (Ew) Oi rsinjt (En)]; 


1 


Bey a 
Gh (Ey) =6 (+ 1)W (lls; > 


(A.9) | 
l ) Im ICL + 1) CL 42) QE 3) QA ON oak ay. 
LA 
X[CronoCryson-10X (LAL; L+ 1A +1; 111) bz anje (Ew) b2-41a41nj (En) 
+-Choa+ioCrponoX (LA + 1s L + VAL; 111) Or aranj (En) Ozatanit (Ew); (A.10) 
Or Anji (En) = \ IR (r) a; (r) is (Ryr) Ra (r) Talia (A.11) 
0 : = 


C = (2M) "h-7c°8. 


njt njl 
JE — En aX ae 


eo njl- 
? 


. pal 2 ‘2 S 
En; Ey max — MyC Ta ei eal 


= 4 il 5 
Onjl (En) Pas EN (EN max — Ew)’; 


ja(X) = (1/2x)¥? Jj+1f(X) is the spherical Bessel 
function; Ry (r) is the normalized radial wave 
function of the ~ meson for the ground state of 
the mesic atom; W are the Racah coefficients ;*4 
the definition of the quantities X is given in ref- 
erence 25; P,, is the degree of polarization of the 
#4 mesons at the moment of absorption; €y is the 
binding energy of the ground state of the mesic 
atom; m, is the mass of the ~ meson; enjl is 
Wait’ (Ev, 9) = (2"/3)(—Y “(27 +1)  & 


ILAI'L’A’gfh 


the binding energy of the proton in the subshell 
(n, j, 7); M is the mass of the nucleon (we neg- 
lect the proton-neutron mass difference). 

Leaving out the sum over (n, j, 2) in formulas 
(A.2), (A.3), and (A.4) and substituting these ex- 
pressions in (9), we obtain a formula describing 
the absorption of the ~ meson in a given filled 
subshell (n, j, Z). 

We note that Gn i{o(EnN) =0 for 1=0. 


pe Phe ie™ (—) Eh tay ( OT Eel OE) (2 Ae caine aan) 


¥ : il : PNG ees 
(2g + 1) Of + 12h + 1) CrossCPoweChoasClomCHom W (15 A; Li) X (LIA I'gi;5 1 5) 


i i / 1 ‘yr * 
Or. Glos TPA Ae a a El ) Re {[Ase + Asa + hot + Ava] Orr anja (Ey) Orrarnjt (En)} cos 4. 
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A theory is developed for the absorption coefficient and the refractive index in the absorption 

bands corresponding to exciton excitation in molecular crystals at low temperatures. It is 

shown that the structure of the absorption band can serve as a means of determining the sign | 
of the effective mass of the exciton. Conditions are found for which the index of refraction | 
equals zero at the short-wave side of the absorption band. Electromagnetic waves at these 
frequencies are completely reflected from the crystal surface, penetrating it to only a small 

depth. When the temperature is increased this effect vanishes. 


INTRODUCTION 


Because of the recent work of Pekar,' Ginzburg,” 
and Agranovich and Rukhadze® attention has been 
directed to the propagation of light in crystals char- 
acterized by spatial dispersion. It has been shown 
in the work cited above that in frequency regions 
close to the exciton absorption band the index of 
refraction can have several values for waves of 

the same frequency, direction of propagation, and 
polarization. Only the transparent region of the 
crystal has been studied in references 1 to 3. How- 
ever, it is of interest to consider propagation of 
electromagnetic waves in a crystal at frequencies 
corresponding to absorption bands. 

The reduction in the amplitude of an electro- 
magnetic wave as it passes through matter is due 
to two effects: (a) scattering, (b) conversion of 
energy in the electromagnetic wave into the energy 
of motion of the molecules (true absorption). In | 
this paper we shall be interested only in true ab- 
sorption at crystal temperatures close to zero. 

The molecules of a molecular crystal are neu- 
tral; hence an optical wave cannot communicate 
motion to them directly. However, when the mole- 
cules are excited there are additional interaction 
forces between molecules and these shift the equi- 
librium positions of the molecules. Thus, true ab- 
sorption is due to coupling between the internal 
molecular excitations and the molecular oscilla- 
tions. This coupling leads to a considerable broad- 
ening of the absorption band at absolute zero. 

Davydov4 has shown that excitations of two 
types can be produced in molecular crystals by 
optical waves: (a) localized excitations that propa- 
gate slowly through the crystal and whose polari- 


zation is determined by the orientations of the 
molecules, which are considered as independent 
absorption center, (b) exciton excitation, i.e., 
excitations that propagate rapidly in the form of 
excitation waves in the crystal. These excitations 
are responsible for the appearance in the absorp- 
tion spectrum of sharply polarized “crystallo- 
graphic” absorption bands, the polarization of 
which is determined by the crystallographic 
structure. 

The absorption bands corresponding to the lo- 
calized excitation are roughly Gaussian in shape 
and do not yield any information as to the detailed 
structure of the crystal. The absorption bands 
corresponding to exciton excitations, on the other 
hand, are very sensitive to crystallographic struc- 
ture. Consequently, an investigation of the struc- 
ture of exciton absorption bands is one of the 
methods of studying crystallographic structure, 
the energy of the exciton states as a function of the 
propagation vector of the exciton, and the exciton 
interaction with the lattice vibrations. 

An analysis of the structure of the optical ab- 
sorption band in a molecular crystal has been given 
by Davydov,’ using a one-dimensional crystal; Davy- 
dov and Rashba have considered a more general 
case. However, in this work no account was taken 
of the self-consistency of the problem: the propa- 
gation vector of the optical wave which excites the 
crystal depends on the refractive index and the 
optical absorption. This self-consistency may be 
especially important close to an absorption band 
where, in certain cases, it leads to spatial disper- 
sion. In the present paper we investigate the pas- 
sage of light through a crystal in the region of the 
absorption band using a simple model of the molec- 
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ular crystal; in this model the molecules can exe- 
cute translational and rotational oscillations about 
the fixed equilibrium positions. 


1. CRYSTAL WAVE FUNCTIONS IN THE PRES- 
ENCE OF OPTICAL WAVES 


Let G be some region of a molecular crystal 
with a cubic lattice in each elementary cell of which 
there is one molecule. All molecules have the same 
equilibrium orientation. It is further assumed that 


the region G is a cube with sides Njaj (i =1, 2, 3) 


where the aj are the base vectors of the lattice. 
Then the position of the center of gravity of the 
molecule is given by the vector R=r+n where 

r is the coordinate of the center of region G while 
n= > aay en =O, eee! oir? SN; 72 Wal, 2,3). 
The total number of molecules in region G, N= 
NiN.N3 must be large enough to exhibit the basic 
interaction effects between molecules; at the same 
time the dimensions of the region must be smaller 
than the wavelength of the light. 

In the absence of interactions between the ex- 
citon excitations and the lattice vibrations, the fre- 
quency of the exciton excitations can be written in 
the form 


x = Wy + (7/2) (coskea — 1), (1.1) 


where h|7T| is the energy width of the exciton 
band for excited states. The wave function corre- 
sponding to the excitation (1.1) is of the form 


te Setmet (pn) I] gw (en) 


n n’+n 


De = No (1.2) 
where oh, (Py) and Yp(py) are wave functions 
which determine the excited and ground states of 
the molecule at n. 

For simplicity we assume that the exciton ex- 
citations interact only with two kinds of lattice 
vibrations: translational and rotational oscilla- 
tions. The frequencies of these oscillations are 
given by the relations 


AQ 
vey? sin? (pea/2), Q, = Qo + =-(cosqea—1), (1.3) 


2 

p 
where |AQ| is the width of the band of the optical 
frequency branch. The propagation vectors k, p 
and q runover N discrete values >) (21/Nj) bjnj 
eo Une 2 br fanaa ) if we take cyclical boundary 
conditions with periodicity Njaj as boundary con- 
ditions. Here the bj are the vectors of the recip- 


rocal lattice. 
In actual crystals the dependences of wk, Vp, 


and Qg of the propagation vectors can be expressed 


by more complicated functions than those given in 
(1.2) and (1.3). It is important, however, that in 
the limit of infinitely long waves Qg and WK ap- 
proach a finite limit while Vp 0. Usually, in 
molecular crystals the width of the exciton zone 
exceeds the width of the zones which correspond 
to lattice vibrations, i.e., the foliowing inequality 
holds 


‘Vinax: 


|=) > |AQ|, 


Further, let Hy be the Hamiltonian, whose 
eigenfrequencies 


Exrq = kh (Mx + Vp 


+ Qg), 


and whose eigenfunctions kpg = YkYpq corre- 
spond to excitation in the crystal of one exciton, 
one accoustical phonon and one optical phonon. 
The ground state of the crystal (at basolute zero) 
will be a state in which none of these excitations 
are excited. The energy of this state will be taken 
as zero energy and the wave function will be denoted 
by po. 

The operator for the interaction of the excitations 
with the lattice vibrations is 


A’ ae Ay, aie A, 
where 
= ND) Vite em {Ap (e!?* ®—ele- m) 
mn 
pA ace eet D0 
Ay = ey) Vibes Pm {Ag (e/4°" + efae™) 


mng 


-- Aq (ein. e—iaem)), 


Here py is the ensemble of internal molecular 
coordinates for molecule n; Ad and AG are cre- 
ation operators for the appropriate phonons. When 
these operate on the function 4) they produce a 
state with one phonon of the appropriate type. Op- 
erators Ap and Aq are annihilation operators 
for the corresponding phonons. 

The operator for the interaction of the electro- 
magnetic wave 

E = 2E,) exp (— A* R) cos (wf— Q-R) 
with the molecules of the crystal (when the wave 
length is much larger than the molecular dimen- 
sion) can be given by the expression* 


*In computing the exciton excitations, account has already 
been taken of the dipole-dipole interaction of the molecular 
electric moments induced by the light wave; hence, in operator 
(1.4) we introduce the average field rather than the effective 
field. 
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W=—e Eu DyGn yy exp {((iAQ —A 
n 1=+,— 


)+(r + n) — ihof}. 


(1.4) 


In the presence of the light wave, the crystal 
state is described by the Schrédinger equation 


GhO/Ot-— Hy — Hy = Hyp—W) F = 0: (1.5) 


When the interaction between the excitons and the 
lattice vibrations is weak, we can use the one- 
phonon process; hence we seek a solution of (1.5) 
in the form of a series 


if ces Do (t) Dy + » Oxpg (t) Dipg exp {— t (Oxpq = U*\kpq/2) Ale 
ee, (1.6) 

with initial conditions 
DOT be. (0) = 0. (1.7) 


The matrix elements of the operator W are of the 
form 
(Di | W | Bo) 
(1.8) 
=—N~"(Eywd) >) exp[iQQ+ iA)er—rot] den, 
A=, = 

where d=(q'l|ep|q) is the electric dipole mo- 
ment excited by the optical wave: 


o.Q,K7 = N- 1Sie7An exp[in « (kQ—k’)]. 
If NyaA «<1 the matrix elements in (1.8) are dif-- 
ferent from zero, only when k’ =AQ. If the absorp- 
tion is not very small the matrix elements (1.8) 
will be different from zero at several values of k’ 
close to AQ. From Eqs. (1.6), (1.8), and (1.5) we 
find as a first approximation (neglecting H, and 
H2) 


(E,8d) N’!? exp [i (@,g — Aw — fY;,Q/2)|—1 
h Oxg — Ao — IY, Q/2 


= (1.9) 
Thus, in the same approximation the wave function 
for the crystal (when there is an optical wave of 
frequency w present, (at large values of t) can 
be given by the expression 


F=O)+ 


2Q> 


(1.10) 


(Eoed) VN S} oxpl= Bot + AQ r—A+r], 
oh tania = r= fy ele 
= &Q a iY,Q/ 


where y,Q is a complicated function of frequency, 
the determination of which requires the solution of 

Eq. (1.5) in the next approximation, which takes ac- 
count of the interaction of the excitons with the lat- 
tice vibrations. 


2. CALCULATION OF THE COEFFICIENTS y 


The matrix elements of the operators that de- 
termine the coupling between the excitons and the 


A. S. DAVYDOV “and Ar? Fse DUBCHENAK® 


4 


lattice vibrations can be written in the following 
form: 
ld|?V,N—! 


(Dxp|H1| Pre) = Bh as 


(2.1) 


(Dig | A, | ®,Q) = | d Fi VoN~ "8x9, k+q> 
where 


V, = giv, sin (pea/2) sin [(24Q — pya/2], 
ie ear cos (q+ a/2) cos [(24Q — q)a/2]. 


Using Eqs. (2.1) and (1.9), we find b,Q-q,q and 
bx~Q-p,p from Eq. (1.5); then, multiplying (1.5) by 
é}Q, we have 
as 
CO Si *2 [Vi |? 


1— exp[—i(g_p)—A® + v5) £] 
— hw + Vo 


It follows directly 


©Qp 


(2.2) 
1 — exp [— 


©g_q 


i (©Q_q — Aw + Q,) t] 
— Aw + Q, 


+ DV? 
q 


where A takes values + or —. 
from Eq. (2.2) that 


{9 = 0. (2.3) 
Taking account of (2.3), at large values of t, we 
can write 
{=o = Vtr 1 rots (2.4) 
where 
Xt =2|d/tNAD|Vi2C(@o-p+%y—o), (2.5) 
Pp 
trot = 2] d|#N Di|Vo)?C aq + Qg — @); (2.6) 
q 


and ¢(x) is a singular function defined by the re- 
lation 


'@.= lai 1 — exp (— ixt) 
; ix 


= m6 (x) +iP—. 


tea 


The imaginary part of this function causes a shift 
in the energy levels of the system and will not be 
considered in what follows (cf. reference 7, §16). 

In Eq. (2.5) we change the summation to inte- 
gration and introduce the new variable 


= ded? (p)/|grad&(p)|, &(p) =ag_, +r, 


where do is a surface element, and é(p) = const; 
thus, we can write 


dp= 


a a V, (2 : 
‘tr (@) = ie tly ) dodé aaron C(E—) 
gia* (d(* ¢_sin® ((2Q — pha/2)] | sin (p+a/2) | do 
Eccl OS a z sin [(Q — p)a] + v,,,, Cos (pea/2) |’ if A$ o< ba, 


\ 0 if w is outside the 


interval 4, &. 
. (2.7) 
The quantities £; and & are respectively the 
smaller and larger of the values wQ and wQ-rb 
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ye) 


FIG, 1 


+ Vmax; the integration in Eq. (2.7) is carried out 
for all values of P which satisfy the condition 
W = WQ-P + Vmax: 

We now assume that the frequency w inside 
the absorption band approaches wQ, then p—0 
and it follows from Eq. (2.7) that yy; —0. In 
Fig. 1 is shown the dependence of yty on w close 


cos? [(2Q — q)-a,'2] cos? (qa/2) do 


A) 


FIG, 2 


to the frequency w@ for positive and negative ef- 
fective exciton mass. Carrying out a similar trans- 
formation of Eq. (2.6), we have 


a | di} \ 
[es 2n? {Q4 + (AQ/2) (cos qra— 1)}"? | sin (Q — q)a —AQ sin qva|’ 


Yrot (®) = 
| QO, 


where ¢, and ¢ are respectively the smaller 

and larger of the values. wQ + % and w@Q_qb + 

Q) — AQy. The integration in Eq. (2.8) is carried out 
over all values of q which satisfy the relation 

w = WQ-q + Qg. In Fig. 2 is shown the dependence 
of Yprot on frequency for positive and negative ef- 
fective exciton mass. 

If the crystal temperature is not zero, the inte- 
grands in Eqs. (2. 7) and (2.8) will contain the | factors 
(Np +1). and (Ng +1) respectively where Nip and 
Ng are the mean numbers of phonons at a given 
‘temperature. At high temperatures (n+1) and 
y are proportional to temperature. When the tem- 
perature is increased, in addition to the increase 
in y, which corresponds to the emission of pho- 
nons, there are additional terms which correspond 
to the absorption of phonons by excitons. Both of 
these increase ytr and yrot and cause consid- 
erable expansion of the frequency region in which 
these quantities are different from zero. 

We have considered above the interaction be- 
tween exciton excitations with two branches of the 
lattice vibrations. However, a larger number of 
branches take part in the interaction. Because the 
different oscillations are independent, each makes 
an additive contribution to y; consequently 


1 (0) = Dri, (©) + Trot ()I- 


if (Om (2.8) 


if w is outside the interval (4, G, 


In Fig. 3 is shown a possible form for the depend- 
ence of y on w at absolute zero. As the temper- 
ature increases the curve y(w) expands in both 
directions about the frequency w@. In computing 
y(w), we consider only the interaction of exciton 
excitations with lattice vibrations. However, to 
this value of y(w) it is necessary to add the nat- 
ural width (I') of the internal molecular level 
associated with the finite lifetime of the excited 
state of the free molecule (radiative and nonradi- 
ative transitions). In luminescent crystals [ « 
y(w) inside the absorption band so that these 
corrections need not be introduced. 
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3. EQUATIONS FOR THE ABSORPTION COEFFI- 
CIENT AND THE REFRACTIVE INDEX 


To obtain equations for the absorption coeffi- 
cient and the refractive index for a molecular crys- 
tal, we use Eq. (1.10) to compute the average value 
of the electric moment (per unit volume of the 
crystal) induced in region G by the light wave 


d (Egd)2No®o I( 0g —w?) +i (7/2) (ag + o)] 
Pos = < (3.1) 
(OG da OO) ey 2)° (0g +e)" 


Ieee i r+ ot)]+compl. conj. 


x exp [— 


where Ny is the number of molecules per unit 
volume. 

In finding the approximate solution (1.10) of 
Eq. (1.5), we have taken account only of those 
states that correspond to a definite internal mo- 
lecular excitation. The absorption of light, when 
this state is excited, does not depend on the exist- 
ence of other molecular levels having some other 
energy. However, these states introduce an addi- 
tional term {¢,} in the real part of the dielectric 
permittivity tensor: {€o} is relatively insensitive 
to frequency. For simplicity we shall assume that 
€y is a scalar. Then, the total electric moment 
produced in the crystal can be written in the form 


€& — 1 


P a Pee Sh An 


E, (3.2) 


where Pex is defined by Kq. (3.1) 
An electromagnetic wave which propagates in 
the crystal must satisfy the equations 
curlH = D/c, divD = 0, divH = 0, 
D=E + 4cP. (3.3) 


curllE = — H/c, 


We seek a plane-wave solution for these equations, 
assuming that E, H, and P are proportional: 


©) 


e—“rexp [i(Qr—oat)], Q= — us, A= —xs, 
where s_ is a unit vector in the direction of propa- 
gation of the wave. From the above it is easy to 


obtain the relation 


E ++ 4xP = (u + ix)?([E — s (sE)]. (3.4) 


We now orient the coordinate system xyz in such 
a way that the x axis lies along the equilibrium 
direction of the induced electric moment of each 
molecule (in our crystal all molecules have the 
same orientation); thus d={d, 0, 0}. 

If the electric field of the light wave is parallel 
to the x axis, P is collinear with E; then, from 
Eq. (3.3) it follows that E and D are also collin- 
ear and, consequently, that s is perpendicular to 
E. Substituting Eq. (3.2) in Eq. (3.4) and separating 


Atos: DAVYDOV and A. By bUBICwE Nis) 


real and imaginary parts, we have 


. : Phe, 4n (e#/m) [No (®g — @) ie 
Mie ie 0 hegre) eg =emeial real 


7 2 (e?/m) fNox Bee 
Besos, (ep Fa) [log = Oe ae B(), 


(3.6) 


where A(w) is the real part and B(w) the imag- 
inary part of the dielectric permittivity. In obtain- 
ing (3.5) and (3.6) we have expressed d? in terms 
of the oscillator stréngth f, corresponding to the 
internal molecular transition, using the relation 
ae e*hf/2mwe where m is the mass of the elec- 
tron. The other two principle elements of the re- 
fractive-index tensor and the absorption tensor are 


%22 = Xyy = 0. 


In Eq. (3.5) and (3.6) the frequency w@ is a func- 
tion of the refractive index 

OQ = Wo —+ 9 F [cos (Ss isjea)—1], (3.7) 
where s, is a unit vector perpendicular to the x 
axis; hence, in the region w ® wy the second term 
in Eq. (3.7) can be of some importance in (3.5) and 
(3.6). In this frequency region these equations can, 
in general, lead to the appearance of several values 
of fife at the same frequency. 

This situation has already been noted by Pekar, 
Ginzburg,” and Agranovich and Rukhadze.® In ref- 
erences 1 to 3, however, absorption was not taken 
into account, and it was assumed that uw can take 
on very large values; this tends to overemphasize 
the role of spatial dispersion. Actually, as has : 
been shown by measurements carried out by Obrei- 
mov, Prikhot’ko and their colleagues,® at low tem- 
peratures, where the absorption bands are relatively 
narrow, the refractive index for molecular crystals 
rarely exceeds 10. With uw = 10, the ratio 
(wyua/c)* ~ 10-3 so that Eq. (3.7) can be replaced 
by the approximate expression 


OQ = Wy — 1/4t (wpa/c)?. 


In this case 


Tt (e?/m) [No [a — © — t (uma/2c)?] 
a + ©) {((@5—@ —t[Yoa/2c]*)*+-y?/4} ” 
2m (e?/m) FN ox (@) 
(9 + ©) {(@) — @ — 7 [wma/2c]*)? + 2/4} ° 


A () = & + 


B(o) = 


Now, assuming that in molecular crystals the ma- 
jority of absorption bands correspond to excitation 
of excitons of negative effective mass 


t(uma/c)® << 77 (w), (3.8) 


we can make a fairly accurate determination of the 
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absorption coefficient « and the refractive index 
@ using the formulas 


ee Ag sey ARB? 


pS ae (3.9) 

pee ath Agee VARS Bays, 

where 
es 4n (e?/m) fNo (@) — ©) 
SS i (@) + ©) [(@) — o)? + 72/4] a 
(3.5a) 
_ __ 2 (e®/m) fNoy (@) 

Pol) = CF oj [loo OFF FA o-83) 


The inequality (3.8) is not satisfied at very low 
temperatures for a small frequency region at the 
long-wave edge of the absorption band; this region 
corresponds to excitation of excitons with positive 
effective mass (cf. Fig. 3). In this region Eq. (3.9) 
cannot be used; to compute uw and x it is neces- 
sary to take account of the second term of Eq. (3.7). 
However, when the temperature increases, the value 
of y(wy)) increases rapidly even in bands which 
correspond to the excitation of excitons with posi- 
tive effective mass. In this case Eq. (3.8) is satis- 
fied and Eq. (3.9) can be used for all frequencies. 
True absorption (energy dissipation) occurs only 
in the frequency region in which B(w) is differ- 
ent from zero. As follows from Eqs. (3.5) and (3.6) 
this region of true absorption coincides with the 
frequency region in which y(w) is different from 
zero. Frequency regions in which B(w)=0 are 
called transparent regions. If Aj(w) >0O inthe 
transparent regions, from Eq. (3.9) we have kx =0, 
L= V Ao , i.e., the light wave is not attenuated in 
passage through the material. 

If Ajp(w) <0, from Eq. (3.9) we have pu = 0 
and K=V—Ay. 

It follows from Eq. (3.5a) that when y(w) = 0 
the condition A(w) <0 is satisfied for frequen- 
cies which satisfy the relation 

4re®fNy/m 
Ey (@ + @o) ” 


Wy <0 < Wo + (3.10) 


where €,) is the value of the dielectric constant in 
regions far from the absorption band. If the fre- 
quencies are measured in reciprocal centimeters 
[v] the relation is (3.10) can be written in the form 


e? No 
bol <DI< bol + ete 


Taking N,=4% 104, £=0.2, [v] = 25,000 cm™ 
and €)=2, we have 

e?{N o/2nc*eq [Vo] m = 73 em! 
In view of the nature of the dependence of y on w 
(Fig. 3), it is easy to show that in the region y(w) 
= () the condition in (3.2) is satisfied only at very 


low temperatures and at the high-frequency side 

of the absorption band, which corresponds to exci- 
ton zones with negative effective mass because the 
frequencies of the limiting rotational oscillations 
are usually less than 100 cm™! and the true absorp- 
tion falls off sharply on the high-frequency side. As 
the temperature is raised, the absorption band ex- 
pands and it is impossible to satisfy the condition 
y=0 and (3.10) simultaneously. If the absorption 
corresponds to the excitation of excitons of positive 
effective mass the absorption bands have a consid- 
erably greater extent on the high-frequency side of 
Wg even at very low temperatures; thus, the con- 
dition y(w) = 0 and (3.12) are not satisfied as a 
rule, 

If (3.10) is satisfied, total reflection obtains at 
normal incidence of the light on the surface of a 
thick crystal. In this case, even though there is 
no true absorption, the light wave is attenuated 
rapidly inside the crystal. At small crystal thick- 
nesses, when zwk/c <1, part of the light wave 
passes through the crystal. Since the absorption 
coefficient is usually deduced from the attenuation 
of light which passes through a layer of material, 
the effect indicated above [total or partial reflec- 
tion of light in the frequency regions which satisfy 
a (3.10)] may introduce considerable distortion 
into the measurements. 

As has been noted above, if the condition 
y(w)=0 and (3.10) are both satisfied, the index 
of refraction p(w) =0. Thus, a measurement of 
the index of refraction on the shortwave side of the 
absorption band can give evidence as to the exist- 
ence of the total reflection effect noted above. Such 
measurements can be used to determine the need 


‘for introducing corrections in the measurements 


of absorption made by the transmission method.* 

We may note further that at frequencies for 
which the dielectric permittivity (3.5) vanishes in 
the transparency region, the induction D also van- 
ishes identically. In this case, Maxwell’s equations 
(3.3) allow the existence of longitudinal electric 
waves in the crystal (H=0, curl E=0). The 
condition « =A(w)=0 can be satisfied at low 
temperatures on the short-wave side of the ab- 
sorption band; this is the region of excitation of 
excitons of negative effective mass. 


1's I. Pekar, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 1022 (1957), Soviet Phys. JETP 6, 785 (1958). 


*It should be kept in mind that in determining x by the 
transmission method it is necessary to introduce corrections 
for scattering; these can be significant for narrow absorption 
bands (at low temperatures). 
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Cerenkov radiation from electric and magnetic dipoles moving a continuous medium is con- 
sidered; the radiation from dipoles moving in a channel or slit is also considered. 


J particle bunch (packet) which is small com- 
pared with the wave length in the medium produce 
the same Cerenkov radiation as a point charge or 
point multiple moment corresponding to the entire 
bunch. Hence the Cerenkov radiation of magnetic 
and electric dipoles is of interest even though the 
dipole radiation for individual particles (neutron, 
electron) is very weak. Moreover, the analyses 
of the Cerenkov radiation from a magnetic moment 
given in the literature!~® are contradictory. For 
this reason we present a method of calculation 
which is somewhat different from that used in ref- 
erence 2 to 4. 

Setting div A=0 and expanding the vector po- 
tential we obtain the relations (for simplicity it 
is assumed that the magnetic permeability p = 1) 


& 0 410 


ce OA 
Bice a AED NO ee ee 


4c *s 
i ae 


A= py (Gaz Avg + gud), Ay = © V 4/ee, exp {ike ar}, 


en-ep= 5; keear=0; 1= 1,2; 
eB, + H? ARRON: Shs, SG 
Ge — ( or aS dV — S Pri P; ap OF Gani a) 
Z 4 Mfh 
eee 1 OA dq; : C p 
pny yo Oa M SS gen) Ee, 


and the equation 
Gr + qu = — \ (jeA,;) dV 


= V 4nje (e (exe V) + ic {kx >. | (1) 


+ i (ex, + p) (kx°v)} exp (2k, x vt}, 
where ss 
j=ov -ccurl M-- —. 


= evé(r — vt) + ¢ curl({mo(r — vé)] + aa [po (r — v/)]. 


Integrating Eq. (1), for example with the initial 
conditions q,j(0) =P ,j(0) =90 we find the energy 
3c. Introducing the density of states dZj(w) = 
(2mc)73 2 wt dw dQ, isolating the resonance term 
in 3, which increases in proportion to time, and 


integrating over the polar angle 8, we obtain an 
expression for the energy radiated per unit time: 


; 2 
OF = ee a \ de \ no? im [ki x e;] — (cen) | de, 
0 
(3) 


where n?(w)=€(w) cos 6=c/vn(w), k, =k/k, 
6 and » are the polar and azimuthal angles ina 
coordinate system in which the z axis is in the 
direction of the velocity v. In Eq. (3) it is assumed 
that the charge e=0: if e #0, the radiation is 
equal to the sum of Eq. (3) and the well-known ex- 
pression for the Cerenkov radiation of a charge. 
The integration over frequency in Eq. (3) is car- 
ried out over the frequency region for which 
c/vn(w) <1. At first glance, it may seem that 
in this calculation no account has been taken of 
the dispersion in n. However, one is easily con- 
vinced that this is not the case and that dispersion 
has properly been introduced in Eq. (3). 

If the magnetic moment (also the electric di- 
pole) is in the direction of v, we obtain from 
Eq. (3) the standard expression.*~? If there is 
only a magnetic moment my in the system in 
which the particles (bunch) are at rest, the mo- 
ments perpendicular to the velocity in Eq. (3) must 
be taken as m=m, and p=vxm/c. In this case 
we obtain (4) 


ye | ve \(a C VM dos 
rn | ene ) \ yip2 ; eae 


This expression coincides with that given by Frank 

in reference 2; however, it differs from those given 
in references 3 and 6. Thus, in reference 3 the fol- 
lowing expression appears in place of Eq. (4) 


oy to ee il ee Cp. 5 
KH =7\ TL°G) e one | do. ( ) 


The reason for the discrepancy lies in the fact that 
in references 3 and 6 use was made of magnetic 
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dipoles formed by magnetic poles. When e€ #1, 
such moving “true” magnetic dipoles are not the 
same as moving current-moments.* More spe- 
cifically, in place of the moment (Vv xm)/c we 
have® the electric moment ¢(vxm)/c; this is 
equivalent to taking account of the electrical po- 
larization of the medium due to the dipole itself.* 
It is curious that this case can be realized for 
bunches; it is necessary (for the frequency being 
considered) that ¢€, the dielectric permittivity in 
the bunch itself, be the same as e, that of the sur- 
rounding medium (for example, a plasma ina 
magnetic field). 

Using a quantum-mechanical calculation,?» 
starting from the Pauli equation or the Dirac equa- 
tion (if we do not consider the radiation from the 
charge) we obtain expressions such as Eq. (4) and 
similar formulas for a moment parallel to v (cf. 
reference 1). In this case, if the spin in the initial 
state is parallel or anti-parallel to the velocity v, 
an expression such as Eq. (4) is obtained only in 
transitions in which there is spin flip since it is 
only in this case that there are components of the 
spin operator which are perpendicular to v. Con- 
sequently, the Cerenkov radiation of the magnetic 
moment of the electron or neutron has essentially 
no quantum-mechanical attributes. 

A characteristic feature of Eq. (4) is the fact 
that the integrand does not vanish at threshold 
(for cos’ 6 = c¢/ny ='1): 


tse) 


*If we introduce magnetic poles with density Pm") the 
field equation have the form (we take p = 0, j = 0 and B = pH). 


tests Samad 
con HSS ar iy See) 
4 OvH 4n 
curl E = — E Ope are a div wH = 4npe,,, 
whence 
eu 0?H 4r O (2 mV) 
curl curl H + —> ie deacoey ream 
cu OPE Gr 
curl curlE+ 7 O2= — — cullen’): 


However, if there are electric charges and currents 


eu 0°H 4n 


curl curl H ++ 2 oR =o curl(ev), 
eu OE. _ 4% 2d\(pv) 
curl curl E + 2 OF a OReEe: 


In other words, the equations for magnetic poles are obtained 
from the charge equations by making the substitutions 


E— H, nb. aap. 


ue, 


Thus, when p = 1 the magnetic moment due to a current is com- 
pletely equivalent to the “true” magnetic dipole only in vac- 
uum, where €= 1, 
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uc? 
(We may note that Loskutov and Kukanov® have ob- 
tained precisely the same expression from a quan- 
tum-mechanical calculation). This result, however, 
need not be considered paradoxical since the total 
energy 3C vanishes at threshold and then increases 
smoothly. Actually, if dispersion is taken into ac- 
count, as the velocity increases the radiation is ob- 
served only at frequencies which correspond to the 
maximum value of n(w). Furthermore, if recoil 
is taken into account, as is automatically the case 
in the quantum-mechanical calculation,' 


hw (c2/u2 — 1) 2 (n? — 1) (6) 
2mc*n ; 


g | 
COSGO at 


where m is the rest mass of the particle or bunch. 
By virtue of Eq. (6), even if n=const the radiation 
starts at one frequency as v increases; in the pres- 
ent case this is the frequency w=0. Thus, as v 
increases there is a gradual expansion of the region 
of integration and the value of (4) increases. 

We may note that an expression such as Eq. (5) 
can be obtained from a quantum-mechanical calcu- 
lation. For this purpose, in the Dirac equation for: 
a charged particle we add an appropriate term, 
proportional to yjyxGji_; for a particle with non- 
kinematic magnetic moment, we replace ViVKF ik 
by YivkHik (here Fix ={H, iE}, Hix ={H, iD} 
D=cE, Gik = Fik — Hik). There is no basis for 
introducing these changes in the application to an 
individual particle; when the quantum-mechanical 
calculation is applied to bunches, however, there 
is no objection. 

In conclusion we consider the Cerenkov radia- 
tion due to the motion of dipole moments in voids 
— channels or slits (for simplicity we assume 
€=1 and w=1 inthe void). In the case ofa 
charged particle it is well known!?»"! that as the” 
radius of the channel or the width of the slit ap- 
proaches zero the Cerenkov radiation becomes 
the same as that characteristic of motion in a 
continuous medium (when cos 6 ~ 1 this occurs 
when a/X K 1, where a is the radius of the 
channel or the width of the slit and } =A,/n is 
the wave length in the medium). At first glance 
it might seem that this result should also apply 
for dipoles and other multipoles; in general, how- 
ever, this is not the case. 

To compute the effect of a thin channel (slit) 
on the Cerenkov radiation it is convenient to make 
use of the reciprocity theorem 


(i QE@av = | jOEDeV, 
@) (2) 


CERENKOV RADIATION FROM DIPOLES 


where the j(! »2) are the Fourier components of 
the “transverse” current density in regions 1 and 
2; the field E(?) is produced by current 2 in re- 
gion 1 and field E(t) is produced by current 1 in 
region 2. Writing the current in the form j= pv 
+ 9P/dt +c curl M we have: 


| lov) E® + ioP + Ee — amp +H) dV 

v (1) 
= \ [(ov)@+E® + joP©*EO — ume +H) dV. 

(2) 


For the Cerenkov radiation of a point charge mov- 
ing along the z axis we have 


Ra ul mai RACE 


and placing an electric dipole p?) at point 2, re- 
moved from the trajectory, we have 


e 


= \ v-E®(0,0,2) e-lezia dz = iap®)+E (2), (8) 


where E(2) = E(!)(2) is the radiation field at 
point 2. If the charge moves in a thin channel or 
narrow slit (i.e., if a/A « 1) the quantity 

vie E)(0, 0, z) remains the same as for a continu- 
ous medium since the tangential component of E(2) 
is continuous. Hence, as is apparent from Eq. (8) 
the radiation field E also remains the same as 

in a continuous medium. For the radiation of an 
electric dipole, where p(t) = p.6(z—vt) 6(x) 6(y), 


\ p-E®) (0,0,z)eMo2!” dz = p@*E (2). (9) 


If the dipole p is parallel to the axis of the chan- 
nel or lies in the plane of the slit when a/A <1 
the radiation field is once again the same as for a 
continuous medium. For a dipole which is perpen- 
dicular to the plane of the slit 


p*E®) (0,0,2) = ¢ («) p-E® (0, 0,2), 


where E(?) is the field in the continuous medium 
produced by dipole 2. If we express the Cerenkov 
field of dipole 1 (with moment p) in the continu- 
ous medium in terms of Ep, 


\ prEQe-‘e2!7 dz = p®*Eo (2); 
\p- EQe—tozlu dz =e \ p- E®) eiez|t dz = p@. E (2). 


Whence E = «Ep. In the case where the dipole is 
perpendicular to the axis of a thin channel which is 


in the form of a circular cylinder E = E)*2e(e€+1). 


Since the magnetic wave in the field zone is pro- 
portional to the electric field the energy radiated 
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in the case of a slit or a channel is increased re- 
spectively by a factor of «? or [2¢/(e€+1)]?.* 
A dipole with arbitrary orientation can be analyzed 
in terms of dipoles that are perpendicular and par- 
allel to the axis of the channel (slit); thus, using 
the principle of superposition the problem is re- 
duced to one of the foregoing. As is apparent from 
Eq. (7), the presence of the channel has no effect 
on the radiation of a magnetic dipole m when 
@=1. If there are both electric and magnetic 
dipoles the radiated fields are combined (but 
obviously not the energy); thus the problem can 
again be solved. 

Obviously a moving current moment and a 
“true” magnetic moment placed in a void must 
give the same radiation. This conclusion was 
verified by Bogdankevich'” by a direct calculation 
for different dipoles moving in a circular channel; 
in particular, in the case of a thin channel it is 
found, as is to be expected, that the result is the 
same as the derived result — the field of the elec- 
tric dipole is increased by a factor of 2¢/(€+1). 

In connection with the fact that the Cerenkov 
radiation of a moving dipole (with #1 alsoa 
magnetic dipole) depends on the shape of a cavity 
which can be as narrow as desired, there is some 
question as to the validity of Eqs. (3) and (4) for 
the motion of a dipole in a continuous medium. It 
is clear from the reciprocity theorem that here 
we are examining the validity of assuming that the 
field which acts on the dipole Eq is the average 
macroscopic field E. If a fixed dipole is intro- 
duced into a medium, in general this is not the 
case (i.e., Eg#E). However, if we consider 
a particle with charge or a dipole moment which 
moves along a given trajectory, the average field 
which acts on a “physically infinitesimally small” 
portion of the path is precisely the macroscopic 
field. This same conclusion applies in connection 
with the original expression (1) for the motion of 
a particle in a continuous medium; this expression 
(or the equivalent wave equation) is obtained by 
averaging the equations of microscopic electrody- 
namics. Thus, in our opinion the validity of Eqs. 
(3) and (4) for Cerenkov radiation of point dipoles 
in a continuous medium should raise no objection. 

The authors wish to acknowledge discussions 
of various pertinent problems with L. S. Bogdanke- 
vich, A. V. Gaponov, M. A. Miller, and I. M. Frank. 


*To compute the radiated energy from Eq. (3) for the case 
of a channel or slit, we must replace p by the appropriate ex- 
pression determined from Eq. (9); for example, in the case of 
a dipole perpendicular to the axis of a circular channel p is 
replaced by [2¢/(€ + 1)]p. 
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Expressions are derived for the electromagnetic field components and the total energy losses 
are determined for a charged particle moving in an anisotropic gyroelectric and gyromagnetic 


medium. 


i The energy losses of a charged particle moving 
in an anisotropic dielectric medium have been con- 
sidered in a number of papers.!~* Sitenko and Kolo- 
menskii*»® generalized this work for the case where 
the medium has optical activity besides the aniso- 
tropy (gyroelectric, anisotropic medium). Later 
Pafomov® discussed the Cerenkov radiation in an 
anisotropic ferrite, using a method which was first 
applied to the problem of Cerenkov radiation in an 
anisotropic dielectric by Ginzburg.! That paper 
also contains a discussion of the simplest case of 
twofold anisotropy (anisotropic € and yz). In the 
present paper we determine the components of the 
electromagnetic field and the energy losses of a 
charged particle moving in a medium with twofold 
anisotropy (anisotropic € and yz), using the 
Fourier method;° moreover, the medium is as- 
sumed to be gyrotropic with respect to its elec- 
tric and magnetic’ properties. 

This problem may be of interest for the use of 
anisotropic ferrodielectrics to generate micro- 
radiowaves. 

2. The electromagnetic field arising in the 
medium during the motion of the point charge q 
with velocity v is determined by the Maxwell 
equations: 
lo} 0) 4n 


1\ OB zs 
euwlLE————,curlH=—-> ; 


ova 


qv 5(r — vt); 


divB = 0, divD = 4xq6 (r — vt). (1) 


We shall find a solution to this system of equa- 
tions by the Fourier method in writing 


e 


E (r,t) = We (ko) ek * fl dkden, 2) 


etc. Using the relation between the Fourier com- 
ponents 


D; (k,) = Fk (w) Ep (k,@), 2 eh) (3) 


* 


Bi (k, ©) = ver (@) He (k,@), me 


ik = w 


we obtain the following equation for the Fourier 
components of the electric field intensity: 


ss Cpe fn 
Tape y eae 3( 2 2j0;— 1 i (4) 
where 
Tah SS Cero eplnka *mUsi a ie 
n= R¢2/m2, x; = kik, 


and €j;,7 is the completely antisymmetric unit 
tensor of third rank. 

The solution of Eq. (4) can be written in the 
form 


pple; T=0p 0 e& vx — 1 ) (5) 


Qr*w2 tk 
We obtain for the total energy loss per unit length 
due to the remote collisions the expression 


co km (6) 
d > . 2 o fe ag n \ PS ‘ 
== oo. = 5 \ \ \ T 7201048 (+ Uj%j — it ) ai k2dkdo, 
—o 047 


where ky is the maximal value of k, which is of 
order 1/b, where b is the minimum parameter 
of remote collisions. 

3. We apply (6) to the motion of a point charge 
in an optically-active uniaxial crystal, for which 
the tensors for the dielectric constant ¢€j; and 
the magnetic permeability pj, have the form 


&, = 1&5, 0 / 4, — lho, ) 

ck = ea Shy 10) ) > Lik = (is, Ui eo (7) 
\ / \ j 
0, QO, &3 0, ’ [43 


For the tensor ak (the reciprocal of the magnetic 
permeability tensor pj;,) we obtain* 


a, iw ib, 0\ 
fh (i, ie Os 
Vik 


a = py/(u2— 22), b= poof (YB—vs), 2 = Tes. 

*We assume here that (a) we can choose a coordinate sys- 
tem in which €, and pj, have the form (7), which is, of course, 
the case for the simplest media,° and (b) the reciprocal tensor 


143, exists for all frequencies. 
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In this case the tensor Tj, has the form 


GAs BEGIASHVILI andvE. VV. GEDA EY 


— n? (xa + 2g) +e, n? (xy%9g + idx?) — ie, nN? (x1%34 — ibx.%3)° 


Ne : 
Tin = | 1? (x1%28 — ibe’) + ies, 


n? (x,%3@ + ibx xs), 


To find the reciprocal tensor we have to divide 
the minors corresponding to the elements Tj, by 
the determinant of this tensor: 


T = @(9) [n? — n®] [n? — ni), (10) 


co) ui = ¢, ag sin* -+ e,a?cos?9 sin?d + s,u?cos# (11) 


- ssag cos? sin? — eb? cos! & — ¢,b? cos? sin? o, 


ne, = {(ae? + ges, — ae?) sin’ 4 + 2 (ae, — bes) ¢3 cos? 9 (12) 


+t [(sia — 3a — e\852)’ sin* 3 + 4a(a— g) se 


> | 8183) cost + 4geyss (ae,2, — be 83) cos”9 


2))'*) / 20 (9). 


+. 4abegs, (e2 — 


nj. are the refraction indices for the ordinary 
and extraordinary waves, and # is the angle be- 
tween the optical axis of the crystal and the direc- 
tion of propagation of the waves k. 

4. We apply formula (6) to the first, simplest 
case: a charge moving along the optical axis. In 
this case we have 


co I nz 
18 7 20 UL cnt t(a® = ag — 0%) cost 
Ce) eh 
--ag] cos*9+- n? [(e,g — 2as, + 22,6) cos? — eg] + ef — 2} 


, &(nB cos & —1) sin $don2dnwdeo 
(9) [n® — n2 (9)| [n? = n2 (9)] 


(13) 


where we have introduced the variable n = kc/w 
instead of k. 

As in reference 5, we choose a coordinate sys- 
tem in which the z axis is directed along the op- 
tical axis of the crystal. The particle moves along 
the z axis. In integrating over the angles we take 
account of the 6 function, where the integration 
over n is, of course, restricted to the region from 
1/8 to nm =kmc/w. The integration yields 


oe. =— Se Rei ; {(ag — &,8"g) n? + (a? — ag — 6°) /B? 
+ (1g — 2a8,-+ 2bsy)+ (8} — 83) 87} {e,agB? (n? — n2)}7 
<n B® — n23°) / (1 — n28?)} wdw (14) 
— Reil (ag — 219g) nt + (a@® — ag — 6%) / 8" 
0 
+ (81g — 2ae, + 2be,) + (s? — &?) B} {e,agB? (abies Het 


<n {(02,B? — n2p?) / (1 — n2B?)} odo, 


N? (xgx3a — idx x3), 


n? (wa + grt) ey, n® (xp%9@ + oo) (9) 


—na(l — ¥2)+ &% 


where 


=k [(e8a — s2a — 2;6,9)784 
— 2as,(23g — 2\a)6? + 2a%s2%(e,a + s9g)B? 


-as® + g2\S3)8” — 8abgs,s,8337 + (ges — 2,)?a? 


+ bs,(b?e, — 2a*e, -- 2ages)]'"}/2e,ag8" 


are the values of the refraction indices in the di- 
rections of maximal radiation determined from 
the equations 


COS 9,9 = 1/8°n* (91,9). 


The right hand side of (14) is different from zero 
only in two cases: (a) when the argument of the 
logarithm is negative, and (b) if the expression 
under the integral sign has poles, i.e., for frequen- 
cies such that «1, €,, and €3 are simultaneously 


zero. Thus we obtain 
: 2 2\a-2 
— = Bee — siBe int + (a? — ag BN 


F (6 — et) 8) (s,ay(n? — 03)6} odo — LY tag — ay8*g)ng 


+ (a? -- ag — 6?)32 + 2,g —2as, 4+ 2be, (16) 


+ (2? —22)9%) (e.ag(n2 — n?)82)20de 


Tease “is, B-*(a?ag—b* 4 Prague alee) 
- v2) i A eRe 


*) + ay(1 —sq/e1) + 8° 
“+ 6°(b? — 2a? — 2ages/e,)]"*}/2ag8?),, _ bas 
The aoe in the first two terms of (16) 


goes over the frequency regions determined by the: 
inequalities 
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i, P° > n> Bay hey n2 8? > n23?> (17) 
respectively. We note that (16) goes over into the 
corresponding expression of the paper of Sitenko 
and Kolomenskii® for a = g=1 and b=0. In this 
case the third term, which comes from the mag- 
netic anisotropy, vanishes. 

In the case of an anisotropic magneto-active 
ferrite we obtain (€,=0, €, =€3=1): 


dG/dz = (q/c)*\ (1/8? —1/a) odo. (18) 


If 2, =0 (anisotropic ferrite), formula (18) goes 
over into the corresponding formula of the paper 
of Pafomov.® 

5. In order to determine the character of the 
losses (16) we have to compute the energy flux 
through the cylindrical surface surrounding the 
trajectory of the charge. For this purpose we 
must determine the fields E and H arising in 
the medium during the motion of the charge, after 
which we make use of the Poynting theorem in the 
usual manner. 

We omit these rather cumbersome calculations 
and remark only that, under the assumption that 
€4, €9, and ¢€3 do not have any common roots, 
the losses on account of the Cerenkov radiation 
are represented by the first two terms in formula 
(16). 

6. We now consider the second case: a charge 
moving perpendicular to the optical axis of the 
crystal. We choose the directions of the axes as 
in reference 5; the z axis is directed along the 
optical axis of the crystal. The particle moves 
along the y axis. We then obtain 


n 
co 2m in 


—¢- 1S ( \ \ pitas ndndewdo, (19) 
—o 0 ile 
where 
A == 8% (ag — a? ++ 0) (e: — és) sin 49 
+ [(a? — ag — 6?) s, + ag (es — &)] sin?» + age}; 
B = [(ae? + geyes — a3) + 2bex23 — 2ae,¢3] 8? sin? @ 
—[(a— ag + 6?) 
+ ag (e3 — &1)] sin? p — 2 (ag — a? -- 6?) (2, —€) sin’ 9; 


Cas (s2e3 = s2€3) 


[(as? + geys3 — ae3) 4 Qbey23 — 2ae\s3] sin? 


+B? (ag — a® + 6?) (& — &3) sin? ¢; 
E = (ag — ae,8?) cos? @ -|- (a? — 6?) sin? ¢ — Be; sin? 9; 
F = (ag — a? + 6°) sin’ 9 


— 82 (e, +e) asin? p + Bee; — Bes; 
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y is the angle between the x axis and the projec- 
tion of k onthe zx plane. 

From (19) we obtain for the energy losses the 
expression 


27 CO 
dg 2 e Bie — F fe nip? 
etary ae oy i\ \ s — In = dowd 
dy onc A ti 1a 
0 0 2 
: (20) 
27 oO 9 ae oF 
2 ET er 1 ne 3*— ny 
2n?¢ 3 ee Tie Vaso 
where 


n, =(—B+V B— AC) /2A. 


The conic surfaces corresponding to the ordi- 
nary and extraordinary waves are complicated 
(dependence on gy). The field intensities on the 
different generatrices of these surfaces are not 
the same. The integration in (20) can in principle 
be carried out to the very endif ej, and ¢€j, are - 
given as functions of the frequency. 

In the special case a=g=1, b=0 formula 
(20) goes over into formula (26) of reference 5. 

The authors express their sincere gratitude 
to G. R. Khutsishvili for valuable advice and com- 
ments. 
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A new variant of the statistical perturbation theory is presented, which consists in the setting 
up of a model of a dynamical system whose Hamiltonian contains the inverse temperature in 
parametric form. It is shown that for this dynamical system the perturbation theory is equiva- 
lent to the ordinary statistical perturbation theory and is much more convenient for practical 


calculation. 


A\ccorpine to the principles of statistical phys- 
ics, the thermodynamic properties of systems in 
thermal equilibrium can be determined by the sum 
of states. In quantum statistics the latter is usually 
represented as (in the case of a grand canonical 
ensemble ) 

Bisa Sp (ene); (1) 
where B=1/@; © is the temperature in energy 
units; @ = Bu; p is the chemical potential. 

Taking into account the formal similarity be- 
tween the statistical operator of a canonical en- 
semble and the operator describing the time se- 
quence of a dynamical system, a number of authors 
have developed several variants of the statistical 
perturbation theory in analogy with the correspond- 
ing formalism in contemporary quantum field 
theory.! The fact that only slight practical results 
have been obtained in this direction is connected 
in large measure with new difficulties of calcula- 
tion. Thus, for example, instead of the averaging 
‘of the quantum amplitudes over a real vacuum, we 
deal here with an averaging over the canonical en- 
semble of free particles; inasmuch as we have the 
quantity i6 in place of the time variable t, inte- 
gration always extends from zero to some finite 
value. It must be noted that in the researches of 
Bogoliubov, Zubarev, and Tserkovnikov?”? the sta- 
tistical perturbation theory supplemented by the 
‘method of canonical transformations is success- 
fully applied to the exact calculation of thermody- 
namic functions of some model problems in the 
theory of superfluidity and superconductivity. We 
now consider a new version of statistical perturba- 
tion theory, which consists in the setting up of a 
model dynamical system, the determination of the 
ground-state energy of which makes it possible to 
compute the change in the thermodynamic potential 
of the system upon inclusion of the interaction for 


VOLUME 35 (8), 


NUMBER 6 JUNE, 1959 


a given temperature f. 

Keeping in mind the description with the aid of 
the grand canonical ensemble, we represent the 
Hamiltonian of the system under consideration as 


H=Hy+V, Ho= S\(E(k) — 4) ats aes + S\a(q)b7bq, (2) 


ks qd 


where aes aks; bg, bg are the Fermi and Bose 
amplitudes; E(k) and w(q) are the eigen ener- 
gies of the fermions and bosons with quantum num- 
bers k, s, and q, respectively; pw is the chemical 
potential, determined from the condition of the equal- 
ity of the average number of fermions with the actual 
number of fermions in the system; V is the Her- 
mitian form of a akg and bg: bg: 

We introduce these statistical sum = and the 
thermodynamic potential 


Wiss = 8 nS = — 3" in [SpenP"). 


We then have the very well-known relations 
(reference 1, see also reference 4): 


3 < 6S = exp < S Sroup: 


(3) 
P= Yo ae Phy < S > coup» 


where 


Yo = — f'n, = — B14 In [Spe], 


S = eb e—BH, < AS = EO1SplebHeA]. 


the index “coup” means that in each term of the ex- 
pansion all the intermediate states are coupled to- 
gether by the matrix elements of V. 

To obtain an explicit form of the expansion of 
SG in V, we assume a new much simpler method 
in place of the ordinary formalism of time sequence 
according to the temperature variable, since the 
finite limit of integration brings about an appreciable 
complication. 
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We introduce the Laplace transform of the sta- 

tistical operator! 

CTE ss aa | ert? oon dz; 
(2-H) = (2-H) * + (2-Hy)!R(z)(z— Hy), 
R(z)=V+V(z—-H)) !V+... [the contour T 
proceeds downward, parallel to the imaginary axis, 
to the left of all singularities of the function 
tyr: 

It is known’? that the matrix element R (z) and 
the function (z-—H)7! are analytic as functions of 
the complex variable z if we make a cut along the 
real axis beginning at some point up to +o. For 
a finite volume of the system, the singularities are 
densely-located poles. 

We can then write (3) in the form 


F = Yo— (BE 0)! | e-P* Sp (2 — Ho) #R(2)cougl dz 


o8 


ee < d(e = Ay)RE = coup . 


making use of the invariance of the trace relative 
to a cyclic permutation of the cofactors, it is easy 
to establish that 


ass \ a C%e-£8 <8(s — Hy)R(L + &)coup> 


Dacian 
Ih 


= — 8 < o(e —— Ho) R(2)coup> d 


In this case all terms containing (¢€— Ep a 
(where Ep is the energy of any intermediate 
state) cancel each other. Thus, we are led to the 
very useful expression of statistical permutation 
theory first obtained by Bloch. 

Wa Wt \ de <8(e~- Ho)R@)eowe>: (4) 

The basic idea of the present paper consists of 
the fact that the second term in (4) can be replaced 
by the change in energy of the ground state of any 
model of the dynamic system upon inclusion of the 
interaction. In the Hamiltonian of this model sys- 
tem (we shall call it the statistical model Hamilto- 
nian), 8 entered as a numerical parameter. 

Let us prove the fundamental theorem, following 
the scheme of Bloch.! Let A be the product of the 
Fermi and Bose amplitudes; then we have the equal- 
ity 
<A> = <O;|A|Or>=<A>, (5) 


where | p> is the vacuum state of the new Fermi 
and Bose amplitudes determined by the relations 
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as = (1 — fay" + fpOks, aes = (1 — fa) Pas + Pb p 
Crs| De > = bes |My > = 0. 
(6) 
by = (1 + Ag)'?Nq9 + eT, ; bt == (il 4b Ag) tent a h’kng, : 
Noo| Pr > = tq|Dy> = 0, 


where fk and hg upon determination are equal to 
the mean occupation number of the fermion state k, 
s and the boson state q 
[e=< apa, > = (1 + esEW—w)1 | 
(7) 
h = < b46,.> = (e#o@— 1), 

We now prove the theorem by induction. First we 
note that <A> differs from zero only when A 
consists of the aggregate of pairs of creation and 
annihilation operators of the boson or the fermion 
relative to one and the same individual state. Since 
exp (— Hy) has been factored, it then suffices to 
exhibit this theorem for any given state k. If all 
the pairs in A refer to different states, then the 


‘theorem is identical with the determination of f, 


and hg; since 


fe.=<ata 


SS: Vick 
epg = G& 


\ 
sks Us 


(8) 
hg = <b#b, > = <b+b,>. 
In the case of the presence of several pairs with 
the same index, the problem reduces to the proof 
of the following two assertions: 

(a) If <AafsapsB>> = <AapsapsB> and 
<KAB >= <AB>, then <AapsapsB> = 
<AapsapsB>. 

This assertion is the consequence of the com- 
mutation relation for apg and aps, while A and | 
B are the products of the operators aks, akg, 
ba, bg. For the case of bosons we have: if 
<KAB>>= <AB> and <Abgbg >= <Abgbg>, 
then 


< Abjbt B > = ¢ Abby B). 


(b) If in A there are n pairs of Fermi ampli- 
tudes with the index k, or m pairs of boson am- 
plitudes with index q, we have the equalities 


+ngn = +Ngn < htmpm = (btmpms . 
ans Ons "6 ah Ts = b} b° > b3 bn / 


In the case of fermions, the equality is trivial since 
the mean value of the null operator appears on both 
sides. In the Bose case, writing out both sides, , 


< btmbm > =: < (b+b, —m + 1) (bb; —m + 2)... bth, > 


Sy = Amgym EMS, =] {hm 
= mine cbembr > = hn Na minh. 


(a) and (b) contain the complete proof of the theo- 


rem. 
'We now consider the model dynamical system 


with the Hamiltonian 
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Ast — Hs EY: He = ny (E(k) — 12) (cpsCrs — bisOns) 


ks 


(9) 


; + +} 
ate DC?) (%qo%q0 — Ngrtigi) « 
y 


The change in the ground state energy of this sys- 
tem will be 


(10) 


Applying our theorem to the expression under the 
integral, it is not difficult to note the identities (10) 
and the second term (4). Choice of Het guarantees 
the averaging over the present dynamical vacuum 
and the correct energy gaps. Thus we obtain 


Y= W, + AE*, (11) 


i.e., the correction to the thermodynamical poten- 
tial at a given temperature is equal to the change 
in the ground state energy for the dynamical sys- 
tem with the Hamiltonian HS‘. This assertion 
completes the program outlined above. 

We now proceed to a discussion of the results. 

1. The physical idea which underlies the fore- 
going formal transformations is that the statistical 
average over the canonical ensemble is considered 
as a quantum mechanical averaging over the state 
|@p>, in which the individual states are filled 
with the probability corresponding to their weights 
in the ensemble. The ordinary formalism of per- 
turbation theory is built up relative to | p>. 
Consequently, | p> is the analogue of the vacuum 
state of the free system at temperatures different 
from zero. For fermions, it is a Fermi sphere with 
a diffuse edge, while for bosons it is a “smeared” 
Bose-condensate. (The states below the condensate 
are filled with the probability hj). The appearance 
of quasi-particles b, c, 7 on |®p> corresponds 
to a departure from statistical equilibrium. At zero 
temperature, they go over into a real perturbation: 


CHEN CHUN=SIAN 


the electron-hole on the Fermi sphere and the boson , 
on the condensate (the boson Mk, Nk, does not 
appear at absolute zero). 

2. The new formulation possesses a great advan- 
tage for practical calculations since, for the treat- 
ment of the statistical model of the Hamiltonian, 
we can without complication call upon the entire 
methodology developed for the investigation of other 
dynamic systems: in particular, perturbation theory 
and the Green’s-function method of modern quantum 
field theory, and also the method of canonical trans- 
formations in its many versions. In particular, for 
consideration of phase transitions of second order 
and Bose-Fermi systems, we can formulate the 
principles of compensations of the various diagrams 
of Bogoliubov® at temperatures differing from abso- 
lute zero. 

In conclusion the author expresses his gratitude 
to Academician N. N. Bogoliubov, V. V. Tolmachev, 
S. V. Tiablikov and also to V. A. Moskalenko, Chao 
K’ei-hua and Chou Hsi-shin for their interest in the 
work and for a number of valuable suggestions. 
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We study a fermion field interacting with itself, in a world with one space and one time 
dimension. Asymptotic expressions are obtained for the vertex part and Green’s function 


by summing an infinite series of graphs. 
no charge-renormalization. 


The theory is free of divergences, and there is 
It turns out that the single-limit technique gives the correct 


form of the leading term in the asymptotic expansion of the exact solution, but the double- 


limit technique gives an incorrect result. 
of Thirring. 


1. INTRODUCTION 


sly atorei Abrikosov, and Khalatnikov! solved the 
equations of quantum electrodynamics in the asym- 
ptotic region De > “igs where p is the momentum 
4-vector of a particle and m is its mass. They 
obtained the following relation between the bare 


charge ey and the renormalized charge ec: 
ef = 65/1 + (ef/3x)L], (1) 


where L =1n(A°/m?) and A is the cut-off mo- 
mentum. If we pass to the limit L— o in Eq. (1), 
then, no matter how ey varies with L, eg tends 


to zero and consequently the interaction disappears. 


This happens provided only that ee > 0, that is to 
say, if ey is real. Also, the renormalized photon 
Green’s function de(é), & =1n (p?/m?), is given 
by 

d(€) = [1 — (e2/3x)g] > (2) 


and has a pole at p? =m? exp (37°137). This con- 
tradicts the well-known theorem of Lehmann.” The 
appearance of the plus-sign in the denominator of 
Eq. (1) produces these unpleasant effects, and is a 
reflection of the fact, proved by Lehmann, that the 
renormalization constant Ze (in this case equal 
to 1+(e2/37)L) must exceed unity.* 

The relation (1) between the bare and renormal- 
ized charge was obtained on the assumption of weak 


*Abrikosov, Galanin, and Khalatnikov° obtained a result 
similar to Eq. (1) for pseudoscalar meson theory. If we give 
up the requirement that e? be positive, so that the Hamil- 
tonian becomes non-Hermitian, we are forced to introduce an 
indefinite metric. This Problem has been studied in pectee for 
the example of the Lee model* by Kallén and Pauli® and by 


Heisenberg. 


The theory is compared with the exact solution 


coupling, e} <1. The double-limit technique 
proves the correctness of Eq. (1) for any value of 
e?, if we pass to the limit of a point interaction in 
a suitable way.! The question then arises, whether 
the final result depends on the method by which 
one passes to the limit. In the present paper we 
consider a simple model of a one-dimensional four- 
fermion interaction. This example shows that the 
double-limit technique can give a completely dif- 
ferent result from the single-limit technique. The 
application of the double-limit technique to this 
problem leads to a violation of the Pauli principle 
in the cut-off theory before passing to the limit. 
Thirring® has recently obtained an exact solu- 
tion to the problem of a one-dimensional four- 
fermion interaction. It is interesting to compare 
his result with the results of methods which have 


’ been developed in the study of other types of field 


theory. We shall find that the single-limit tech- 
nique leads to the correct expression for the lead- 
ing term in the expansion of the vertex part in a 
series of the form* 


%& (6) = folgo(L — §)] 


oefelGo(L —€)] + gtfalgo(L —*)] +... 

but the two-limit technique gives an incorrect re- 
sult. We leave open the question, whether this fact 
is a consequence of the violation of the Pauli prin- 
ciple in the cut-off theory, or whether it indicates 
a general deficiency of the two-limit technique. 

The study of this example is interesting for an- 
other reason. We have here a completely different 
relation between renormalized and bare charge 


(3) 


*Terms of the form g,f,lg,(L—€)], efile (L—€), ete. are 
absent. This can be seen from a detailed study of the graphs, 
or from the exact solution of Thirring. 
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FIG. 1 


from that which arises in the interaction of a fer- 
mion with a boson field. Examination of the struc- 
ture of the graphs shows that the insertion of an 
additional vertex produces one extra factor gy 
and two fermion Green’s functions. This means 
that the quantity which is invariant under renor- 
malization is now gyQ@)(é) cteay where dQ) is 
the vertex part and £) is the Green’s function. 
The series for the vertex part has the form of 

Eq. (3), where the leading term contains the prod- 
uct of L with the first power of gy. The renor- 
malized charge in this theory is presumably de- 
termined by the behavior of the vertex part, since 
the leading terms in the expansion of f£) have the 
form (g?L)". Therefore the relation between re- 
normalized and bare charge must have the form 


Be = So/(1 + agyL) (4) 


where gy is positive, and a is a positive number 
of the order of unity. 

If the sign is plus in the denominator of Eq. (4), 
we meet with the same difficulties as before, but 
if the sign is minus the renormalized charge can 
be different from zero. Equation (4) is obtained 
from the double-limit technique, but only after 


throwing away a certain number of divergent graphs, 


which in the single-limit technique are cancelled by 
diagrams which are retained in Eq. (4). In fact, 
thanks to this cancellation, the theory does not 
contain any real divergences. Thus Eq. (4) is in- 
correct, and the problem of a zero charge does 

not arise. The correct form of the series (3) is 


ao (E’) = fo (g.6’) + + gfe (Boe) gain (Soe Yebans (3’) 


Here & =1n (pin /Pout)s and pin and Poyt are 


AY OA. ANS Ee 


Ke 4, 


4, 2, 4 Lp My D> 
a b c 


FGee2 
the momenta of the incoming and outgoing particles 
in the vertex part. 


All these results are confirmed by the calcula- 
tion of Thirring.® 


2. EXPRESSION FOR THE INTERACTION ENERGY 


| 
We consider a fermion field %q(x), depending / 
on one space and one time coordinate x = (X,, Xo). | 
The operator ~%q(x) satisfies a Dirac equation, 
in which there are two anticommuting matrices 
Yu ( w=1, 4), representable with two rows and 
columns.* For definiteness we shall write 


ph ae WG Sa WG Kia = oy (5) 


where o are the Pauli matrices. 
Instead of the usual five types of four-fermion 
interaction we now have three, scalar, pseudoscalar 


and vector. The most general form of the Hamil- 
tonian is 
H = 65 ($9) + &p (2) (G54) + Cy (93,9) (Goud) 
A (6) 
mz, = (£4/4) ) Qagy, ab, 
b= bya = Pez, pb = (x, 2). 


Since the operators py, V6, ve vB in Eq. (6) 
anticommute, we must have 


Qasys = — Qpavs = — Qapay- (7) 


Therefore 


ls = Cy = Cy = Go/4, (8) 


which shows that in the one-dimensional case there 
exists only the single antisymmetric interaction: 
(C= S Posy ys 


3. DETERMINATION OF THE VERTEX PART IN 
THE CASE WHEN ALL EXTERNAL MOMENTA 
ARE OF THE SAME ORDER 


The vertex part I’ (pyé4, D363, Poé2, pig) is 
the sum of all diagrams with two incoming and two 
outgoing lines (Figs. 1 and 2). We divide the graphs 
into two classes. The first class contains graphs in 


*Although the field is quantized with Fermi statistics, it 
does not posses spin. The spin operator is connected with 
rotations in three dimensions and therefore cannot exist in this 
example. The two values of the index in the operator Yo 
correspond to the two signs of the particle energy. 
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which some pair of external lines can be separated 
from the remaining pair by a cut crossing two lines 
(Fig. 1). The second class contains graphs in which 
such a cut is impossible (Fig. 2). Graphs of the 
second class can be considered as units out of 
which graphs of the first class are constructed by 
joining together the outgoing lines from one graph | 
with the ingoing graph of another. Figure 1 shows 
graphs of the first class in which one unit consists 
of the simplest graph of the second class, a single 
point (Fig. 2a). Each point can in general be re- 
placed by any graph of the second class. To find 
out which terms in the expansion (3) of the vertex 

- part contain contributions from a given graph, it is 
sufficient to study the units from which the graph 
is composed. For example all graphs whose units 
are points give contributions* [g)(L—é)]"™. If one 
unit is an “unsealed envelope” (Fig. 2b), the con- 
tribution is of order ge [g9(L—€&)}", and so on. 
To determine the leading term of the series (3) in 
the approximation gy <1, we need to sum the 
graphs of the first class whose units are points, 
which are those illustrated in Fig. 1. 

We denote by f(p4&4, P363, Pog, Pig) the sum 
of those diagrams in which the incoming momenta 
(pi, Py) can be separated from the outgoing mo- 
menta (ps3, py) as described above (for example, 
the “lying bricks” in Fig. 1a). We denote by 
P (P4é4, P33, Poé2, P1§,) the sum of all graphs in 
which (p;, p3) can be separated from (py, p,) 
(for example the “standing bricks” in Fig. 1b). 

In this approximation the vertex part becomes 


T (pyEs, Ps2s, Pek, Pre) = Qzezz.%, + f (pa€s, P33» Pate, 161) 
+- 2 (Pata, Pats, P28, Prs:) — 9 (Paka, Pats, Ps51, Pate). (9) 


If all the momenta py, p3, Pe, Py are of the same 
order (~p), then because of the logarithmic 
structure of the theory I must have the form: 


I (pata, Psis, Pose. Pie) = Qe 2.28, % (6), 
f (Paka, P33, P2e2, Pie) = Qezize, | &); 
%(Ps64, Psbs.,P2%e, P1s1) — 9 (Pasa, Psts, Pibi, Poke) 
= Qeetet, ? (6): 
a (6) =1+f(&)+¢(), & =1n(p*/m’). 
Using the method by which Diatlov, Sudakov, 
and Ter-Martirosian? determined the meson-meson 
scattering amplitude, it is easy to write down inte- 
gral equations for the functions f., mand: @.- No 


new difficulties of principle arise. We therefore 
omit the algebra and state the result 


(10) 


*It is convenient to divide the vertex part by a factor 
(27)? g,/i. Then a single point gives simply the contribution 


Q¢,2,6,4," 
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where (8/ip) is the fermion Green’s function. 
The meaning of these equations is that both the 
functions f and g are composed of two vertex 
parts joined by two lines. The numerical coeffi- 
cients in front of the integrals are most easily de- 
termined by first-order perturbation theory. Equa- 
tion (11) implies 


“() = 1, 


(12) 
and if also B=1, then 


QO S20 


£70 


(= EY (ee ee) 
The result of this analysis is that each “lying brick” 
cancels in the asymptotic region against a similar 
“standing brick.” Consequently, the vertex part is 
unchanged by the interaction, and the “bricks” 
themselves are equal to their lowest-order per- 
turbation-theory approximations. 


4. DETERMINATION OF THE GREEN’S FUNCTION 


The main result of the preceding section, that 
a(&)=1, did not depend on the form of the fermion 
Green’s function. This fact arose from the special 
cancellation of graphs which we discussed; other- 
wise we might have expected that a(é&) would 
contain terms proportional to [g)(L—-é ye The 
Green’s function might have been assumed to be 
free, since the corrections to it are at least of 
order eo (L-—é). In that case the connection be- 
tween renormalized and bare charge would have 
had the form of Eq. (4). However, it turned out that 
the vertex part is not renormalized by the interac- 
tion, and we must now determine the Green’s func- 
tion. We shall show that in the asymptotic region 
the expression for the Green’s function also coin- 
cides with its lowest-order approximation, inde- 
pendently of the value of the vertex part. Thus 
the whole theory becomes free of divergences, 
and there is no renormalization of charge. There 
remains the question of the higher approximations 
to I, for example the contributions from graphs 
of the type shown in Fig. (2b) and (2c). We shall 
see later, from the exact solution of Thirring,® 
that these diagrams also contain no divergent parts, 
and consequently do not give rise to charge’renor- 
malization. 

We shall derive the Dyson-Schwinger equation 
for this problem: 


(14) 


1068 


G(-pri+l ) 


FIG. 3 


It is easy to write down an expression for the 
self-energy operator 2*, by considering the graph 
illustrated in Fig. 3. We find 


GB (p) = (i + mee — (B2/2) | Qenay Gas (L) Gos (l’) (15) 


, , , ‘ , d*| dt 
x0 (18, U3, pt',—p+l+l's)Gen(—p+l +l) oa ap: 


In the region p’ > ies 


G (p) = 8 (€)/ip, & =n (p?/m?), 


we can write 


(16) 
LT (pats, Psé3, Pot, Prbi) = Qe 8.88; a (E, 7, €). 


Here &, n, and ¢ are the logarithms of the three 
independent momenta on which IT depends. The 
integral (15) is formally linearly divergent. After 
integrating over the angles, only a logarithmic di- 
vergence remains. We may therefore make the 
replacement 


1 
i+ —p- 


G(—p+I4+l) ca (17) 
After this we have on the right of Eq. (15) an inte- 
gral of the form 


(18) 


lid (Lt Ug (LU — ply Piel’ 
\ u'r e = Ab129o0 a. B (Sus8x6 ar Supra)» 


Pre (EVE — pp 


where A and B are some invariant quantities. 
This integral is multiplied by the following com- 
bination of matrices: 


Qenar (Tu )ap (Ty) ys Q088'e (TePTo)en: (19) 


A simple calculation shows that the product of (18) 
and (19) is equal to zero. Therefore in the asym- 
ptotic region 


B = 1, G(p) = Go(p) = hip. 


If the spinor combination in front of the integral 
had not been zero, then with a free vertex part we 
would have obtained the following expression for B: 


B= [1 + age(L—py-, 


Here a is a number of the order of unity (which 
happens to be zero). The relation between bare 
and renormalized charge would have had the form 
of Eq. (1). 


(20) 


(20) 
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5. CALCULATION OF THE VERTEX PART WHEN © 


THE EXTERNAL MOMENTA HAVE DIFFERENT 
ORDERS OF MAGNITUDE 


To compare our theory with the result of Thir- 
ring, it is useful to calculate the vertex part for 
the case in which the incident momenta (pj, P2) 
and the outgoing momenta (p3, py) are of differ- 
ent orders of magnitude. Following the method of 
Diatlov et ate we assume that in the asymptotic 
region the “lying brick” depends on the logarithms 
of three momenta: 


f (Dabs, Paks, Poke, Pei) =f (Ey, 55 Eq, Es, Ee, &1), 


(21) 
2 >) 2 p 
Pout = Max {p§, P3}, pi, = Max {Pp}, P3}- 
In the most general case 
E>C>4, >: De > (Pie Pa)": (22) 
In the same way the “standing brick” gives 
® (Paka, Psés3> Poés, P81) = @ (&, “ha is 4, Es, Eo, &1), (23) 


2 
’ Py 
E == )n: mh 


2 
Pens Lay eis pry 
(Pe Po — In SSO’ In IL 


) "| rat In Aa : 


pi = max {p%, p?}, pi, = max {p2, p?}. 


The condition (22) is the most general case for f, 
but is a special case for g. When Eq. (22) holds, 
Fax =U = E. (24) 


We calculate the vertex part assuming these con- 
ditions to be satisfied. We find 


D (pak, Paks, Pobe» Pie) = Qereee.% (6, 1, 6), 

F (Paka, Paks, Poke, Prbr) = Qeveee.f (E, 1) 9), 
¥ (Paks, Psks» Poke, Pibi) — 9 (Paba» Poko, Pr’ Poke) (25) 
= Qezzse, 9 (8), 


fe ([-F) 660 
"FIG. 4 


An examination of Fig. 4 leads to the following 
integral equation: 
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f (Dabs, Pats, Pate, P15) 
= (ig0/2) \ [eter + (Datar Pabsn fa, U1) 


mye 9 (Paka, Ps°3, l'y, la)] (26) 


X Gag (1) Gya (U’) T (18, 18, poke, prés) a2l/(2n)?, 
Up, + po—l. 


This equation is derived by dividing the “lying 
brick” in such a way that on the left side there is 
only a point and “standing bricks”. A similar 
equation can be written down for the “standing 
brick,” but it is not essential for what follows. 
We eliminate the spinor indices from Eq. (26), 
transform the integration to euclidean space, 
and change to logarithmic variables; with the 
result 


FP, 1, 0) = — (go/2z)\(1 + oI +f, a9 +e Olde 


SiO SN. 


— (go/2e)\T1 + 9 (ILL + F(z. 0,5) + 9(2)] dz (27) 


\t + e+ F(z 2,9 + (2)I a2. 


z 


Fat ( 0/27) 


TO > IX at 


J 


We have set 8 =1 in accordance with the re- 
sults of section 3. When 7 = ¢, we obtain an equa- 
tion for the function f(é, n) =f{(é, 7, n). We use 
Eq. (13) for g. It is convenient to change to the 
new variables 


x = 1+4(Q 0/2) (L —§), y = 1+(g0/2x) (L — 1), 
t= 1 +(g,/2x) (L—2z), 


in terms of which the integral equation becomes 


(28) 


re 7 (29) 
Fy =pe—puytt ete\ ic at + lth, wat. 
Y ah 


Differentiating Eq. (29) twice with respect to x, 
we find 


df (x, y)/dx® = x +f (x, y) (30) 
which has the solution 
F(x, y) = Cy (y) e* + Ce (y) e-* — x. (31) 
The initial condition 
(df (x, y)/dx)z=y = 9, (32) 
gives 
Co (y) = Ci (y) Y — 8. (33) 


Substituting Eq. (33) back into Eq. (29), we find 
Ci(y) =e -Y. Thus our final result is 
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F(x, y) =er-¥ —x, FG, n) 
(34) 


= exp {(Bo/2x) (q — 3} — 1 — (go/2n)(L — 8). 


When =7, this expression reduces to Eq. (13). 
The vertex part then becomes 


% (&, 1) = exp {(go/2z) (7—8)} = (Pin/Poy)™ (35) 


Equation (12) shows that this expression is valid 
not only when pin > Pout, but also when Pin & 
Pout: It is easy to prove that it is valid in general 
for any values of Din and Bae For this purpose 
one uses not Eq. (26), but the analogous equation 
obtained by cutting the “lying brick” in such a way 
that only a point and a “standing brick” is left on 
the right side. 


6. THE DOUBLE-LIMIT TECHNIQUE 


In this section we shall derive an expression for 
the vertex part, using a special version of the 
double-limit technique, which was recently used!? 
for proving the vanishing of the charge in a real 
three-dimensional theory with a four-fermion 
interaction. 

Consider any vertex at which the operator 


H = (6/4) (Ya. (O; ary) (Ys (;)psa) 


annihilates two particles with momenta p,p,. and 
creates a pair of particles with momenta ps3py,. 
Obviously, the particle p,; may be annihilated 
either by Py Or by V6; and the particle p3 may 
be created either by %q or by %g, and so on. 

In a local theory, the result of adding together 
these four possibilities is only to make the con- 
tribution of a simple vertex diagram equal to 

g9Qj X Oj instead of (g)/4)Oj x Oj. This simple 
result is connected with the indentity of the par- 
ticles, since the operator ys can be paired either 
with Jq or with ¥g, etc. (Qapyd = —QaBdy = 
cif aed ). 

In a cut-off theory, we have to destroy the 
identity of particles, and distinguish cases in which 
p, and p3 are annihilated and created in the same 
pair or in different pairs. Likewise also for py 
and py. To represent these two possibilities, we 
draw the vertex either in the way shown in Fig. 5a 
or as in Fig. 5b. We cut off the divergent integrals 
over momentum variables which follow along the 
fermion lines at the momentum A, while the in- 
tegrals over momenta which cross from line to 
line are cut off at the momentum 2. 

We suppose that the limiting process is carried 
out with A/A «1. It has been shown”? that in this 
case, of all the graphs which contribute to the ver- 
tex part, only those illustrated in Fig. 6 remain. 
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FIG. 5 


Also the Green’s function can be considered to be 
free (8 =1). The graphs of Fig. 6 are easily 
summed, using Eq. (11), and we thus obtain 


4 2 
1 80 A 


a(&) = 1—(go/4m) (L =)” {g == 1 (gi/4nyk ’ L = m* 


If gy <0, the renormalized charge ge tends to 
zero, no matter how gp varies with A and A. 
Thus the double-limit technique leads to a zero 
charge in a theory completely free from diverg- 
ences. The whole picture can be seen with un- 
usual clarity from this example. 

By using a special form of limiting process with 
A—o, 7A —o, A/A—0, we have thrown away a 
set of graphs (a part of the “standing brick”) which 
in the local theory cancel against the remaining 
graphs. In this way we artificially introduced 
divergences into a non-divergent theory. 

From these results we cannot decide the ques- 
tion, whether the double-limit technique is gener- 
ally useless, or whether the trouble could be 
avoided by introducing the cut-off in such a way 
as not to violate general principles such as the 
Pauli principle, gauge invariance, etc. At least 
one can say that the double-limit technique might 
lead to incorrect results also in the three-dimen- 
sional case,!® where one is dealing with a field in- 
teracting with itself or with several fields inter- 
acting in an antisymmetric combination (A—V, 
S+P-T, 2(S—P) -—-(A+V)). 


7. CONCLUSIONS 


Thirring® considered the problem of a field with 
the interaction Hamiltonian given by Eqs. (6) and 
(8), but instead of studying the asymptotic region 
p’ > m* he omitted the mass term from the equa- 
tions from the beginning. He obtained an exact 
solution of the problem in the Schrédinger repre- 
sentation, without using the condition g) « 1. He 
obtained an expression for the matrix element of 
a Schrodinger operator between the physical vac- 
uum and a physical three-particle state: (37) 


exp {—i (Pp err Rm) x} { ( Pp ea Ay 
L’l2 (Pe — Pp) Vi+% 1 Pel 


(3| dy (x) |0> = 


Here pb, Pe and km are the momenta of the par- 


A. A. ANSEL’M 


A, NOP ue 44 W% 
NOX: () Q 
stot Q 
’y Ly rp ip 
FIG. 6 


ticles in the state <3], L is the normalization 
volume, and A is the coupling constant (gp in our 
notations). The matrix element (37) has a similar 


meaning to the vertex part which we studied earlier, | 


The fact that %,(x) is a Schrodinger operator is 
unimportant, since it can easily be transformed _ 
into a Heisenberg operator w(x) = eiHt (xX) el Ht 
the only effect being to multiply the matrix element 
by a factor eiE3t where E3 is the energy of the 
three-particle state. The quantity (1+ n2)-1/ 2% 
(pb /| pe |) arctan A)/m which tends to unity as 

A — 0, can be expanded in a series of the form 


(3’): 


{ ( Po cee AEM for 6 soe 1 4 ; | 
eee orm See = es 
Vig \TP, z+ GS) 
1 F 
ao (ME")?] + 


Js 


+ Merwin [ST (a8) 4 , & = In (p3/p2). 
The first term of this series coincides with 

Eq. (35). The general structure of the expression 
confirms the correctness of our assumption that 
the higher approximations to the vertex part do not 
contain divergences and consequently do not lead to 
any charge renormalization. 

It is a very curious fact, that the double-limit 
technique leads to an incorrect result for the re- 
normalized vertex part when the charge has one 
sign, and leads to a zero charge when the charge 
has the other sign. One may suppose that this is 
all the result of using a cut-off which destroys the 
symmetry between identical particles. An example 
of a similar kind* is provided by electrodynamics 
with all vacuum-polarization effects omitted. In 
this case all the divergences cancel by virtue of 
Ward’s identity Z,= Z,. In this case also, if one 
uses a cut-off which is not gauge invariant, one can 
obtain a renormalized charge equal to zero. 

After this work was finished, we received a pre- 
print of a paper by M. E. Maier and D. V. Shirkov, 
in which the method of the renormalization group 
led to a result similar to Eq. (35). This is not 
surprising, because the single-limit method is 
essentially identical with ordinary renormaization. 

In conclusion I express my thanks to K. A. Ter- 


*This example was suggested by I. Ia. Pomeranchuk. 


(38) 


| 
| 


THEORY OF A ONE-DIMENSIONAL FOUR-FERMION INTERACTION 


Martirosian, at whose suggestion this work was 
done, for his constant guidance and help. I also 
thank I. Ia. Pomeranchuk and A. D. Galanin for 
criticism. 
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A study is made of second-quantized elementary Bose excitations of a system of electrons 
(excitons) interacting with polarization vibrations of a crystal. In the case of weak coupling 
the interaction leads to a decrease of exciton energy and an increase of effective exciton 
mass. These effects are estimated quantitatively. 


Tue interaction between an exciton and lattice 
oscillations has been considered in a number of 
papers as a single-particle problem. Exciton 
energy and the dependence of exciton-phonon in- 
teraction on the internal state of the exciton have 
been investigated for strong coupling by Pekar 
and Dykman! using the methods of polaron theory 
and by Moskalenko* using Bogoliubov’s® theory of 
adiabatic perturbations. Ipatova‘ used the method 
of Lee, Low, and Pines? for intermediate coupling 
and Dykman® used the method of traces for weak 
coupling. In reference 7 Moskalenko regarded the 
interaction as a small perturbation. Haken® has 
applied the Feynman variational method to the 
exciton problem. 

In the present paper excitons are regarded as 
elementary excitations in a many-electron system 
interacting with a lattice. The Hamiltonian of the 
system is composed of three parts representing 
electrons, phonons and their interaction: 


H = Het + App Aint. (1) 


We shall investigate the energy spectrum of weakly 
excited state of the system assuming that each lat- 
tice site holds a single electron, which may exist 
in either the ground state (A =0) or an excited 
state (A=1): 


Notipn=1;, np = atap, (2) 


where f is the index of a lattice site and apy and 
af, are electron creation and destruction opera- 
tors. The condition for weak excitations is 


nh K nyo (3) 
In distinction from a real model of ionic crys- 
tals such as those of alkali halides we here disre- 
gard the two kinds of sites as well as spin closure 
of the electron states. The present scheme can 
also be applied to a more real model? although 
such a complication is not required for the inves- 


tigation of excitons. Indeed, the excited state may 
represent either an excitation at halide sides f 
(Dexter’s exciton!) or electron transfers to 
neighboring alkali sites g (the usual exciton 
model). In the latter case there are no valence 
electrons in the ground state at sites g, which 
therefore need not be considered explicitly. The 
homopolar condition (2) will then apply to a pair 
of neighboring f and g sites. We shall not con- 
sider spin closure, which is important for the 
analysis of singlet and triplet exciton states. We 
also assume that all electron spins are parallel 
and that excitations are not accompanied by spin 
flips. The spin subscript will now be dropped. 
The Hamiltonian of a many-electron system 
subject to the homopolar condition (2) is given by 


Alex: ‘Fe po L (APR) Aan, 
st Dy 5) (Fadafodofadafods) Din marie Ui (4) 


+5 DF (fsfadefdehid) at, ob, aa 
where L and F are additive and binary matrix 
elements, respectively, with summation over all 
subscripts. This Hamiltonian is diagonalized by 
neglecting all terms in which more than two oper- 
ators have the subscript 7 =1 [weak excitation 
condition (3)]. After introducing the operators 
bee af.at,» bf = afiat, which in approximation 
(3) obey the commutation relations of Bose statis- 
tics, making a linear substitution for operators 
bé, bf and passing to k-space: 


by = N~? >) dye, OF = N~? YS Of ett 
k k 


(N is the number of lattice sites in the fundamen- 
tal crystal region) we obtain!! 
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 upbt beg. (5) 
The energy of elementary excitation (excitons in 
atomic Pe, is then given by vi = 
VvE- uf, where Vv), and u, are certain combi- 
nations of Coulomb and exchange integrals. We 
have epolezed the energy spectrum of these excita- 
tions’ for comparison with single-particle theories, 
and have found that for a simple cubic lattice with 
the constant a when k is small v_, and Uk are 
given by 


Her= » Ob Or =e a >; UpOpb— p + + 
k k 


Up = Ey — Ey + d—- (R— 1) —6/Q| + 2°k2/2M, 
up = — 6/Q| + | Q| R?a?. (6) 


This expression contains the width E,— E) of 
the forbidden crystal energy band, the Coulomb in- 
teraction R and the exchange interaction I be- 
tween an electron and a hole, the exciton transfer 
integral Q, the effective exciton mass M and, 
finally, the quantity d, which is proportional to 
one-half the sum of the valence and conduction 
band widths: 


| Size \ 05. (r;) 0; (to) ® (ry 5) % (ry) 9; (re) drydre, 


= 65 (r1) 06 (ra) ® (rats) 80 (P1) 81 (Fe) dradra, 


Om \ 6; (r1) 8 (tz — a) © (ry+F2) 9% (ry) 9 (2 — a) drydro, 


M™ = (me-+ mp) * + 2|/ Ql a? a7. 

Here @(rj,r.) is the interelectron interaction 
energy and @) are the single-particle basis func- 
tions that are used for the transition to the second 
quantized representation. 

The phonon energy operator in terms of the Bose 
creation and destruction operators é} and é,, re- 
spectively, of a phonon with frequency w, is given 
by 


Apn= > hewn Ex- (8) 
Finally, the term in (1) which describes the elec- 
tron-phonon interaction becomes after second quan- 
tization 


Aint = >, K (FAP) AR az’ (E, ae cea 


PAA 


(9) 


where 


K (PrP) = \ Opa (r) Ane Op (6) de 


Ay = | «7 (2ne?hw,.c,./Q)”. 


Here 2 is the volume of the fundamental crystal 
region, cy =1/n? — 1/e(w,), and no? and € are 
the square of the refractive index and the dielectric 
constant of the crystal. For a specific calculation 
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this interaction is given the usual form of ‘an inter- 
action between electrons and longitudinal optical 
lattice vibrations (in the approximation of a dielec- 
tric continuum). We shall hereinafter be interested 
only in the interaction between the lattice and an 
assumed small number of excited electrons; we 
shall therefore use the interaction law (9), which 
is usually employed for the “excess” electrons in 
the crystal. Any other form of interaction would 
only change the coefficient K but would not affect 
the scheme of the calculation. , Introducing into (9) 
the Bose operators bg and be that were defined 
above and making use of their Fourier components 
and of (2), we obtain 
Hine= dy K (PAX «) afiape (be + Ex) 
PAN 
=D) {K (fOFOx) (ajoayo + afian) 
ton : (10) 


+ [K(f 1 Fl) — K (f0f0x)] agian + K (F1f0x) afro 
+ K (fOf 1») ajcay} Ge + & 24) 
ae py [W’ (x) bit On — a V NKob-x Se V NK yx] (Ex ae Ene): 


k,x 
where 
W (x) = K (flflx) — K (fOf0x) = AxJo (*), 
Ko = Kio = K (fOf 1x) = Andi (X); 
Jo (x) = Vetr(( 83 (F) P — | 8 (r) ) ar, (11) 
TO \ eer8 (r) 6, (r) dr. 


Thus, by means of (5), (8), and (10) the com- 
plete Hamiltonian of the system can be put into the 
form 

H =H) + fy, 


4 * " 
zr yi upbe b~p +- Di En Ex. 
R % 


(12) 


Hyo= i vpbh be + = > Upbeb-k + 
k k 
Hy = Dy W (x) Of ex (Be + Eb) + VM D) Kio (x) OF (E + 82%) 
Rx x 


VN SK ©) bon (Ee ES): 


We shall consider weak exciton-phonon coupling so 
that H; is regarded as a perturbation. Before em- 
ploying perturbation theory it is convenient to re- 
normalize the exciton vacuum in Hy, diagonalizing 
Hy in the Bose amplitudes bx by means of a linear 
transformation.!? Following this transformation the 
Hamiltonian of the system becomes 


H= Hy Hy, Hoe= Debibe + Bho.ksb. 
k 


y= > [W’(R, x) BE Bex (Ex + a) 
kx 


(13) 


+ W" (by *) BEB, 1, Gx + Ex) 


+ Kor (k, ») Bt (& + 4x) + compl. conj}, 
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where 
vu, = Vo — uk, (14) 
W’ (k, x) = W (x) (1 + ApAn—w)/1(1 — 4%) (L— Aba), 
WE WW) CiAendl ll tA le Ares 
Kio (Rs *) = (Kio (#) + Kor (%) Aa)/((l — Az) (1 — Ab»), 
Ay= (Vv — U2 — 0,)/Up. 
In the first-order perturbation nonvanishing cor- 
rections to eigenvalues of the energy are given 
only by the first term in H, while the remaining 
terms give only second-order corrections due to 
virtual processes. 

We now proceed to use perturbation theory in 
the form of a canonical transformation to obtain 
corrections of exciton energy resulting from the 
exciton’s interaction with the phonon field. The 
canonical transformation of the Hamiltonian (13) 
is given by 

H — e—SHes => lake + Nike 


+ [Ho + Hy, S)-+ "/eltHoS}S] + ---. 
The generating function S is taken in the form 


a+ * at ft 
Oe Dik, ~) en benke = Dn Rx, — %) be Bp ete 
k,x 


and the coefficients (k, x) are obtained from 
the condition H; +[H)S]=9. The first-order 
perturbation gives 


H = d\vn BeBe + Dy RoE En, (15) 
k x 
where 
vu, = 0, — DW’ (k, *)P 1 (0,44, — % + 2), 


(16) 
| 1 S21 b, 20h had 
MO FO + ZZ 


a bf bp . 
hy (Oy = py)? — Wot, ae 


Here w, is the renormalized frequency of “free” 
phonons. If the expressions given above contain 
divergent denominators the canonical transforma- 
tion method must be used in the form which Bogo- 
liubov proposed in his papers on the theory of 
superconductivity. 

For the purpose of simplifying the succeeding 
calculations we shall make the reasonable assump- 
tion that the exciton transfer integral is consider- 
ably smaller than the width of the energy gap in 
the crystal: 


Oueea Bie ss (17) 
Then from (14) and (6) 
W' (k, x) 
iy Gti. Ler (2 etd : 
=~ W (x) )! ie 2 (Ei — E,)? [1 \6 es (E; — Ey)(mey + my)/ 


a(S x%) | ~ W(x). 
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By a series expansion of the denominators in the 
coefficients Vi of Eq. (15) in terms of exciton mo- 
menta, by integrating instead of summing over pho- 
non momenta, and by using (6), (7), (9), and (11), 
we obtain from (16) the following expressions for 
the variation of the energy gap width and of the 
effective exciton mass: 


| Jo (x) ig Oy Cy: 


; : e*h ( 
AE’ = AE Ar* ati: + hex?/2M) dx 
te (18) 
ie e2h3 | Jn (*) |? (kx)? wc, 7 
M’ = M| 1+ sore ee ae d| 


Thus the exciton-phonon interaction lowers the 
energy level of the exciton and increases its effec- 
tive mass. This result agrees qualitatively with 
the results of Dykman® and Moskalenko! for weak 
exciton-phonon coupling. The shift of the exciton 
energy level that results from interelectron and 
electron-phonon interactions may be essential for 
an examination of certain effects. For example, 
the character of the field dependence of energy 
shifts in electric and magnetic fields is changed; 
specifically linear terms with respect to the field 
appear .'* For an electron interacting with the 
phonon field we must set 6)(r) =0 in (11) and 
pass to the wavelength limit. This gives the en- 
ergy reduction ahw that is known from polaron 
theory’? with the dimensionless coupling constant 
a = ec (m/2wn?)!/2, 

For numerical estimates it is necessary to 
adopt a definite form of the second-quantization 
basis functions 6,(r), compute J)(k) from (11) 
and calculate the integrals in (18). When expand- 
ing the wave function of the system in second- 
quantization basis functions we use an incomplete 
set of functions, stopping after the first two terms 
(A=0 and A=1); the selected functions 6)(r) 
and 6,(r) must therefore represent as adequately 
as possible the real electron states in the crystal. 
We have performed a calculation for the Cu,O 
crystal, where the coupling between excitons and 
the lattice is apparently weak. We used the Zhilich 
function’® @,(r) =A exp {-1.03r/ap} and the 
Slater function’’ 6,(r) = B exp {-0.743 r/ap } 
with values of wx and c, for the wavelength 
limit. The exciton energy level is reduced by 
0.027 ev while its effective mass is increased by 
0.4%. No quantitative accuracy can be claimed 
because of the crude model used and the tentative 
character,of the wave functions. However it should 
be interesting to develop our many-electron method 
further by using a specific model and also by con- 
sidering the behavior of the system in an external 
field. 
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In conclusion we wish to thank S. V. Vonsovskii 
for discussions of the results. 
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It is shown that in an atomic explosion, which is accompanied by asymmetric emission of 
y quanta, radio waves are emitted due to the presence of a current in the ionized air. The 
duration of the oscillation in each half-wave is of the order of 10 yu sec. For a given asym- 
metry in emission of the y rays, the amplitude of the oscillations depends weakly on the 


total number of quanta. 


Ir is known that atomic bomb blasts are accom- 
panied by characteristic radio signals which are 
recorded at distances of thousands and tens of 
thousands of kilometers. In propagating over such 
large distances the radio pulse spectrum becomes 
much more complex than the spectrum of the ini- 
tially emitted pulse.! Only the latter spectrum will 
be studied in the present paper. This is the spec- 
trum which one can record at a distance of say one 
hundred kilometers from the point of the explosion. 
In other words, we shall try to determine the effec- 
tive radiator. 

G. M. Gandel’man and L. P. Feoktistov (private 
communication) have described how an electric 
field develops in the air under the action of the y 
quanta. The quanta give rise to Compton electrons 
which move preferentially forward, i.e., away from 
the point of the blast. But since the flux of quanta 
decreases approximately exponentially with distance 
from the blast origin, the numbers of negative 
charges which are transferred to points at different 
distances from the origin are different. This non- 
uniformity of the charge density results in the ap- 
pearance of an electric field. 

In moving along their paths, the Compton elec- 
trons produce a large number of secondary elec- 
trons, thus making the air conducting and producing 
a current which tends to annul the-field. If the y 
quanta are emitted asymmetrically, the current 
radiates an electromagnetic pulse. But the dura- 
tion of the pulse due to the electronic current can 
be of the order of one or a few microseconds, which 
can give radiowaves in the meter wave length band. 
The longer wave length oscillations are of great 
interest. 

The cause of these oscillations has been given 
by O. I. Leipunskii (private communication). The 
electrons attach themselves not to positive ions 


but mainly to neutral O, molecules. The air 
acquires an ionic conductivity and a current in it 
lasts much longer than it does during the stage 
where the conduction is electronic. At the mo- 
ment when ionic conduction is established there 
is still an electric field in the air. O. I. Leipun- 
skii showed that the magnitude of this field is 
practically independent of the initial ionization at 
the given space point: if the ionization is greater, 
the initial space charge density is greater, but 
then so is the electronic conductivity of the air 
which causes the dissipation of this space charge. 
This same result is obtained in more rigorous 
form in the present paper. 

But if the field is independent of the initial ioni- 
zation, the initial asymmetry in emission of the 
quanta has no effect on it. Thus the field is purely 
radial and symmetric. An asymmetry arises be- 
cause of the ionic conduction of the air which is, 
of course, greater on the side toward which more 
quanta were emitted. As the later computations 
show, the asymmetric ionic current gives a pulse 
of reasonable order of magnitude and the expected 
duration. 


1. THE INITIAL FIELD 


Let the number of y quanta emerging from the 
blast origin per unit solid angle per unit time in a 
given direction be N)/47. (The total number of 
emitted quanta will then be Nog, where the aver- 
age is taken over all solid angle.) We denote the 
mean free path of the quanta by A, and the num- 
ber of secondary electrons per Compton electron 
by v. Then the number of free electrons which 
appear at distance r from the blast origin per 
unit time per unit volume is 


J -= Nove" [ Arhr?. (1) 
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We shall not treat effects related to multiple 
scattering of quanta since they are of secondary 
i importance. 

If y is the probability per unit time of attach- 
ment of an electron to a molecule and ne is the 
volume concentration of secondary electrons, then 
Ne satisfies the differential equation 


Oft, | OF =k. MTree A (2) 


which has the integral 


t 


eae \ J (t’) exp (yt’) dt’. 


(3) 

The space charge density p is determined by 
the law of conservation of charge, which in the 
present case gives the equation 


(4) 


where E is the electric field, og is the electronic 
conductivity of the air, which is considerably 
greater than its ionic conductivity so long as there 
are free electrons present, and py is the rate of 
increase of the space charge density resulting 
from displacement of the Compton electrons 
through the air. 

We use 7 to denote the average radial compo- 
nent of the free path of the Compton electrons. Ob- 
viously, 1<«<dX. po is given by the difference be- 
tween the numbers of electrons leaving a given 
point and coming toward it, or 


0p / Ot = — divs, E + 9, 


oo =e[J (r) —JS (r+ )]/¥. 
For points not too close to the origin, this gives 
bo = Jle/ dv. (5) 
The Poisson equation gives 
divE = 4p. 


Substituting in Eq. (4), we find 


div iz a 3,E) Eeeay (7) 
We note that the diffusion current has been omitted 
since it is much smaller than the conduction cur- 
rent in the cases we are considering. 

As already stated, og and py depend on the 
angle. Nevertheless we shali show that at the in- 
stant of time in which we are interested the field 
has only a radial component. Thus the divergence 
operator on the right side of (6) actually contains 
only derivatives with respect to r: 


Mae he 1 SORT 
7? or! & at 


+ oeEr) = 90. (8) 


We impose the boundary condition E,(, t) = 0 


AN ATOMIC EXPLOSION 1077 


on Ey. Integrating Eq. (8) subject to this condition, 
and using Eqs. (5) and (1), we get 


OE, /0t + 4no,E, = — (Noel / dr?) exp (— r/). 
Then 


(9) 


t t 


Ep =~ (el/ 2) e~™ (exp \- dn | 04 (2" di"} Not’) at’ 
0 i? (10) 


As already stated, og is the electronic conductiv- 
ity of the air. Denoting the electron mobility by 
the symbol We, we get [cf. Eq. (3)]: 


t 

POY . 

Se = COs iNe aera \ N, (t”) exp fy (t”—1)} dt”. 
0 


(11) 
A double integral of og with respect to the time 
appears in the expression for Ey. This can be 


reduced to a single integral, giving 
t t 


on Coey = 7 4 ee ” ees (a es ” 
4\ od a enh [\ Wet ) (1 — exp ty (¢” —1)}) dt 
Y (12) 


ye 

> 

—{ Mw) exp  ( — 4) ae]. 
0 

To find E, we must assign the time dependence 
of Np. We can say the following about the shape of 
this time dependence. Initially, while the chain re- 
action is still developing, Ny (t) increases very 
rapidly. After reaching a maximum, No (t) de- 
creases, but at a rate much slower than its rate 
of rise. 

We may assume the dependence 


Ny (t) = Aexp (— it}. (13) 


As we shall see from the later calculations the 
field E, is extremely insensitive to the value of 
B so long as the inequality 


BY 


is satisfied. 1/y, the time for attachment of an 
electron to a molecule, is approximately 4 x 107' 
sec (cf. reference 2), while 1/8 is larger than 
this, which is the basis for the inequality (14). 
We substitute the time dependence (13) in for- 
mula (12) and carry out the integration, giving 


(14) 


am el Asp 
E, = are © 


+ 


ee etal __ Ayexp(— Be) fern 
PAY 8 8 (y —8) yr= 8 
; (15) 
x \ Ae—®" dt’ exp 


0 


x exp \— 


ewa,vexp(—r/>) 7A Ayexp (= Br) |, Aexp(— yy 1" 
x| PAY [3 Bead eye I} 
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The exponential in this equation contains the 
quantity 


ew, Av exp (— r/) / 38 (7 — 8) 


in its argument. Setting A/f equal to the total 
number of quanta, which is say Loe: the number 

v of secondary electrons per y quantum ~3 x 107 
r~A~3x10' cm, we ~ 2.5 x 10° cgs units, we 
find that the order of magnitude of the expression 
in the exponent is 4 x 10°, i.e., it is very large. 
Consequently the main contribution to the integral 
(15) comes from large values of t’, when the func- 
tion exp (—£t’) is smallest, since it appears with 
a negative sign in the integral. (This is also the 
reason why the stage of increase in number of 
quanta is unimportant). This statement is valid 

if the inequality (14) is satisfied, i.e., if the ex- 
ponential exp (—yt’) is smaller than exp (-—/t’). 
Then the exponential exp (—yt’) has no effect on 
the value of the integral and drops out of the final 


expression for Ey, if t is not too small. The 
result of the integration is 
E, = E = (; — 8) l/@ey. (16) 


A similar result was obtained by O. I. Leipunskii. 

Thus the total number of y quanta and their 
angular distribution actually are not affected by 
the magnitude of the residual field, so long as 
A/B is sufficiently large. But this is practically 
always the case. 

E denotes the radial field. It does not go to 
zero at the origin. Consequently the charge den- 
sity has a singularity at the origin: 


4 x) oy 1S: 
4rr” or 


But this singularity does not contribute anything 
to the total charge, since p is multiplied by r’dr 
when we integrate over the volume. The appear- 
ance of such a singularity is entirely reasonable 
physically, since J(r,t) has a singularity at the 
origin. A numerical calculation gives a value for 
E of order of magnitude 2 v/cm. 


2. ELECTROMAGNETIC OSCILLATIONS 


The time of development of the initial! field is of 
order of magnitude 1/8, which may be assumed to 
be about one microsecond. The period of the elec- 
tromagnetic oscillations is approximately ten times 
as large. Thus the whole process can be divided 
into two stages: the first stage is the development 
of the field considered in the preceding section, 
and the second is the damping of the oscillations 
produced by the field. 
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In the second stage, the conductivity of the air 
is ionic. Consequently the damping of the oscilla-_ 
tions is much less than it would be for the case of 
electronic conductivity. 

The number of ions decreases continually as a 
result of recombination. The recombination proc- 
ess must be taken into account along with the ionic 
conductivity, because the recombination coefficient 
is related to the ion mobility by the formula (cf. 
reference 2) 


b = 4ne(w, + w_) = 4reo. (17) 


This formula is in satisfactory agreement with ex- 
periment for air at normal density. 

We shall now find the expression for the ionic 
conductivity of the air as a function of coordinates 
and time. For the density of ions of one sign we 
have dn/dt = —bn?, so that 


n= 1/(ot +1/ 1). 


Here ny is the initial number of ions per cc. Con- 
sidering that there is only a slight angular depend- 
ence of the emission of quanta, we write 


n= 1 / [bt + (1 + &c0s 9) (Ma). 


Limiting ourselves to terms of first order in &, 
we get the following expression for the electrical 
conductivity: 


(18) 


A ee ew eC OICOS 1) = a ae 
3 = Neo Foti eee o +3,cos#. (19) 
In this formula, ny is defined by the equation 
No = (Av / 4X2) w (r/d), (20) 
where 
Us (x) = xem. (21) 


Thus at the initial instant the field is radially 
symmetric and is given by Eq. (16), while the elec- 
tric field depends on angle. Consequently the cur- 
rent will have a corresponding asymmetry. 

The electrical conductivity leads to a falloff of 
the initial field with time. Keeping only the term 
with o 9, we have 


OE or | Ot ok Ans Eo, = 0, (22) 


where the index 0 on Ep; is a reminder that in 
this approximation the field is assumed to be cen- 
trally symmetric. Integrating (22) we find, by 
making use of (18): 


Eo, = exp = \ 4roydt'\ 
9 


= Eexp{— 8 in(o+ 1/7) |. 


t 
0 


(23) 
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If we took Eq. (17) literally, we should replace 
the coefficient of the logarithm by unity. We shall 
however set 


4xew / b= a, (24) 


where qa can be determined from experimental 
data. Thus 


Eo, = E (bt Ey wee: (25) 


The effect of recombination is to give a power law 
for the damping instead of an exponential law which 
one would get if the ion concentration were constant 
in time. The quantity o;, cos ¥, which was assumed 
to be small, will be multiplied by Eoy, Which gives 
an inhomogeneous term in Maxwell’s equations 
and gives rise to an asymmetric current. The 
assumption that the asymmetry is small was of 
course made only for computational reasons. If 
we assumed arbitrarily large asymmetry, we 
would have to perform numerical integration of 
the Maxwell equations with respect to three inde- 
pendent variables (radius, angle, and time), which 
is immeasurably more difficult than the (also nu- 
merical) determination of quantities which depend 
only on the radius and the time. 

We shall write the Maxwell equations in the 
form 


AOE 4no 
Sg ea era 2 (26) 
is See (27) 
ec ot 
divH = 0. (28) 


As usual for conducting media, we need not write 
the equation for div E, since it follows from (26). 
We look for a solution of the system (26) to (28) 
in the form 
fe pl ECOSO, 


H, = Hy =0, 


Es = E,sin9, 
H, = Hsin9. 


When this form is substituted in the Maxwell equa- 
tions, the angular dependence separates off, and we 
get a system of equations for E;, E,, and H. 

We introduce the following dimensionless vari- 
ables: 

Me yl Ne Gt | M, 


gre GE Lia Bed go ck: de yy 


E, =tEE,, m = (ewv [ad*c) A/8. 
Then the final system of equations which is to be 
integrated numerically has the form* 
may. (x) E, | 
"mu. (x) y sey 


may. (X) 


2H" dE, 
(my (x) y + 1)PT™ 


Ss at 


Ke oy 


(29) 


*If the asymmetry of the emission of quanta is quadrupole, 
with the shape €(3 cos? } —1)/2, there will be a coefficient of 
3 before the EF,’ in (31). 
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F(z-y) 


*Values of parameters: 1) a= 4, m= 200; 2) a=1, m =10; 
3) a= 1, m=1. 


aE, - may. (x) E, 


hg Vea 

ay ae = Oy | mu(x)y+1’ (20) 
bf @) ’ 
ras (xEe) -++ E,) =— eee (31) 


where p(x) is given by (21). 

The initial condition on H’, Ej and Ej is that 
all three are zero for t=0. 

From symmetry considerations, the electric 
field at r=0 must be along the line from which 
the angle # is measured. This gives 


E, (0, t) + £3 (0, t) =0. (32) 


The magnetic field at the origin must be equal to 
zero: 


Fol (Uetd Ue (33) 


We now consider the question of radiation of 
electromagnetic waves. At a large distance from 
the point of the blast, where the function p(x) 
may be assumed to be equal to zero, we can make 
the substitution 


tpn ae eee? 
and reduce the system (29) to (31) to the wave 
equation 

0% | 0x? — 0%. / Oy? = 0; ° (35) 


whose solution we write as ¢= f(x-y). The 
field is given in terms of the function f by the 


formulas 
H’ = x4} (x —y) — x *(e—y), 
(36) 
Eve F (4 — yf) — x f (x —y) +x 3F (x— y). 
Thus the function f determines the effective radi- 
ating dipole. It is determined by integrating the 
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system numerically along the characteristic x =y 
out to the region where u(x) =0. The results of 
the integration are given in the figure for three 
cases. The ordinate is the function E(x=y) and 
the abscissa is the quantity y-—x+10. As we see, 
the signal amplitude depends approximately loga- 
rithmically on the value of m, i.e., on the total 
number of quanta. The signal duration has approx- 
imately the same dependence. The latter result 
seems very natural, since the wave length is com- 
parable with the dimensions of the ionized region, 
which depend logarithmically on the number of 
quanta. 

In conclusion, I express my gratitude to O. I. 
Leipunskii who pointed out the role of the ionic 
conductivity of the air in the production of the 
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radio signal and stimulated the present work by 
numerous discussions. The analysis of the equa- 


tions and the necessary computations for the pres- | 


ent problem were done by A. A. Miliutin, S. L. 
Kamenomostskaia, and V. I. Kozhevnikov, to whom 
I express my deep indebtedness. I thank A. A. 
Dorodnitsyn and M. V. Keldysh for providing the 
computing machines. 
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Quantum corrections have been found for the equation of state obtained with the aid of the 
Thomas-Fermi model. It is shown that, at all temperatures and densities, the lowest order 
quantum and exchange corrections to the pressure are negative, their ratio not exceeding uf, ; 
it equals 2, in the degenerate electron gas region and Vs in the high-temperature region. The 
boundary of the region of temperatures and densities is found for which the relative contribu- 
tion of the quantum correction to the pressure is small and application to the Thomas-Fermi 


model is feasible. 
1. INTRODUCTION 


lips problem of the equation of state of matter, 
i.e., the relation between the pressure, density and 
temperature, is of importance for many problems 
in physics and related sciences. In the derivation 

of this equation for condensed media, wide use is 
made of the Thomas-Fermi method (for brevity 
T-F), along with other methods. In a large num- 
ber of papers setting forth the application of this 
method (see, for example, references 1 to 3), 
quantitative results are obtained relating to a wide 
range of densities and temperatures. 

Although the T-F method is known to be ap- 
proximate, the necessary analysis of the applica- 
bility of these results has not been carried out. In 
the literature there are only qualitative considera- 
tions of the non-applicability of the method for 
small compressions (in the region of low temper- 
atures) and on the improvement of its applicability 
with increase in temperature. However, the quan- 
titative problems of the limits of the regions of 
density and temperature in which the method is 
applicable with a given accuracy, and on the size 
of the corrections to the quasi-classical equations 
of state, remain essentially unresolved. The pres- 
ent research represents an attempt at a solution of 
this problem. 

It should be observed that the ordinary method 
of applying the T-F method for the derivation of 
the equation of state is connected with second-order 
approximations. In the first place, use is made of 
a simplified model,’ in which we consider isolated 
spherical cells that contain a motionless nucleus 
(of charge Z) and Z electrons. The radius of 


the cell corresponds to the given density; at the 
boundaries of the cell, the derivative of the poten- 
tial is equal to zero. In this model no account is 
taken of many factors: pecularities connected with 
the crystalline structure, vibrations of the nuclei, 
collective interaction of the particles, etc. An 
analysis of these factors enters into the frame- 
work of the present research* and in what follows 
we Shall make use of the model thus considered. 

In the second place, an exact quantum mechani- 
cal solution of the problem, within the framework 
of this model, is replaced by an approximate con- 
sideration aecording to T-F method, which is the 
quasi-classical approximation to the Hartree-Fock 
method. Like the latter, the T-F method also dis- 
regards the effects of strong correlation between 
the particles; these effects were estimated for low 
temperatures in reference 5, where their contribu- 
tion to the pressure is shown to be small and to be 
decreasing with increase in the latter. 

*The quantum effects that reflect the inaccuracy 
of the quasi-classical approximation play a much 
more important role; the following account is de- 
voted to their investigation. For an uncompressed 
atom these effects were considered quantum me- 
chanically in references 6 to 8. 

The quantity 


q =k? / Pp?, (1.1) 


where 7 is a characteristic length and py is the 


*It can be assumed that in the really important part of the 
region where the Thomas-Fermi method is itself applicable, 
the role of these factors is not large and they can be con- 
sidered independently of quantum effects (about the latter, see 
below). 
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characteristic momentum, appears as a parameter 
that defines the role of the quantum correction. 

We use non-dimensional variables throughout 
the work. As the pressure #, the numerical den- 
sity of the electrons p, and the temperature T 
we use 


RT = 92"? / ap, 


fe — PZ"! 2 ie 
t one ED, 


Dee il) ire 
where ay is the Bohr radius and n = 3a3/47ZR? 
is the mean density. 

It is convenient to choose the potential @ and 
the distance from the nucleus r in the form 


E= (u—®)/kT, ara Gites) 


where yp is the chemical potential and R is the 
radius of the cell. 

We proceed to estimate the parameter q. We 
consider two regions: I — the region of degener- 
acy of the electron gas (n/33/? > 1) and II — the 
region of high temperatures (n/3?/2 <1 )o For’ po 
we have (M is the mass of the electron) 


porto SGalognZ ns I 


Dom V MEP ~ Gilde Zo. kk 


An estimate of / is more complicated; it is 
given by: (see Sec. 3): 


ay 


a ee aan | AT SH a 1 


As a result we obtain 
q — (2 no! I 


: 1.4 
G— 2. no IT ial 


It then follows that the quantum corrections: 
(a) decrease with increasing nuclear charge Z 
(see references 6 and 7), (b) fall off with increas- 
ing temperature for a fixed density, and (c) ata 
fixed temperature, increase with increasing density 
in II and decrease in region I, and thus have a max- 
imum at n ~ 8/2, These rules are demonstrated 
in Fig. 3, which is drawn from the results of Sec. 7 
(the dashed curve corresponds to n~ 3/*), 

We now proceed to the problem of exchange ef- 
fects, which is closely related to the foregoing. 
Ordinarily, exchange effects are either generally 
disregarded (T-F model) or are considered ex- 
actly within the framework of the classical 
(Thomas~-Fermi-Dirac) model (see reference 3, 
for example). Such a manner of calculation of the 
exchange is, strictly speaking, inconsistent, since 
the quantum effects, which are not considered in 
this case, are commensurable with the exchange 
effects (reference 6). It would be more valid to 
limit the exchange correction to the lowest order 
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since higher order corrections lie beyond the lim- « 


its of accuracy of the model. 
As the corresponding parameter of the expansion 
we have the quantity (see Sec. 5) 


2MA (po, 1) /p2~ e*h*o/ps. (1.5) 


It is easy to see that this parameter is identical to 
q, so that the quantum and exchange corrections 
differ only by a numerical factor. 

To conclude this section we consider the peculi- 


arities of the Hartree-Fock approximation at tem- 
peratures differing from zero, wherein the state 

of the system is a mixture of pure states. In this 
case the concepts of the single particle approxi- 
mation and the approximation in which the density 
matrix is multiplicative do not, strictly speaking, 
coincide. The multiplicative approximation usually 


employed (it is used in the present research) cor- — 


responds to the fact that the force field is unique 
for all the pure states mentioned above; self-con- 
sistency is thus produced over the entire mixed 


state as a whole. Self-consistency within the frame- - 


work of each of the pure states separately is the 
more accurate (and is compatible with the single- 
particle description). In this case, however, the 
multiplicative character is destroyed and the solu- 
tion of the problem is made more complicated, to 
say the least. The corresponding effects must be 
considered on a par with the usual correlations 
(the latter are responsible for the inapplicability 
of the single-particle approach ). 

The following notation is used in this paper: 
a denotes that the quantity a(r) is referred to 
the surface of the system (in particular at the 
point r=R). 


2. EXPRESSION FOR THE PRESSURE IN THE 
HARTREE APPROXIMATION 


We begin with the expression for the force act- 
ing on the system. The total momentum of the lat- 
ter can be written in the form 


G; = Sp (9 pi), 


where f is the density matrix operator,’ p = 


(2.1) 


—ihV is the momentum of the particle; the spur 


is taken over all variables except the spin. Dif- 
ferentiating (2.1) with respect to the time and 
taking into account 


indp/dt = [H, 6], 


we get the following expression for the force: 


dGj/dt = —(i/h) Sp {{H, 0] p,- (2.2) 


Here, 
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H= p?/2M + ®(r) 


is the single particle Hamiltonian; © =U +B, 
where U is the potential of the external field, 
B(r) = e” [dr'p (v’)/|r—r’| is the self-consistent 
potential of the electrons, p is the numerical par- 
ticle density. 

We compute the spur in (2.1) and (2.2) with the 
aid of the plane waves 


(2.3) 


Yps (Fr, ¢) = (2nh)~*? exp (ipet/h) Sc . 


We then have for the arbitrary (but diagonal in the 
spin variables*) operator O 


one 2 \ ar \ dp dps Ope = 2(2an)*l dr \dp <>», (4) 
where 
Oe exp (--ip-r/h)O exp (iper /h). 


In this notation the distribution function over the 
coordinates and the momentum takes the simple 
form? 


E(t.) = (2nh) *.<6yp. 


In this case the density is connected to f by the 
relation 


ote) =2\ f(r, p)dp. 


From (2.2) to (2.4) we have the following expres- 
sion for the spatial density of the force 


(2.5) 


— lap {— ae P eVh — a AF 
(2.6) 
—IF(t, pik) —F(r, pl ® ()} ms 


where the gradient in the latter term operates on 
@. Expanding this term ina series in h and inte- 
grating by parts, we establish the fact that it re- 
duces to the expression —Vj@p. In the subsequent 
integration over r, the term -—Vjfp drops out 
(the internal forces) and we obtain the relation 


EG dl — \evUar— \ oi dSp- (2.7) 


Here the first term is the exchange force, oj, is 
the strain tensor 


cn = (2/M)\ dppipsf (rp) — (ib/M) \ dppevet (t, P)- (2-8) 


Integration over the second term of (2.7) is 
carried out over the surface of the system; denot- 
ing the direction of the corresponding normal by n 
we obtain the desired expression for the pressure 


(F = njnKOjk ) 


*States are considered in which the same occupation num- 
bers apply to all levels that refer to the same energy. 


1083 
# = (2/M)\dp(n+ p)*}— (in /M){ dp(n-pyin-Wi)- (2.9) 

We recall that the tilde denotes evaluation at a 

point on the surface. 

3. THE EQUATION OF STATE IN T-F MODEL 


In the quasi-classical approximation which cor- 
responds to the T-F model, we can discard the 
second term in (2.9), which vanishes with fi, and 
set 


f(t, p) = F (E) = (20h)? [exp ((E — p) / kT} + 17, 
(3.1) 


where 
E (r, p) = p?/2M + P(r). 


Then (2.9) gives the well-known equation? (non- 
dimensional variables are used; see Introduction): 


P = (2V2/3n%) 9 Is), (E), (3.2) 
where* 
In (%) = \ y"dy / (exp(y —x) +1), 
while ; 
Py Cae si) real (3.3) 


To find the limiting value of £, we must solve 
the equation for the potential. We connect the lat- 
ter with density by the Poisson equation 


~ 


A.& (x) = xv (x), ¥ = (36=)'en'® (€) (3.4) 
The corresponding boundary conditions are 
ely = 7/3 6’, =0. 
The first of these corresponds to #— — Ze*/r 
fOr. t=O. 
In the T-F model, substitution of (3.1) in (2.5) 
gives the following expression for the density: 


v= (VW 2/n®) Hn“), (E), (3.5) 
whence 
A,é = als), (E), 


It is now expedient to transform to the integral 
equation 


a = (VW 2/x) (6/n)*S2n-“h, (3.6) 


1 


E(x) = E+ a) y, 16 0) (te — 4) tat 


x 


(3.7) 


with the normalization condition 
1 
Vi, (2) 2dti =B, B =7/3u = (x?/3V 2) nd—*. (3.8) 


0 


*These functions were investigated and tabulated in refer- 


ence 10. 
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The solution of the problem in the approxima- 
tion under consideration is thus determined by two 
parameters 6 and a. The first of these is iden- 
tical with the degeneracy parameter of a homoge- 
neous electron gas, the second, as is evident from 
(3.7), is the parameter of the homogeneity of the 
distribution, determining the departure of é (x) 
from the constant es 

Equation (3.7) is usually solved numerically. 
We limit ourselves to its analytic solution in the 


region in which the distribution is close to uniform. 


We use the iteration method, assuming a to bea 
small quantity. Substituting the resulting solution 
in (3.8), we can find the desired value of bs Simple 
calculations give* 


ea eey aie ie 
P = (2/2/3x2) 9 [Is,, —(3ae/20)1%, +--+]. 


Here the functions I have the argument £°, which 
is determined by the relation 


Iy, (E°) => 38. 


If we can neglect corrections due to inhomogeneity, 
we have the following equation of state 


(3.9) 


(3.10) 


P= Shy (n/9*), (3.11) 


where the function x(x) is determined parame- 
trically: 


X= (2V 2/3n") Is, (6°), 


Its form is shown in Fig. 1. 

In the region where the electron gas is degener- 
ate (8 >> 1 and, in accord with (3.10), £°— 0), 
we have Iyj. =% £3/2 I3/2 = 7/5 9/2 from which w 
find the well-known equation! 


x= (V 2/n*) fy, (8). 


Pa1hi(3n) on. : (32817) 


In the opposite limiting case of high tempera- 
tures (B«1, §°9—-.) 


Ty, a (V x/2)e8, Ts, =S 3/als/, 
then the usual Clapeyron equation holds: 


P = nd. (3.117) 


*It follows from (3.9) that the actual parameter of the ex- 
pansion is not « but al’, (the quantities Ij,/Iy,, Ix, are of the 
order of unity). 


Dy A, Ria aN hes 


050° = 1510 en 
FIG, 2 


The relative error in the pressure connected with 
neglect of non-uniformity is determined by (3.9) 


6P/P=an'h/P, a= (2n/5) (3/4n)"*. (3.12) 


We now find the boundaries of the region outside of 
which 6P/P is less than.a given quantity €, while 
within it it is greater than ¢€. Introducing the nota- 
tion en=0a, €2%=7, we have 


ash {chy (o/c?) = 1. (3.13) 


for B> 1, this gives o=(27°)', for B<1, 
t=ao'/?, The curve corresponding to (3.13) is 
shown in Fig. 2. With its help we can, for example, 
establish that use of Eq. (3.11’) in the degenerate 
case gives the correct order of magnitude of the 


quantities (within the framework of the T-F model), 


i.e., €~ 1, at pressures 
F >6-105Z"* atmos. 


In conclusion, we find the expression for the 
length parameter 7 (see Introduction). It will be 
the greater of the quantities 


&/ VE, (6 / Ag). 


We can limit ourselves to these two quantities if 
we consider only the quantum correction of lowest 
order (see below). Estimating by Eqs. (3.7) and 
(3.8), we obtain 


1 ~ (£°9/n'h)"* R. 


In the degenerate case £°~ n?/39, at high temper- 
atures £°~ 1 (with logarithmic accuracy). We 
then easily obtain the estimates given in the Intro- 
duction. 


4. QUANTUM CORRECTIONS TO THE PRESSURE 


We now proceed to find the corrections to the 
equations of state necessitated by the inaccuracy 
of the quasi-classical approximation. For this 
purpose we expand (2.9) in powers of hi, limiting 
ourselves to terms of second order; quantum cor- 
rections of lowest order will be taken into account. 

Besides consideration of the second term of 
(2.9), it is necessary to introduce a more accurate 
expression for the distribution function. We begin | 
with the density matrix operator in the form’ 


THE QUASI-CLASSICAL EQUATION OF STATE OF MATTER 


(2h) 89 = F (H) (2h)? [exp (2 yay, (4.1) 


where H is the Hamiltonian of (2.3). If we neglect 
the non-commutability of its components, we im- 
mediately return to (3.1). To obtain quantum cor- 
rections to the distribution functions, we must take 
into consideration the first commutators of the op- 
erators p?/2M and 6. A simple calculation 
gives:' 


f(r, p) =F (E) — (iapV® /2M + #2A®/ 4M) F"(E) 


— (h? /6M) [(V®)? (4.2) 


+ (pV)? ® / MIF" (E) — (A? (pV)? / 8M?) FIV (E) + +++ 


Substituting this expression in (2.9) and considering 
that 96/dr =0 on the surface of the spherical cell, 
we have 


Ff F (E) p*dp 


1 
= sean | 


20" "(BR PD? pin (FB \ 
+ qe \ | SPY (E) + SF" E) hotap. 


It is easy to prove that the last integral on the right 
side vanishes identically. 

Thus, in the approximation under consideration, 
the pressure is connected with the potential on the 
boundary by the same relation (3.2) as in the T-F 
model. This value of the potential will, however, 


differ from the corresponding quasi-classical value. 


In what follows, the subscript zero denotes any 
quantity that refers to the T-F approximation. 
Setting  =&)+&,, expanding (3.2) in &,, and 
also taking (3.3) into account, we get the following 


‘expression for the relative quantum correction to. 


the pressure 
8,P/ Py = (31, (E) / 21s1,(Eo)) Er: 


To find E, we must solve the T-F equation 
with quantum corrections. Substituting (4.2) in 
(2.5), we obtain 
V2 
2412 


(4.3) 


(Are /'3)'ls Z—%0" 2 ns (1), (€) (Vak)2+-21 1), () Ax}. 


oy = 


for the quantum correction to the density. 
Substituting this expression in (3.4), expanding 
in &,, and taking (3.6) into account, 


Ae aly, (Eo) & 


—*/, an ue 
ay a {is (Eo) (Eo)? + 2a/ 2 (Eo) J. (Eo) } 


(4.4) 


A simple substitution can be suggested to sim- 
plify (4.4). Setting 


bie Vea ae 


E31 ae 692 (1), (E>) oS Ux), 
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we obtain 
Au, — atl (Ep) ty == & [(1%, (69))® + I, (Fo) %7 Eo)] (4.5) 
with the boundary conditions 
XU; | 4 == 0, uy |i =), 


In this case, the quantum correction to the pres- 
sure becomes 


V2 Za hy, (Eo) 
Te 


8)P /Po 4n g'le 


(I, (&) +1}. (4.6) 


5. EXCHANGE CORRECTIONS TO THE EQUATION 
OF STATE 


Account of exchange effects is brought about by 
replacing the Hamiltonian (2.3) by the expression! 


H = p?/2M 4+ ®(r) — A, (5.1) 


where 


Ans 4ne*h | dp'-p’—2o(r, p’ +p). (5.2) 


Corresponding to this, there appears in (2.6) the 
additional term 


2\dp (wf (AA /dp) —yA(Of/Ap)}, (5-8) 
where A(r,p) = <A>p.- We.consider only quasi- 
classical exchange effects [therefore (5.3) amounts 
to the ordinary Poisson bracket ]: mixed exchange- 
quantum corrections are quantities of a higher bor- 
der of smallness. 

In the following, exchange effects are considered 
as small (see Introduction), so that we can replace 
f in (5.3) by the expression (3.1). Simple calcula- 
tions give the following expression for the contri- 
bution of (5.3) to the strain tensor: 


—\dp (9A / aps — Adf | Opa)p: 
and to the pressure 


1p —— =| dpA(r, p)F Cr, p). 


Furthermore, substitution in (3.1) of the expression 
p?/2M+®—A for E(r, p) changes the distribu- 
tion function by an amount 


f(r, p) = — 2MAdF / 0 (p®) = — Adf /d®. 


(5.4) 


(5.5) 


A change in pressure is also associated with this 
circumstance: substituting (5.5) in (2.9), -we have 


Oi = \ apf. (5.6) 
Adding (5.4) and (5.5), we have (see Appendix I) 
z 
(8’P + 8”P) 32a 
Po V2 w9" 15),(E) co 
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Finally, exchange effects change the value of & in 
Eq. (3.2). Denoting & = &)+&, we have 


8” P/ Py = (3l vj (E) / 2/+), (Eo) Eo 


(5.8) 


To find %, we solve the T-F equation with the 
exchange correction. Starting out from (2.5) and 
(5.5), we have for the exchange correction to the 
density 


R On 
bo = — 3 \ 4PAT, 


or (see Appendix I) 


es 


—*},v < 
eau Fars (9) an (5.9) 
With the help of (3.4) we get 
Aug — al), (E>) U2 = 6% [Iy, (Eo) ]*, (5.10) 
where 
4 Dale 
avin aca 


The boundary conditions for uw; and yw, are iden- 
tical. 

The total exchange correction to the pressure 
then has the form 


BePEREYS oy Zo 


& 
: a \ f £)]2 =F fe 
Po “Gr gle Is), (5) {6 [ le (5)] de Y ui [2 (G0) iz 


co 


6. RELATION BETWEEN THE QUANTUM AND 
EXCHANGE CORRECTIONS 


Equations (4.5), (4.6) for the quantum correc- 
tions and (5.10), (5.11) for the exchange corrections 
have an identical structure and can be written in the 


same fashion. Indeed, 
8;P Z7 "ls & ere 
Bon noes | \ ‘Pe (6) d+ Lu, (Eo) i, (6.1) 


—co 


Au; — aly, (&) u = «8; (E); xuz/o=0, u;|,=0, (6.2) 


where i=1, 2 (index 1 corresponds to the quan- 
tum, index 2 to the exchange corrections ), while 
the functions %j have the form 


Wy = ty, ly, + (1,)?, Ve = 6 (i, (6.3) 
Their ratio 
7 (6) = Pi / Ve = Ye (1 + Iu, 11, /(12),)2) (6-4) 


is a Slowly-varying monotonic function. 
In the region of degeneracy, where EO a os 


D. cA. KLRZ Naess 


n is constant* and is equal to he The same is i 
also characteristic of the ratio of the quantum and 
exchange corrections: 

61P)] 0gP = .2 1.9. (6.5) | 
In the opposite limiting case ) ~-~, N= ip and 


SP La.P siya (6.6) 


It must be kept in mind that the condition )~>—° 
cannot be satisfied throughout the entire volume of 
the atom, since the electron gas is always degener- 
ate close to the nucleus (£é) ~ Ze*/rT — o). There- 
fore, the ratio (6.6) holds only for sufficiently large 
—), where the region just mentioned plays a small 
role. 

Going on to a consideration of the general case, 
we expand n(é)) ina series about the point £). 
Taking into consideration the boundary conditions 
in Eq. (3.5), we find 


(Ey) = 76) (1 Ce 1" ae) 


| 
| 


where 


C = aly, (&) 1’ &,) / 24 (6). 
If C is small in comparison with unity, can be 
considered constant, equal to (é,)). In this case, © 
in accord with (6.2), 
uy [Uz = 9 Ep)« (6.7) 
To find the regions in which C is small, we 
return to Eq. (3.8). Keeping in mind the monotonic 


character of the functions Ij/.()) and &)(x), we 
have 


nS > (VW 2/n%) 1, &). 
Hence 


(C| = ED. 


wT 


(3/4ny" 9a" | La. [-q| < 0.66 | Tit’ /q| nh. 


The function | in n’/n| has a maximum equal to 
Le 2eX 10a whence 


a > S210 SG ics: 


Even for C= 0.02, this condition reduces to 7 > 
3 x 107°, which corresponds to densities greater 
than 5 x 1074Z? g/cm’; in this way, virtually the 
entire region subject to this consideration is used 
up. Therefore, the ratio (6.7) is valid practically 
everywhere. Taking this into account, we have, 
furthermore, 


*€ is itself an increasing function inside the atom. There- 
fore, if the gas is degenerate on’ the boundary of the cell, it is 
clearly degenerate inside the atom, too. 
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3,P ~ 8: 
if Ee 7 (Eo) - 
~ (6.8) 
th s 
= VE TE) \ (06) — 0G) Fo (@ a. 


—co 


n(€) is a monotonically decreasing function; there- 
fore, the right hand side of (6.8) is always positive. 

At the same time we can show that 6,;P and 6,P 
are negative quantities. With this purpose we make 
the substitution 


Bee 
x0; (x) = wi (2) +14 G) | Pee ae. 


in (6.1), (6.2). Then 


8,P_ at Th), ~ 


Po QW 2xa'k vER 


‘y 


e 
0; — aly, 0; =x [Li (Gs) + (Ure Eo) Zan (E)) | Feel, 


—oc 


Vlo = 0; vl,= oh, 


It is shown in Appendix II that an equation of 
this type (under the condition that its right hand 
side is positive) has a solution which is a non- 
positive function. 

It then follows that the quantum and exchange 
corrections to the pressure always decrease the 
latter: 


6P<0, &P<0. (6.9) 


In conjunction with what was said above on the sign 
of the right hand side of (6.8), this yields 


0<8,P/8P <7 (6). 


In this case the departure of 6,P/6,P from 7(é ) 
takes place only in the region in which the degener- 
acy parameter B~ 1. 

Thus, the ratio of the quantum correction of the 
lowest order to the corresponding exchange correc- 
tion does not exceed one third. 


(6.10) 


7. QUANTUM AND EXCHANGE CORRECTIONS IN 
THE REGION OF HOMOGENEITY 


We now proceed to search for the explicit ex- 
pressions for the quantum and exchange corrections 
in the region in which the distribution is close to 
uniform (as in Sec. 3, this corresponds to small- 
ness of the parameter aljj,). Putting (6.1) and 
(6.2) in integral form, we have 


al 


uy (x) = te + & \ CBA Thy, ()} (E/x— 1) tat 


x 


(7.1) 


with the condition 
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Sao he 
| (Be +I, us) f2dt = 0. (7.2) 
0 


Using the same method as in Sec. 3, we find as the 
zero approximation 


uy = —¥;/1h,. (7.3) 
substitution of this expression (6.1) gives 


Pe POY os Oe ey me aay 


"2 —co 


3,P bab If cS 
ae ae Fidel (7.4) 


We rewrite (7.4) in the form 


— Z'8,P | Py as 9 Ey. (7.5) 


The functions =, W, I etc. in (7.3), (7.4) and in 
the formulas below refer to the argument £° which 
is determined by Eq. (3.10). 

In the region of degeneracy we have for the 
quantum correction 


SEs 5 
4" Py = Beene (7.6) 
for §)—--~.o, 
— Zed,P | Py = (n/ 6) nd. (7.7) 


The corresponding exchange corrections can easily 
be found by recalculation* (see Sec. 6). We now 
proceed to find the boundaries of the region outside 
of which the quantity — Z?/36;P/P,) is less than a 
given value 6; while inside, it is greater than that 
value. In this way a region is defined in which the 
T-F model is applicable with a given accuracy 
6/8, 

Combining (7.5) and (3.10), we have 


Sn = (VY 2/ x) hy, 52, 79 = SF, (7.8) 
While for large n/#*/? we have din = (85 elses. 
and in the opposite case, ois = (163n/6) 72, The 
corresponding curves are plotted in Figs. 3, 4.T 
Further, it is necessary to find the limits of 
applicability of these results. With this purpose, 
let us find the further terms of the expansion of 
i; and 6;P/P) in series in a. In this case, the 


structures of Eqs. (7.1), (7.2), and (6.1) are such 


*Calculation by Eq. (7.5) shows that the minimum ratio 
§,P/5,P is equal to 1/5 (and corresponds to €° = 6). We note 
that the temperature correction (7.6) is proportional to 6? for 
5,P/P, andto 9In9 for 6,P/P,. This pecularity of exchange 
effects, to which our attention was drawn by A. S. Kompaneets, 
is connected with the long-range character of the Coulomb 
forces. See also Figs. 3 and 4. 

+These curves can be also used to find the values of 6;P/Po. 
For this purpose, the curves must be plotted with the coordi- 
nates (n, 9) for different values of 6. 
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= =p 
mo? 20° on 
FIG. 3 


that the term that is linear in a drops out of Oj 
and 6;P. Therefore, the term linear in q in 
6jP/P,) is connected with the expansion of Pp. 
Account of inhomogeneity thus leads to the appear- 
ance in (7.4) of a factor 


1 + (3« / 20) 73, / Js, 


and everything said in Sec. 3 on the limits of ap- 
plicability of the homogenous approximation re- 
mains in force relative to 6;P/P). 

Thus, the functions (7.8) can be used only when 
the corresponding curves lie inside the region of 
homogeneity, i.e., when they envelop the curve (3.1) 
(with a given value of €). This takes place for suf- 
ficiently small 6;. Thus the corrections for inhom- 
ogeneity do not change the order of magnitude of the 
quantities entering into (7.4) and (7.8) («€ ~ 1) for 
6, < 0.1 and 6,< 0.5, that is, for 


|8,P|/Po<O0.12Z—, [8P|/Po<0.5Z—%. (7.9) 


Thus, in the region of degeneracy, the T-F model 
is valid with accuracy 6, =0.01 at pressures 


F > 1082": atmos. 


If we are interested only in the region in which the 
degeneracy parameter 6 <1, the conditions (7.9) 
can be somewhat modified. 

For less stringent requirements on the accuracy 
(larger 6;P/P)) or larger Z, the curves under 
consideration lie outside the region of homogeneity. 
An analytic solution in this case is not possible; 
numerical results will be published when they are 
obtained. We shall abandon at this point a compari- 
son of the results with experiment. 

In conclusion, I take this opportunity to thank 
V. L. Ginzburg, E. L. Feinberg and E. S. Fradkin 
for discussions and L. V. Pariiskaia for the nu- 
merical calculations. 


APPENDIX I 


The integral 


dp dp’ 
ho Dal 


\ dp Aj = Aneta? | j(t, p) F(t. P’) 


reduces after integration over the angles to the form 


DY “AS KER ZENS 


ow” 210" Bn 


FIG. 4 
22 kT)2 a 
ee oO) 
where | 
nt wy (ie Se a VE+VG | 
a eps) ae exp (y—&) +1 Vic Vig 


Making the substitution x ~x+é&, y—yté&, we 
have 


co 


«) =[J a 


? (expx+1)Vx+e 


| =¢-.@y. 


making use of Eq. (3.3) we obtain, finally, 
z 
«(@) = 4 | (F,(0) tae. 
APPENDIX II 
We shall show that the equation 


y" — A(x) y= B(x) (a) 


with B(x) a quantity of constant sign and with 
boundary conditions given at both ends of the in- 
terval of integration that are invariable relative 
to the substitution y ——y, has a sign-constant 
solution y(x), the sign of which is opposite to 
the sign of B. 

We limit ourselves to boundary conditions of 
the simplest form. If they are 


y(0)=9, y(1I)=O0 or y(0)=0, y'(1)=0, 


then in place of (a) we can consider the functional 


\y'?/2-+ Ay? /2 + By) dx, (b) 


the minimum of which is realized by the solution 
of Eq. (a) [we are discussing the minimum, since 
the coefficient in the first term of (b) is positive ]. 
Inasmuch as the first two terms of (b) and the 
boundary conditions do not change in the substitu- 
tion y ~-y, while the latter term changes sign, 
the extremal of y(x) belongs to the class of con- 
stant-sign functions so that By <0. Actually, if 
the function y is constant in sign and By 0.) 08 
if y changes sign inside the interval of integration, 
then it clearly does not achieve the minimum of (b), 
since the function -—|y(x)| (for B>0) or 
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ly(x)| (for B< 0) reduces to the much lower 
value of the functional. 

In the presence of a more complicated boundary 
condition 


y(0)=0, y(Q1)=y(1) 


it is necessary to make the functional more com- 
plicated, adding to the integrand the quantity 
—(d/dx)(y?/2) [in the opposite case, (a) and (b) 
will not be equivalent to each other]. The parity 
of this quantity relative to y is conserved by vir- 
tue of the previous discussion. 
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In this paper we give the theory of superconductors containing impurities at the absolute zero. 
The dependence of the penetration depth on the impurity concentration is considered for small 


atomic concentrations. 


We have obtained the electrodynamic equations in an alternating field 


for superconductors with a mean free path which is smaller than the correlation length. 


Le is well known that Bardeen, Cooper, and 
Schrieffer! succeeded in formulating the electro- 
dynamics of superconductors with the aid of their 
theory of superconductivity. They obtained equa- 
tions connecting the current with the vector poten- 
tial which replaced the old equations of the phenom- 
enological theory of H. and F. London. Of most 
interest was the non-local character of the connec- 
tion between the current and the field for the ma- 
jority of pure superconductors. 

The non-local character is put into the very 
basis of the theory which is based on the physical 
idea of Cooper’s* about the formation of bound 
singlet pairs of electrons near the Fermi surface 
under the action of the phonon interaction. The 
dimensions of such a pair causes the existence of 
a correlation between electrons at distances of the 
order &) ~ 1074, which becomes apparent in the 
form of a non-local connection between the field 
and the current, if the penetration depth of the field 
is less than &). The majority of pure superconduc- 
tors belong to that class. 

The creation of a theory of superconductivity 
made it possible to consider a whole series of 
phenomena. With its aid they could construct the 
thermodynamics and electrodynamics of supercon- 
ductors! and, in particular, determine the behavior 
of superconductors in a high-frequency field.? A 
very interesting problem is that of “alloys,” i.e., 
of superconductors with impurity atoms of other 
elements or other lattice defects. In the normal 
state these defects cause the so-called residual 
resistance. 

At very small concentrations the role of im- 
purities is small. Increasing the concentration, 
however, leads to a decrease of the spatial corre- 
lation of the electrons in the superconductor. For 
a sufficiently concentrated alloy the role of the 


correlation parameter goes over from £é,) to the 
electron mean free path. Thanks to this, it is nat- 
ural to expect the appearance of a local connection 
between the current and the vector potential for 
such concentrations where the mean free path be- 
comes less than the penetration depth. The differ- 
ence with the Londons’ theory will lie in a change 


in the constant of proportionality of j to A. Be- _~ 


low we shall consider this problem, assuming, 
however, that the atomic impurity concentration 
is small. 

The problem of the penetration of a weak elec- 
tromagnetic field into a medium is solved if we 
know the Green function of the field in the medium 


(1) 


The function Dj, is directly connected with ex- 
perimentally observed quantities. Let Dj, (k, wo) 
be the Fourier transform of Dj, (x—x’): 


Din (x — x°) = CT (A; (x) Aa (X'))>- 


Din (x — x’) = 57 | exp {ike (x —x’) 


— 1) (t — t’)} Die (kK, w9)d*k doy. 


In view of the symmetry of the tensor Dj, we 
have 
Diz (kK, ©) = Dy (kK, @o) (ik — Rik / R®) ++ De (k?, 9) Bike /R?. 

The function D, which determines the longitudi- 
nal part of Dj, is connected with the gauge of the 
vector potential and is arbitrary. The physical 
quantities depend only on the transverse part, i.e., 
on D,. 

With the aid of the general theory of the anoma- 
lous skin effect we can arrive at the following for- 
mula for the surface impedance in the case of dif- 
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fuse scattering at the surface* 


Z= 


4r* io a 
= [\ In [k2D, (k, w)] d| k |. (2) 


i) 


We recall that the penetration depth of the field is 


— iz). (3) 


Usually, instead of ee the function Dj, one 
finds the connection between the current and the 
vector potential 


8 = Re [== — 


Je = — Qiz (kK, @o) Az (kK, 0). (4) 
To find the connection between the tensors Dj, 
and Qj,;,. It is sufficient to substitute (4) into the 
Maxwell equation and to write down with its aid 
an equation for Dj,. This gives 


(D>) sp = (k?6;5 = Rikp) == ae Qik. (5) 


The first term corresponds to the “zero” value of 
the tensor Dj,, obtained by neglecting the inter- 
action of the field with the electrons. In Eqs. (2) 
to (5) we have implied wy > 0. 

From Eq. (5) it is clear that the tensor Qj, 
must be symmetric. Also, since the current is 
conserved (kjjj =0) it follows from Eq. (4) that 
it must be transverse.t Equation (5) determines 
thus only the transverse part of Dj, and its lon- 
gitudinal part remains arbitrary, as it should be. 

We evaluate below the function Dj, (kK, wy) for 
a superconductor with impurities, using the tech- 
niques of the quantum field theory{t (see reference 
4, which in contradistinction to other methods!»® 


makes it possible to state the problem very clearly). 


We assume that we have already taken into account 
the interaction of the electrons with the impurities 
and consider their interaction with the electromag- 
netic field. The Hamiltonian of this interaction is 


*The correspondence of this equation with the usual expres- 
sion is easily established using Eqs. (4) and (5). 

+t The method of finding the tensor Qj, usually employed in 
various problems of the theory of superconductivity (see refer- 
ences 1 and 3) leads to an expression which is not purely 
transverse. One can, however, show by means of a more rigor- 
ous calculation based on the equations of reference 4 that to 
get the correct result for the given problem it is sufficient to 
retain only the transverse part of the tensor Qi, obtained by 
the usual method, or to use a vector potential satisfying the 
condition div A= 0. 

+ We must emphasize that the method used here is suitable 
only at T =0. In the case where T # 0 there will occur, in- 
stead of simple time-ordered products, more complicated combi- 
nations which make this method practically innapplicable to the 
problem under consideration. 
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Him Fa VO) WA) + BO (W, — v9d OW. 
(6) 


Dyson’s equation for the function D will be of 
the form 


Dia Tg SOON ee, (7) 


where a solid line corresponds to an electron and 

a wavy one to a photon. More complicated diagrams 
with internal photon lines can be neglected in the 
non-relativistic approximation. 

Comparing Eqs. (7) and (5) we see that, apart 
from a factor 47/c the term added to Dy) cor- 
responds to the tensor Qj. The first term of this 
addition gives simply (Ne?/mc) 6jk in Qik. The 
second diagram is more complicated. For the fol- 
lowing it is convenient to separate, as is usually 
done, one of the photon vertices, for instance pj, 
from the remaining part which, apart from a co- 
efficient, can be considered as the result of includ- 
ing the photon vertex p, in the electron line. To 
find the coefficient is not difficult (the factor 2 
comes from taking the trace over the spin). 
this way we get 


d4 
ware \ Pilla (Pys P-) ay (8) 


Qin (k, Wo) = = Sip ao ae 


where p, =(p+k/2, w+ w)/2). 

As far as the interaction of the electrons with, 
the impurities is concerned, the corresponding 
term in the Hamiltonian is of the form 


= ics Hg = u(x —Xa) ¥* (x) (x), (9) 


where u(X—X,) is the interaction potential with 
an impurity atom at the point xg. We shall assume 
that the impurity atoms are randomly distributed 
in the metal and that their distance apart is large 
compared to the lattice period. We assume, of 
course, that the impurity concentration is so small 
that the interaction between the electrons is not 
changed. We shall denote the impurity vertex in 
the Feynman diagrams by a cross. It corresponds 
to a factor 


u(q) e9"*4 5 (w@, — @,), (10) 


where u(q) is the Fourier component of the po- 
tential u(x) and q is the momentum transferred. 

For the sake of clarity we first give the calcu- 
lations for the application to a normal metal with a 
residual resistance (Sec. 1). We then consider 
superconducting alloys (Sec. 2). All calculations 
refer only to the absolute zero. 


A. A. ABRIKOSOV and Ly Pe GOR Oy 
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1. RESIDUAL RESISTANCE OF A NORMAL METAL 


We introduce the Green function of a system of 
fermions 


Gag (x, x") = —i<T (a (x) $8 (x'))>. (11) 
For a pure metal we have:* 
Goag (% — x’) = Pup (2n)#) Go(p) cP" dtp, 99 


Go(p) = (ow —§ + idsignw)t, 
where €=v(|p|—po), v=po/m, 6—+0. When 
impurities are present the Green function (11) is 
not.the same as expression (12). We shall write 
it in the form 


Gag (x, x’) = Bag (2m)? | G(p, Pp’, ©) her 


xexp {ip+x — ip’+x’ — iw (t —t’)} d’pd3p’ dw. 


The function G(p, p’, w) is expressed as a sum 
of the diagrams given in Fig. 1 according to the 
well-known rules of field theory. Each line cor- 
responds to Go(p). 

Summing over the diagrams gives an integral 
equation for G(p, p’, w): 


G (p, p’, ®) = 6 (p —p’) Go (p) (14) 


+ (2x)? | Gy (p) Diu (p—p") 2 G (p", p’, @) dp” 


We are not interested in the exact solution of 
(14), since the impurity atoms are randomly dis- 
tributed over the metal. We must average all ex- 
pressions over the positions of all impurity atoms. 
It is then essential that by virtue of our assumption 
about the smallness of the atomic concentration the 
average distance apart of the impurity atoms is 
much larger than the atomic distances in the metal- 
lic lattice, so that the averaging can take place over 
volumes with dimensions large compared to the 
interatomic distances. After such an averaging, 
the Green function G(p, p’, w) is clearly of the 
form 


*Here and henceforth we use units with fi = 1. 


G(p, p’, ©) = G(p, @) §(p—p’). (15) 
The absolute magnitude of the momenta p, p’ 
which are of interest to us are of the order of 
magnitude of the momentum py at the Fermi sur- 
face which in turn is of the order of the inverse of 
the interatomic distances. This fact makes it at 
once easy to carry out the averaging. 

We shall perform the calculation in the Born 
approximation, i.e., we shall assume that 
p? f u(x) d°x « Eph. Once can show that the final 
results expressed in terms of the collision time 
will also be correct in the general case. 

The simplest diagram for G contains only one 
cross. The value obtained by averaging over the 
position of the impurity atom is a constant 


u(q)et(4*Xa) = u(0), which can be included in the 
ground state energy and which in the following we 
assume to be equal to zero. The next diagram, as 
far as complexity is concerned, contains two 
crosses referring to one atom (Fig. 2a). The av- 
erage value of these diagrams (without external 
Gy) is equal to 

7 \l4(P—P') Go (0') (16) 
where V is the volume of the system. In the fol- 
lowing we shall be interested in values of |p| 
which in absolute magnitude are close to py. The 
integral in Eq. (16) can be split into two parts: an 
integral over values of |p’| far from the Fermi 
surface and one over values near the Fermi sur- 
face (the limits of the second integral over |p’| 
can be taken symmetric with respect to |p’| = pp). 
The integral over the far region gives a real con- 
stant which together with u(0) is a renormaliza- 
tion of the chemical potential and need not be con- 
sidered. One may assume that in the second inte- 
gral u(p—p’) is a slowly-varying function. Sub- 
stituting Eq. (12) for Go(p) and summing over 
the impurity atoms (which simply means multi- 
plying by the number of atoms) we get the essen- 
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tial contribution to the G-function: 


i Sign w/2r, 
where 


4 

=a (17) 
is the time between collisions, n the number of 
impurity atoms per unit volume. From this it is 
clear that the region near the Fermi surface plays 
the leading role in the integrals. 

From this point of view not all diagrams are 
equivalent. Let us compare, for instance, the three 
diagrams of Fig. 2b. (Dotted lines connect crosses 
referring to one atom.) We see easily that in the 
first two expressions the integration over p’ and 
p” can be performed over arbitrary angles between 
the momenta near the Fermi surface. On the other 
hand, in the third integral the requirement that all 
arguments of the G-functions are near the Fermi 
surface leads to a limitation of the angles. Asa 
result the contribution from such a graph turns out 
to be less by a factor (vpyG)7! as compared to the 
others. Since in the following we need values of w 
and £ ~ 1/t where 7 is the time between colli- 
sions, the smallness of the “intersecting” graphs 
can be estimated to be (pol)? where l=vT is 
the mean free path. 

One can easily show that a small contribution 
is also given by diagrams containing more than 
two crosses from one impurity atom. Let us, for 
instance, compare the total contribution (from all 
impurity atoms) of diagrams of the kind of the 
first one of Fig. 2b with diagrams of the type 2c. 
The first ones give a quantity of the order of mag- 
nitude 


= 1 G2 \\u(6) |2dO 


1 4 
Padang 


The second ones give, as far as order of magnitude 
is concerned 


4 u(q) pf pel laa gut 


. a 
a v Tv E oh 


G 

It is thus clear that we need consider only diagrams 

‘containing up to two crosses on one impurity atom. 
Summing all essential diagrams (i.e., only “pair” 

diagrams and those which do not contain “intersec- 

tions” like the third diagram of Fig. 2b) we get the 

following expression for the G -function: 


G (p) = Go(p) + Go (p)\|u(p— P)1?G (0') gene G(p). ©*) 


If we do not wish to use the Born approximation, 
it is necessary to take into account diagrams with 
many crosses at one impurity atom. One can show 
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that all changes which this entails are taken into 
account by replacing the Born amplitude u(@) by 
the totai scattering amplitude. This remains true 
also for all calculations in the following. We can 
therefore imply in all formulae by u(@) the total 
scattering amplitude. 

The solution of Eq. (18) is 


G (p) : 


* OG rR 
where G(w) satisfies the equation 


R = peices! Vio eee 1 dp’ 
G (0) = lu —P) Pe 


Assuming G(w) to be purely imaginary (G(w) 
= -—if) and applying to the integral on the right hand 
side the same approach as was applied to (16) we 
find 

8B = sign B / 2t, 


where T is determined by Eq. (17). Comparing G 
which is obtained in this manner with the case of 
small amounts of impurities (G—G,)) we find 
that B= sign w/2T or 


(19) 


G = (w—¢+ isignw/2t)?. 

Going over to the x-representation we see eas- 

ily that the whole change in G as compared to Go 

is obtained by multiplying the latter by an exponen- 
tial screening factor 


GS Gen V1 7, (20) 


where l=vrT. 

We now proceed to evaluate Qj,. Putting the 
photon vertex into the electron Green function 
G(p, p’, w) we get: 


Il (Ps, p_) (21) 
a (2x) 3 \G (P.. P, > ® ae en p’G (p. > p_ > Or o ap’. 


The function G(p, p’, w) entering here corre- 
sponds to the sum of the diagrams in Fig. 1 and 
is described by Eq. (14). To average over the po- 
sitions of the impurity atoms we must take into 
account that the average of two Green functions is 
not equal to the product of the two average values. 
For a pure metal expression (21) corresponds 
to the diagram of Fig. 3a. After averaging over 
the positions of the impurity atoms, it turns out 
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that apart from the simple diagrams corresponding 
to the transition from the zeroth Green functions 
G)(p) to the function G(p) of (19) the essential 
diagrams for the quantity (21) are those of Fig. 3b. 
The large contribution from these corrections is 
connected with the fact that the photon momentum 
occurring in the vertex |k|<«<py. Diagrams of an- 
other kind, for instance the graph of Fig. 3c, are 
far smaller since one of the integrations in them 
is over a region of momenta far from the Fermi 
surface. The averaging of the quantity (21) is thus 
performed by the summation of the “ladder” dia- 
grams of Fig. 3b. 

The integral equation for II(p,, p_) is 


Il (p,, p_) (22) 


= G(p,) G (p_) [p a5 om \ |u(p—p’) PW (py, p_) a°p’ | : 


There are two limiting cases possible: 

(a) The skin effect is anomalous, (kv) > 7; 
it is easy to verify that the integral on the right 
hand side of (22) will be negligibly small in that 
case (~1/kvrT). 

(b) The skin effect is normal, (kv) « 1/7; 
this case is just of the greatest interest to us. In 
Eq. (22) we can then assume p, =Pp_. 

The vector obtained from the integral on the 
right hand side of (22) will clearly be parallel to 
p. We introduce the notation 


ti 


pA (0, %) = pee \|u(P—p') PM (py, pL) ap’. (23) 


Since |p| © pp, we can assume A(w, wo) to be 
independent of |p|. We multiply (22) by n(27)7° 
x |u(1—p) |? and integrate over dp: 


1A (@, o) (24) 


= aor \!4 (lp) PPG (p,) G (p_) UL + A (o, 0)] ap. 


Replacing G(p) by Eq. (19) we find easily that 
A(w, wo) is only different from zero if |w| < 

w /2, since in the opposite case both poles in (24) 
for the integration over & according to (20) lie in 
the same half-plane. In that integral A does not 
depend on w. Integrating over é and using the 
relation 


cos § = cos 6’ cos 6” + sin 6’ sin 6” cos (~’ — @”), (25) 
we get 
i 1 9° 29 
A (@, 9) = Ty Luna hmey aN ge < 0/4, (26) 
mu w > 06/4, 


A. A; ABRIKOSOV and L~ P.1GOR OY 


where 
4 4 thse sd 


FE Ms 2h ores (4 (0) 2(1 —cos 6)dQ. (27) 


ah ebay Te Oo te RE 
After substituting (26) into (22) and (7) and inte-— 
grating, assuming that wyT K 1, we find 


4xiO9s 5 
Qik = — Oi 


(28) 


The “transport” collision time enters into the con- 
ductivity o = Ne’tt,/m, as should be the case. 


2. SUPERCONDUCTING ALLOYS 


The method given above will now be applied to a | 
study of a superconductor with impurities. The | 
main difference as compared to what was given | 
above lies in the fact that a superconductor is de- 
scribed by three Green functions: 


SapG (x, x’) = —E<T (pa (x) bs (x"))>s 


FagF* (x, x’) = <T (Wa (x) $6 (*'))>s (29) 
-— fagF (x)x") =€T (Ya (2) $3 (2), 
where Iqg=—Igq, I?=-E. These functions were . 


introduced in reference 4 for a pure superconductor __ 
and are equal to ; 
G(x — x") = (2ny# { G (p) eP—*Yddtp, 
F* (x — x’) = (2m) \ £5 (0) cP Vg 'D 
F (x — x’) = F(x — x’), 


where 
+& oP iA 
Go?) = aop—epe P)= soe 
(8 > + 0). (30) 


The occurrence of three Green functions makes 
it necessary to change the diagram technique.* The 
functions G, F*, and F canbe represented by 
the lines with arrows given in Fig. 4a. If vertices 
are included in an electron line it is necessary to 
put an arrow next to the vertex. If the interaction 
Hamiltonian includes products Va (y’)ba ly) 

(this always occurs in our problem) the arrows 
around the vertex must be aimed in the same di- 
rection. There are then two possibilities: both 
arrows can be directed towards the left or towards 
the right. From Fig. 4c it is clear what will be the 
result of including vertices uC) in the functions 
G, F*, and F. The result can be written in the 
form . 


G(x, W)—> G(x, y') GY, x") + F(x, y) FYy’, x’); 


FY (x, x') > FY (x, y') G (y, x") + G(y, x) FY (y’, x"); (31) 
F(x, x’) >G (x, y’) F (y, x’) + F (x, y) G (x, y’). 


*The technique with three Green functions was worked out 
by S. T. Beliaev® in an application to the Bose gas. 
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The inclusion of vertices leads in this way to the 
appearance of F and F° lines in the diagrams 
for G and similarly to G Hnes in the diagrams 
for F and F*. The equations for G, FT, and F 
are therefore more complicated than Eq. (14), ob- 
tained by summing the diagrams of Fig. 1 with one 
G -function. 

The derivation of these equations and their solu- 
tion are given in the Appendix. It turns out that the 
averaging over the positions of the impurity atoms 
of the functions G(p) and F*(p)=F (p) can be 
obtained from the expressions (30) for a pure super- 
conductor by the substitution 


o;, A—oy; An, (32) 


where 
1+ i/2:Vw? — A; OP SSSne 
ors 1+ 1/2:V A?—w; w? < A*; 


T is the collision time for the metal in its normal 
state. One can easily verify that, as in Eq. (18) of 
Sec. 1, these equations signify in coordinate space 
a multiplication of the function G)(x) and Fp (x) 
by xl /22 

We now turn to the determination of the function 
Qik. This time we have two diagrams correspond- 
ing to the simple loop for a normal metal. They 
are given in Fig. 5. This means that instead of a 
product of two G’s we have now the combination 
GG—FF* (the sign is due to the fact that the op- 
erator Vy —Vy’ occurs in the electromagnetic in- 
teraction, which changes sign if the direction of the 
arrows at the vertex is changed). For the follow- 
ing it will again be convenient for us, taking the 
two loops of Fig. 5 together, and taking one of the 
photon vertices p; separately, to consider the re- 
maining factor as the result of including the photon 
vertex pr in the function G. After this Qj, will 
be of the form (8) and the problem lies in evaluating 
the vector II. 

To average II over the impurities we note at 
once that since superconductivity changes the Green 
functions only near the Fermi surface we need again 
only sum over ladder graphs of the type given in 
Fig. 3b. Owing to the modified diagram technique, 
we must consider, as can easily be seen from 
Fig. 6, not one, but four different vectors mi) 
(i=1,...,4) which occur asa result of including 
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photon vertices in G, io Gis and F (where 
G(-) denotes G with the arguments interchanged). 
The first of these quantities enters directly into 
the integral (8) for Qik. 

We obtain easily for the m@) a set of four inte- 
gral equations. The first one of them is obtained 
with the aid of Fig. 6 and has the form: 


Tl (p,, p_) = pIG (p,) G (p_) — F (p,) F (p_)] 
+ G (p,) G(p_) A + F (p,) G(p_)A® 


+ F (p,) F (p_) A®+ G (p,) F (p_) A®. 


The quantities AG) (w, Wo, K, p) are the integrals 
(23) of the mi) (p,;, p_). The remaining equations 
are obtained in a similar way. We shall not write 
them down since, as was pointed out above, we only 
need II!) (p,, p_). 

As was already noted, for high impurity concen- 
trations the role of the correlation length is assumed 
here not by &)=v/A but by the mean free path l. 
As the impurity concentration increases this length 
decreases. We shall consider here the case where 
l is much less than the penetration depth. It is 
then natural to expect a local connection between 
the current and the vector potential. The case con- 
sidered is characterized by the condition kl < 1, 
which leads to a considerably simplified equation. 

Indeed, neglecting k, we obtain p, =p_. Itis 
easy to check that in that case Ali (WwW, Wo, Kk, p) & 
pA® (w, wo) and 


(33) 


(34) 


A® (a, @) = —A  (@, @); A? (0, @) = AM (@, oo). 


The set of equations for A(.2) takes the form 
pA® (0, 9) = gar \|4.P—P') PP {1G (p+) G (02) 
— F (p+) F (p-)}'X (1 + A® (0, @o)); 
+ IF (p,) G (p_) + G (94) F (p_)IA® (0, 00)} PP; (35) 
pA® (0, (0) = ae \]u(p — p') PP ALF (P,) G (PL) 
—G (—p,) F (p_)] [1+ A® (@, o)] 
+ [G(—p,)G (p_) + F(p,) F (p_)] A® (a, «)} dp. 


RM ARAK 


FIG. 6 
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Substituting into (35) the expressions (30) and (32) 
for the functions G and F, integrating over é , 


A. A» ABRIKOSOV ane &.-P) GORSKOV 


and using the relation (25) we arrive at the follow- 
ing expressions for the quantities of interest to us: 


1—(o,0. +A2)/V 0% — A? Vo? — A? | 


1), i 
A™ (o, Wo) = 


’ 


BRA BRS INF ta Yorep tenn Abies 


(36) 
20 


AR (@, @) = 


Substituting (34) and (36) into (33) we find 
m4) (pi, p_) and substituting this into Eq. (8) we 
get an expression for Q: 
, e 2 ; 2N 
Qik (Mo) = Bin IF ao \ a | dot((o w_-- A?) Wares) 


mc 
C 


X (1+ AM (o, ©) -+ LAA (, ©) (37) 


4 
x ; 
[22 — (2 — A%) P| (2? — (02 — AY) 72 | 


The contour around the singular points in the inte- 
gral over w is given in Fig. 7a for the case wy < 
2Q4 and in Fig. 7c for the case wy > 2A. Before 
performing the integration (37) we note that the 
integral of the first term in (33) diverges. One 
must therefore observe the well-known caution 
in the problem of the order of integration over w 
and é. A closer inspection shows that one must 
first integrate by parts. 

We first find the penetration depth of a static 
magnetic field into a superconductor. The latter 
is connected with Q;, by the relation 


ona Vy OO) ccm Qik = 8:2Q). 


The contour C in Fig. 7a can inthe case wy =0 
conveniently be deformed so that the integration 
over w is performed along the imaginary axis 
(this is possible because of the decrease of the 
expression under the integral sign as w —o): 


(38) 


Qin (0) = 82Q (0) = “2 aie ft 


( 


A2 
q+ 


+ 24) ado 
3 B+ (Vor + A? + 1/27,,)3 


Qn (wo? + A2) (Var par + 112r4,) 


4 \2 
[~) 21 4 —====_" 
ake dé dww ( ae rors I | 


ay i) oe US ee i ee ae 


Integrating by parts over w inthe first term of 
the first integral makes it possible formally to 
cancel the diverging terms in that expression. In 


A 
21 Vt — eV ot — 2 [V 0 — 0+ V oF — +i] 


the remaining double integral one can change the 
order of integration. The integral over € is at 
once performed: 


foo) 


Ne A2 dw 
910) areata ear ry (a? + A2%)"2 (Va? $ AF + 1/2) | 


After that we integrate over w and find AS 
41, A <j fi 

gt 0 [eee ORY Sega? eee 
0) = —— A 

Q (0) ap heh 


"eV Oxia Degen Ss> il 


4 
arc COS eA 
Substituting this into Eq. (38) we can from this 
obtain the penetration depth. If T4yA<«1 itis 
(in the usual units) of the form 


5 see 


= V 2/cA, 


(40) 


where o = Ne*7;,/m is the conductivity of the 
metal in the normal state. Inthe case TyypA > 1 
the expression for the penetration depth goes over 
into the usual London formula: 


3 V me aan. 


It is well known! that pure superconductors fall 
into two classes: in one we have 6>v/A for all 
temperatures; they can be called London supercon- 
ductors. In that case there is no limit whatever for 
the quantity T;+;A. For the other superconductors, 
which\can be called Pippard superconductors, we 
have 6<v/A at T=0. In that case from the con- 
dition 1<« 6 follows always that tT1;A<«<1. The 
Pippard superconductors are thus described by 
Eq. (40) for 1<«< 6. In the case when the mean 
free path [> 6 the theory developed in reference 
1 is clearly correct for Pippard superconductors, 


( c 
a Cc 
(79) (79) (7) (73) 
SYD ey et ee EN? jad 20 Ven 0 p28 
Be eee Ase shay AAS pabeae 
b ee 
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' independent of the relation between J and v/A. 
From this theory we obtain 


3n2 Ne?A 
Qe, 0) ga (41) 


Comparison of (40) and (41) shows that Eq. (40) 
must be used, if 


8 / lee S>3r/ 4. (42) 


We now proceed to the case of an alternating 
field. It is of interest to follow the transition from 
a superconductor to a normal metal as the frequency 
wg increases from zero to wy > A. We consider 
only the case TyyA «<1. We subtract from the ex- 
pression under the integral sign its value at wy) =0. 
The remainder can then be integrated first over é. 
In the case when wy < 2A we go over to the con- 
tour C’ (Fig. 7b) for the integration over w. We 
get 


hrs < 
2 9 
Qiy= 2 { (do [1 — ete | 
A+} ey/2 V oi — A? V wo — A? 
V oo SARE V eo? =A? — A? 
Cie 2 — a+ V o® — A245 A/a, 


A 00/2 


@,o@_ 4- A? 
| tr sin V 0% SA? oe. ==} 
The contribution from the first integral is of the 
order (TA)? and we can neglect it. The second 
integral leads to a complete elliptic integral.’ The 
final expression has the following form for the 
case Wy < 2A 


Q(o) = = B(S). (43) 


In particular, we get for wy «K 2A 


Q (a) = = [1— (FR) - (44) 


In the case wy > 2A it is convenient to com- 
plete the integral to go from — to +o inthe 
lower half-plane (Fig. 7c). This part can then be 
discarded, since there are no poles in the expres- 
sion under the integral sign. This makes it pos- 
sible to simplify the expressions considerably. 
As a result, Q can be expressed as the sifm of 
elliptic integrals, if TA <1: 

2 
ee Sat eer ge 
(49) 


a vente on K ()|}, 


where k = 2A/wp; Ky=V1—-K? . 
In particular if wy > 2A 


Geo 


FIG. 8 


A2 2 

on) = Sef (na 2 

From Eq. (46) it is clear that if wy > A the 
superconducting properties disappear; the usual 
formula for the normal skin effect turns up. It is 
of interest that the imaginary part of the current 
corresponding to absorption occurs only for wy > 
24; the connection of this threshold energy and 
the binding energy of the pairs is evident. Near 
the threshold |w)—2A|<«<A we have: 


16A 


= f2a + (4 — $2) (In —1)\]; oy < 2A, (47) 


Q= 
Q=+[2a—($.— )(n a! +i]; o> 2d. 


In Fig. 8 we have given the complete curves of 
the dependence of the real and imaginary parts of 
Q on wy. Along the ordinate axis are put 


Re tC ae and —Im ye | in their de- 


pendence on w)/2A. The impedance of a bulk spe- 
cimen with a plane surface is obtained with the aid 
of Eq. (4) and is of the form 


iw ree 
Z=— Se eR OS: (48) 
If Q is complex the radical means the analytical 
continuation of that quantity which is positive for 
real Q. 

The Eqs. (39), (40), and (43) to (48) describe 
completely the behavior of alloys in a constant or 
alternating weak electromagnetic field at T =0. 
Apart from alloys, these expressions can also be 
applied to films of a pure substance with a thick- 
ness less than the penetration depth. Such films 
are as a rule polycrystalline and the dimensions 
of the crystallites are not more than the film thick- 
ness. The presence of boundaries between the 
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crystallites will lead to a break-up of the correla- 
tion. The local character of the connection in the 
case 6 >1 makes it possible to apply the results 
obtained above to films without any changes. It 
may then turn out to be convenient to use the com- 
plex dielectric susceptibility which is connected 


with Q through the relation 
e = — 4rcQ/w? (49) 


In conclusion the authors use this opportunity to 
express their gratitude to Academician L. D. Lan- 


dau for his constant attention and valuable remarks. 


APPENDIX 


In the case of the superconducting alloy the 
equations replacing (14) are easily found by draw- 
ing the corresponding diagrams. They are of the 
form 


G (p, p’, ©) = Go (p) 5(p —p’) 
t iy eit oe eee - 
+ aap {G0 (P) \4 (P—P') De G (p’, p’, ©) d®p 


+ Fo(p)\u(p—p") Del? *2 F* (p", p’, o) dp'} ; 


F* (p, p’, ©) = Fo (p) 8 (p—p’) (A.1) 


Wi: i (p—p") x ” , Zeit 
T Gn {Fo(p)\u(p—p") De (oP) Xa G (p’, p’, 0) dp 
4+ G, (—'p) \ u (p th p”) >} ef (P—P") Xq Ft (p”, p’, w) dB p*} 
In principle it is necessary to consider also the 


equations for the function —Iy B F (x, x’) = 


< T (Yq (x) dg (x’))>. 


For a pure superconductor F(x, x’) = RB Gg Xb 


This property will be true also for alloys after 
Eq. (A.1) is averaged over the positions of the im- 
purity atoms. 


The averaging is performed exactly as in Sec. 1. 


Using the equations‘ that are satisfied by the func- 
tions Go(p) and Fp (p), this set can be put into 
a very simple form: 
(© —§—G.) G (p) + (iA — FS) Ft (p) = 1, 
(o + €— G,) F* (p) — (iA — F2)G (p) =0. 


A. A. ABRIKOSOV and L. P. GOR’KOV 


The solution of this set is 


G ( @ = G, E 
p Py (o—G,)?+ (A—FiP—2 ’ 
Ss (A.2) 
‘ NE ED 
F"(p) = 


+. (ole eA Serena ae 


Remembering the definition of G we see that 
as before Gy contains a constant term which 
means a renormalization of the chemical potential 
and which arises from the integration far from the 
Fermi surface: 


| u(p — p’)|? Edé 


Nee 
oo Gay ‘au: y+ (A — Ftd & 


After subtracting this term, the remaining part of 
Gy is apart from a coefficient determined by the 
same integral as ey, as is clear from (A.2). In 
this way 


Gjo= Fala, 


After this it is easy to find that the solution of the 
set (A.2) gives Eqs. (30) and (32). 


‘Bardeen, Cooper, and Schrieffer, Phys. Rev. 
108, 1175: (1957): 

21, N. Cooper, Phys. Rev. 104, 1189 (1956). 

3 Abrikosov, Gor’kov, and Khalatnikov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 265 (1958), Soviet 
Phys. JETP 8, 182 (1959); D. C. Mattis and J. Bar- 
deen, Phys. Rev. 111, 412 (1958). 
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34, 735 (1958), Soviet Phys. JETP 7, 505 (1958). 

°N. N. Bogoliubov, J. Exptl. Theoret. Phys. 
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WAVE SOLUTIONS OF NONLINEAR GEN- 
ERALIZATIONS OF RELATIVISTIC 
EQUATIONS 


D. F. KURDGELAIDZE 
Moscow State University 
Submitted to JETP editor July 8, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1572-1573 
(December, 1958) 


Accorpinc to the general idea of the nonlinear 
unified field theory, the entire set of elementary 
particles is constructed from one fundamental 
spinor field. Since, however, the spinor equation 
is taken to be nonlinear, the fields obtained for the 
other particles are also nonlinear. 

The relativistically-invariant equation for the 
elementary particles can, in the linear theory, be 
written in the well-known general form! 


(Ty. / Ox, + ho) = 0, (1) 


where I, is a matrix; in particular, if Ty = Ys 
we have the Dirac equation, if Ty = Bus the Duffin- 
Kemmer equation, etc. 

As was shown in reference i, there exists a non- 
degenerate invariant form y = (¥~*Tw) (T is a ma- 
trix) for all finite-dimensional representations of 
the full Lorentz group. Hence, if we change kp in 
(1) to C(y)=k)+f(y), we again obtain a relati- 
vistically invariant equation 


(T,0/0x, +C(y))>=0, 


which is now nonlinear. 

We arrive at an equation of this form, if, for 
example, all particles are “merged” into one field 
“obeying the nonlinear generalization of the Dirac 
equation in conformity with group theory: 


(qu. / Ax, + A(y)) b =0. (3) 


As in the linear theory, Eq. (3) is an irreducible 
representation D,/ in-the space of the basis vec- 
tors {d, }. By forming the product Di/2 X Diz 
from two spinor equations of form (3), we obtain 
then the irreducible representations Dy) + D, in 
the space of the basis vectors {¢jdx } ={Vik }- 
We write the resulting equation in the general 
form 


(2) 


(8. 0/ Ox, + B(y)) > = 0. (4) 


In reference 2 we determined the exact wave 


solutions of Eq. (3). The method developed there 
may, however, also be applied to the general equa- 


tion (2). Indeed, if we require a solution in the 
form 

bu = Ua (8, %.. . a, Ry) p(s), c= Ry x,, uu, =1, 

ky = (kn, iw), w=eF, e= +1, c=i=l, (5) 
where’ €, @j,...'; a; are parameters specifying 


the state of.the particles, Eq. (2) takes the form 


(ku dp/do + C(p)o)u(s, %,...%, 2.) =0, p= 9", 


(6) 
We further add the conjugate equation 


- &, Ry) (Ty ku dp” /do — C (0) ¢) =0. (7) 


1 (epee 


If we now subject the functions g(a) and 
y*(a) to the system of equations (2.4) of refer- 
ence 2, we obtain for the amplitude 


(TpA+t)u=0, u(y. +r) =0. (8) 


g(a) and ~*(c) were determined in reference 2. 
The solutions of (8) can be taken from the linear 
theory. In particular, in the case of equation (4), 
where I, = By, we have »>W*ny, my = 261 
C(y) =C*(y), with the solutions of equation (8) 
known from reference 3. 

On the other hand, if C(y) has a form such 
that the four-dimensional current is conserved, 


dey Hod) = (a byw) FF) = 0, 


then g*p~ =const, or (ul ykyu) = —A(uu) = 0. 
The unique complex solution g(a) y*(c) is 
given by (2.13) of reference 2. The real solution 
p* =o const leads to (ulykyu) = —A(uu) = 0. 
These solutions were found in reference 2 with 


(9) 


Ley, and the normalization u*u=1. 


We further note that, since the equation for 
y(c) with given C(y) has identical form for all 
Ty = Yu» By, ete., the quadratic equation resulting 
from it also has the same form for all fields (just 
as the relativistic wave equation in the linear 
theory ). 

I regard it as my obligation to express my deep 
gratitude to D. D. Ivanenko and G. A. Sokolik for a 
discussion of this paper. 


17. M. Gel’fand and A. M. Iaglom, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 18, 703 (1948). 

2D. F. Kurdgelaidze, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 1156 (1957); Soviet Phys. JETP 5, 
941 (1957). 

3. Booth and A. Wilson, Proc. Roy. Soc. A175, 
483 (1940). 
Translated by R. Lipperheide 
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NONLINEAR INTERACTION OF RADIO 
WAVES PROPAGATING IN A PLASMA 


V. L. GINZBURG 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor, August 23, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1573-1575 
(December, 1958) 


Waen high-power radio waves propagate in a 
plasma, in particular, in the earth’s ionosphere, 
several nonlinear effects are observed: cross- 
modulation (the Luxemburg effect) and the inter- 
action of unmodulated radio waves with their “self- 
effect” (cf. for example reference 1, §64 and ref- 
erences 2 and 3. In the work cited above consid- 
eration has been given only to the nonlinearity as- 
sociated with the dependence of the effective num- 
ber of collisions ver¢ on the field strength E, of 
a strong radio wave, say 1. In the simplest case, 
in which radio wave 1 is unmodulated, E, = 
E, cos (wt — k-r) = Ey cos y; the condition 
w* > vage is satisfied and we can neglect the 
constant magnetic field. In this case the non- 
linear effect is simply related to the change in 
electron velocity. The velocity associated with 
the forced oscillations is vy = (e/mw) Ey sin y 
and the change in the absolute magnitude of the 
velocity is Av ~ e’E} sin? y/2m*w*v) where 
Vy ~ VKT/m is the velocity associated with 
the thermal motion (e and m are the charge 
and mass of the electron and it is assumed that 
AY <SVi= Vg TeAV). 

The corresponding change in electrical con- 
ductivity is 


Ao /o = Aves / Yer = Av / 09 = e? EXsin® 9 / 2m? v2w?, (1) 


since o = e’Nverf/mw*, where N is the electron 
concentration. For simplicity, it is assumed that 
the basic role is played by collisions of electrons 
with molecules, so that vef¢ is proportional to the 
velocity v. When the electron velocity distribution, 
modulation etc. are taken into account the picture 
becomes more complicated. These effects, how- 
ever, will not be important in what follows, since 
we wish to point out the existence of a nonlinear 
effect of another kind. 

In a non-uniform isotropic plasma (also ina 
uniform magneto-plasma ), in contrast with an 
isotropic uniform plasma, the electron concentra- 
tion depends on the field associated with the radio 
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wave. In the absence of transverse charges, when 
div «’E =0, in an isotropic non-uniform medium 
we have 

divE = 4x0 = — E* Ve'/e’, 


where ¢’ = € —i4moa/w is the complex dielectric 
permittivity. If the ion motion is neglected in the 
plasma, we have p =eAN where AN is the 
change in electron concentration. Thus wave 1 
produces a change 


Ac’ = — 4ne? AN / mo (w — ivers) 
(2) 


= eE* Ve’ / me'w (w = iets); 


since 
e’ = | — 4xe? N / mw (w — ivesi). 


In a magneto-plasma, which for simplicity we 
also consider uniform and nonabsorbing, for div D 
= 0(€jKE;)/9xj = 0 generally speaking div E = 
4neAN ~ 0. We consider a plane wave in a magneto- 
active medium, having in mind elliptical polariza- 
tion of the general form 


E, = Epa cos ¢ + Eq, Sin 9, 


obviously 
ca hen ie {Eoq cos 94sin g + Ey cos 4) cos 9}, (3) 


where go = wt —k-r, n=ck/w is the refractive 
index for the given wave, which is assumed to be 
normal (ordinary and extraordinary components ) 
and 6, and 6, are the angles between Epog, Eop 
and k. All these quantities can be found from the 
general formulas (cf. reference 1, §§62 and 75). 
The change in electron concentration AN is pro- 
portional to the change in the complex permittivity 
tensor for the magheto-active plasma ¢€j,. If the 
external magnetic field is strong and we neglect 
unusual directions of propagation (for example, 
along the pole) cos @g and cos @p, can be quan- 
tities of order unity. In such cases the effect given 
by (3) is larger than the effect given by (2) if the 
wavelength x*=cn/w is smaller than the charac- 
teristic distance L, the distance in which there 
is a significant change in the properties of the 
medium. 

It is clear from (1) and (3) that the relation be- 
tween the present nonlinear effect and the one 
usually considered is characterized by the param- 
Cter 


= mv? wo n/ Qnce® NE. (4) 


with n~ 1, v~ 10" (T ~ 300°K), & ~ 1073 y3/ 
NE». It is apparent that with N~ 10° and w~ 
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10’ (A =2nc/w ~ 180m), ~~ 1 fora field Ey 
~ 1/300 v/m. 

It is important to note that the usual effect (1) 
is a quadratic effect and leads to the appearance 
of combination frequencies w’ + 2w (w’ is the 
frequency of the field of a weak radiowave which 
propagates in a medium which is perturbed by a 
strong wave at frequency w). On the other hand, 
the effects in (2) and (3) are linear* with respect 
to field 1 and the combination frequencies are w’ 
= nOle 

It should be noted that effects (2) and (3) are, 
by their nature, the same as occur in the scatter- 
ing of transverse (radio) waves on plasma waves 
in an isotropic medium (cf. references 4 and 5).+ 

The concrete role played by the effect described 
in (2) and (3) on the propagation of radio waves in 
the ionosphere of the earth and the solar corona 
require special investigation. 


*Obviously we are considering here the nonlinear depend- 
ence of the tensor e on the field. In this case the field 
equations are clearly nonlinear. 


ELECTRON-POSITRON PAIRS FROM THE 
DECAY n° —e-+et+y 


lu. A. BUDAGOV, S. VIKTOR, V. P. DZHELEPOV, 
P. F. ERMOLOV, and V. I. MOSKALEV 


Joint Institute for Nuclear Research 
Submitted to JETP editor August 26, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 
1575-1577 (December, 1958) 


Fourteen events of charge-exchange scattering 
of m mesons on hydrogen with the subsequent de- 
cay of the n°’ meson into a photon and a Dalitz 
electron-positron pair? were observed in a.diffu- 
sion chamber filled with hydrogen at 25 atmos and 
placed in the 150 Mev am -meson beam of the syn- 
chrocyclotron of the Joint Institute for Nuclear Re- 
search.! The sensitive volume of the chamber 
measured 380 mm in diameter. A constant mag- 
netic field of 9000 Oe intensity was used. The 14 
events mentioned were found in the scanning of 
45,000 stereophotographs and were identified by 

m~ -meson track endings in hydrogen accompanied 
by electron-positron pairs. Photographs of two 
such events are shown in Fig. 1. It is estimated 
that other processes giving rise to similar pairs 
(internal conversion of photons in the reaction 
m+p—-n+y, pair creation by a photon near the 
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tWe note that the existence, of plasma oscillations excited 
by various perturbations in the ionosphere can be verified ex- 
perimentally by observing on earth radio waves in which com- 
bination frequencies are produced as a result of scattering in 
the ionosphere. 


1 Al’pert, Ginzburg, and Feinberg, 
Pacnpocrpanenue paquosoan (Propagation of Radio 
Waves ) Gostekhizdat, Moscow, 1953. 

21, M. Vilenskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 22, 544 (1952); 26, 42 (1954). 

3A. V. Gurevich, Paguorexuuka u ITEKTPOHHKA 
( Radio Engineering and Electronics) 1, 704 (1956); 
Paguodbu3suxa (Us. Bysos) (Radio Physics, Bull. 
of the Colleges) 1, 4-5 (1958). 

4 Akhiezer, Prokhoda and Sitenko, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 38, 750 (1957), Soviet 
Phys. JETP 6, 576 (1958). 

°Vv. L. Ginzburg and V. V. Zhelezniakov, 
Actponomu4. acypx. (Astronom. J.) 35, 694 (1958). 
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decay point of 1° — 2y, etc) are negligible under 


our experimental conditions. 
The number of conventional mt -meson decays 
(into two photons) must be known in order to de- 
termine the relative probability for the decay proc- 
ess 1r’—-e7+e++y. Direct counting of the num- 
ber of charge exchange events is extremely diffi- 
cult in a diffusion chamber, owing to the existence 
of local insensitive regions and to edge effects. 
However the number of 7° mesons can be deter- 
mined from data on the cross sections for charge- 
exchange and elastic m -p scattering,® whose 
ratio is 1.8 at energies ~ 150 Mev. Since we ob- 
served 600 events of elastic m -p scattering it 
foliows that the number of 1° 


0 


“ mesons was 1080. 
Consequently the ratio of the probabilities for the 


g oomoliess Lele ph aatiis 
aa Ce CR ie ate IEC 
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FIG. 1. Photographs of 7~ + p> 7° + n followed by the 
decay 7° > e" + e* + y, as seen in the diffusion chamber: 
a) pair No. 1, b) pair No. 2. 
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decays 7? —~e +e'+y and & — 2y is 2p9 = 
0.0130 + 0.0024 and the coefficient of internal con- 
version for this reaction is py = 0.0065 + 0.0012, 
the indicated error being the probable statistical 
error. This value for py is in good agreement 
with theoretical calculations?** as well as with ex- 
perimental data.°~** 

The results of the analysis of the electron- 
positron pairs are given in the table. The electron 
energy E™ and the positron energy E* were de- 
termined to an accuracy of 10 to 15% or better 
from the radii of curvature of the tracks. Only 
lower limits for these energies are given in the 
case of very short tracks. The No. 1 and No. 9 
pairs were found in film exposed without a mag- 
netic field. A comparison of E~ and E’ fails 
to show any tendency for the energy to be divided 
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FIG. 2. a) O(lab. frame), b) O(7-—p c.m. frame). 


equally between the members of a pair, which ten- 
dency appeared in the experiments of Sargent et 
al® and also especially in those of Anand.® The | 
total energy E=E + E* lies in the interval 17 

to 270 Mev for all pairs, corresponding to the en- 
ergy spectrum of y rays from the decay of nr 
mesons obtained as a product of the charge-ex- 
change process. 

The last columns of the table give the correla- 
tion angle q@ (laboratory frame) between the elec- 
tron and the positron of a pair, and the angle @ 
(laboratory frame) between the direction of mo- 
tion of the center-of-mass of the pair and incident 
m meson. The accuracy of measurement of the 
angles a is +1° or better, of the angles 9@—+2° 
or better. The overall form of the angular distri- 
bution of the pairs in the angle q@ is in agreement 
with the dependence P(a@)da = const da/a ob- 
tained by Dalitz.? The angular distribution of the 
pairs relative to the direction of the incident 7 
mesons is characterized by a preferential emis- 
sion of pairs into the back hemisphere, analogous 
to the distribution found by Schein et al.!? In view 
of the fact that the electrons and positrons from 
the decay n—e +et + y are well correlated, 
the angular distribution of the pairs should coin- 
cide to a high degree of accuracy with the angular 
distribution of photons from the 7’ — 2y decay. 
Figure 2 is a histogram of the angular distribution 
of pairs relative to the direction of the m meson 
obtained in our experiment: a — in the laboratory 
frame, and b —inthe am -p center-of-mass 
frame. There is no contradiction with the solid 
curves which represent, on an arbitrary scale, 
the angular distribution (do/dQ) sin 6 of photons 
from the decay of 7 mesons obtained from the 
reaction-1" +p — 7 +n with 150-Mev 7 me- 
sons.}! 

In conclusion we note that in none of the seven 
pairs whose total energy was measured accurately 
do the kinematics satisfy the requirements for the 
1 —»e- + e+ decay; nor have we found any ceses 
of 7? —e-+e+t+e-+e* in the scanned photo- 
graphs. 
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We are continuing this work and the final results 
and analysis will be reported later. 

The authors are grateful to L. I. Krasnoslobod- 
tseva for help in the scanning of photographs. 


*The internal conversion coefficients of reference 8 were 
obtained by using the value P = 0.94 + 0.20 for the Panofsky 
ratio. If one accepts the value? P = 1.15—1.9 then the internal 
conversion coefficients derived from the data of reference 8 are 
in disagreement with other experiments and with theory. 
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Nauk 61, 341 (1957). 
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2 Schein, Fainberg, Haskin, and Glasser, Phys. 
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MEASUREMENT OF THE POLARIZATION 
OF INTERNAL CONVERSION 
ELECTRONS* 


v. A. LIUBIMOV and M. E. VISHNEVSKII 
Submitted to JETP editor October 10, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1577-1579 
(December, 1958) 


ae a consequence of parity nonconservation in B 
decay, the daughter nucleus is polarized along the 
direction of emission of the B electron. Conse- 
quently, the conversion electrons resulting from 
the internal conversion process following 6 decay 
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will have definite polarization related to the direc- 
tion of emission of the 6 electron. 

Formulas for this polarization were obtained 
by Berestetskii and Rudik? and by Geshkenbein.? It 
follows from these formulas that the polarization 
of conversion electrons depends on the same com- 
bination of coupling constants and matrix elements 
as the angular distribution of electrons from 8 
decay of oriented nuclei. 

We report here on the results of measurement 
of the polarization of internal conversion electrons 


e 
following the B decay of Hg? (? te yp + = wp ‘), 


The 6 electrons were registered by counters 1 

and 2. The conversion electrons, emitted at an 
angle of 90° with respect to the B electrons, were 
registered by counters 3 and 4 after passing through 
a system of magnetic lenses and undergoing scatter- 
ing through an angle of 125° from a scatterer, The 
axis of counters 3 and 4 was at an angle of 7/2 with 
respect to the axis of counters 1 and 2. Amplitude 
discrimination and the tuning of the spectrometer 

to the energy of the conversion electrons were 

used to distinguish the conversion electrons from 
the 6 electrons. Counters 3 and 4 were wired in 
coincidence with counters 1 and 2. The setup was 
such that B-ex coincidences were registered sep- 
arately in counters 1 and 3, 1 and 4, 2 and 3, and 

2 and 4. 

If the conversion electrons are transversely po- 
larized parallel (or antiparallel) to the direction 
of emission of the B electrons, then one should ob- 
serve, in the single scattering by a heavy element 
thin scatterer, azimuthal asymmetry in the direc- 
tion of counters 3 and 4, which, in the absence of 


_asymmetries in the apparatus, equals N43 / Nua 


Nog /Nog = @ <1 (or >1). Here Nj, stands for 
the number of coincidences in counters i and k 
after subtraction of the background due to acciden- 
tal coincidences. 

The azimuthal asymmetry of the conversion 
electrons scattered by gold (0.4 mg/ cm”) was 
found to be 

Nis Noa _ 


ong e004 


“Ay = 
Au Nia Nee 


The asymmetry inherent in the apparatus was 
found by using aluminum as a scatterer, which 
should yield practically no azimuthal asymmetry 
due to the electron polarization: a@Aj =0.97 + 
0.03. Thus, correcting for apparatus asymmetry, 
we find 


aw = Gay /%a; = 1.150.085. 
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Taking into account the finite thickness of the scat- 
terer yields Qgoyr = 1.21 + 0.07. Consequently, 
conversion electrons resulting after the 8B decay 
of Hees are polarized antiparallel to the direction 
of emission of the $-electrons. 

The spin and parity of the ground state of Hg 
are unknown. Since, however, the value In (ft) = 
6.4 is not large it is to be expected that the spin 
of the ground state of Hg2%3 will not differ by more 
than unity from the spin of the excited state of i Cl, 
the daughter nucleus inthe 6 decay. 

If one assumes that the £-interaction coupling 
constants satisfy the relations Cg =—Cg, Cp= 
-Cyp, Cy =Cy, Ca =C%4a, as established in the 
experiments on the polarization of B -electrons,* 
then the value of a to be expected for a spin as- 
signment of %*, *4*, '%* for the ground state of 
Hg’ is a5 = 0.87, O3/, = 0.95 to 1.15, ay = 
1.25 for electrons of average energy ~ 100 kev. 

The results of the measurement indicate with a 
large probability that the ground state of Hg?” has 
spin Jee and disagree with the spin a, assignment. 
Consequently, the absence of a direct 8 transition 
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ANTIFERROMAGNETISM OF THE GAMMA 
PHASE OF IRON 


E. I. KONDORSKII and V. L. SEDOV 
Moscow State University 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1579 
(December, 1958) 


Ir is known that the magnetic susceptibility of the 
@ phase (volume-centered cubic lattice) of iron 
obeys the Curie-Weiss law, «(T-—®) =C, at 
temperatures above the Curie point (770°C). It 

is also known that the susceptibility of the y phase 
(face-centered cubic lattice) of iron also obeys the 
Curie-Weiss law in the temperature range (910 to 
1400°C) in which this phase is stable, but with dif- 
ferent values of the parameters C and @. Itis 
therefore interesting to determine whether the y 
phase of iron is ferromagnetic or antiferromagnetic 
at low temperatures, ifa y—a transition is ef- 
fected by introducing alloying additives and suitable 
heat treatment. 

We investigated the temperature dependence of 
the magnetic susceptibility of austenitic steel in 
the temperature interval from 109 to 11.3°K. The 
investigated specimen contained 18% Cr and 9% Ni. 
The specific susceptibility x was measured by a 
procedure previously described by the authors.! 
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from Hg??? to the ground state of T12% with spin 
ee cannot be explained as spin forbidden. 

In conclusion we express our gratitude to Acade- 
mician A. I. Alikhanov for his interest in this work. 


*This work was reported at the International Conference on 
High Energy Physics in Geneva, June-July 1958. 4 


‘Vy. A. Lyubimov and M. E. Vishnevsky, Proc. 
of the 1958 Ann. Int. Conf. on High Energy Physics, 
CERN, p. 248. 

27. B. Berestetskii and A. P. Rudik, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 159 (1958), Soviet 
Phys. JETP 8, 111 (1959). 

3B. V. Geshkenbein, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 35, 1235 (1958), Soviet Phys. JETP 8, 
865 (1959). 

4 Alikhanov, Eliseev, and Liubimov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 1045 (1958), Soviet 
Phys. JETP 7, 723 (1958). 
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The measurement results are shown in the diagram. 
As can be seen from the plot, there is a clearly 
pronounced antiferromagnetic transformation near 
40°K. The value of the paramagnetic Curie point 

@p is (28 + 3)°K. The results obtained give 
grounds for assuming that in a face-centered lat- 
tice of iron the exchange interactions would lead 

to antiferromagnetism at low temperatures, the 
same as in the neighboring elements manganese’? 
and chrome.! 


‘E. I. Kondorskii and V. L. Sedov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 845 (1958), Soviet 
Phys. JETP 8, 586 (1959). 

*T. R. McGuire and G, J, Kreissman, Phys. 
Rev. 85, 452 (1952). 
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°C. G. Shull and M. K. Wilkinson, Bull. Am. 
Phys. Soc. 27, No.1, 24 (1952). 

4C. G. Shull and M. K. Wilkinson, Revs. Modern 
Phys. 25, 100 (1953). 
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ON THE PROBLEM OF TESTING THE IN- 
VARIANCE OF AN INTERACTION UNDER 
TIME REVERSAL 


L. I. LAPIDUS 
Joint Institute for Nuclear Research 
Submitted to JETP editor Sepatember 5, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1580-1581 
(December, 1958) 


‘ae discovery of the noninvariance of the weak 
interactions under space inversion and charge con- 
jugation has greatly increased interest in a more 
detailed study of the symmetry properties of the 
strong interactions. In the present note we point 
out the possibility of a direct experimental test of 
the invariance of various interactions under time 
reversal, based on the relations between polariza- 
tion phenomena in inverse reactions.!~> Until re- 
cently such tests were based on the ratio of the 
cross-sections of inverse reactions averaged over 
the spins,°® and for the weak interactions on a num- 
ber of consequences arising from the reality (or 
purely imaginary nature) of the interaction con- 
stants. Very recently it has been proposed”? that 
the symmetry of strong interactions under time 
reversal be studied by examining the equality of 
the polarization and asymmetry in elastic scatter- 
ing.?10 On the basis of the results of references 1 
to 5, analogous tests can be carried out with vari- 
ous nuclear reactions. For example, the polariza- 
tion of the neutron in the reaction d+ d—n+ He’, 
with the deuterons unpolarized, agrees, within the 
usual factor appearing in the balance relations, 
with the asymmetry in the cross-section of the in- 
verse reaction n+ He?’ ~d+d _ with polarized 
neutrons. An examination of the relation between 
the polarization and the asymmetry, and of more 
complicated relations, would be a test of the in- 
variance of the interaction under time reversal, 
since it is known that parity is very precisely con- 
served in the strong interactions of ordinary par- 
ticles.!! For this same purpose one can also use 
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the reaction p + T==n + He®. And in general, by 
looking at a table of nuclear reactions, one can 
pick out many other reactions that can be used 
for this purpose. 

For the reactions involving y-ray quanta we 
can look at the photodisintegration of the deuteron 
and the radiative capture of a neutron by a proton: 


n+p2dt+y. (1) 


Here, in addition to the relations that hold, for ex- 
ample, between the polarization of the neutron from 
the photodisintegration of the deuteron and the asym- 
metry in the cross-section for radiative capture of 
polarized neutrons by protons, one can make a com- 
parison of the polarization of the photons from the 
radiative capture and the asymmetry of the photo- 
disintegration cross section with polarized y ra- 
diation. 

For studying the time reversibility of processes 
of pion production we can take the reaction 


pHpsd+r, (2) 


which has been studied in detail in reference 1. 
Recent experiments!*>!% can be regarded as the 
first stage of such a test. The results of Neganov 
and Parfenov show that the relations between the 
unpolarized cross-sections are satisfied to within 
10 to 15 percent, which agrees with the estimates 
of Henley and Jacobsohn,® which were based on dif- 
ferent experimental data. 

For the study of the symmetry of interactions 
involving strange particles we can consider the 
reaction 


KGead2e ae. (3) 


‘which Lee once proposed for the determination of 


the spins of the particles, and also a number of 
similar reactions.’® The polarization of the Zz, 
which one can hope to detect from the asymmetry 
of its decay, must agree with the asymmetry of the 
K inthe reaction © +p—-d+K withthe 2 
polarized (for example, by the process that pro- 
duces it). The study of the polarization phenomena 
in the reaction (3) can also help to settle the ques- 
tion as to whether there is a connection between 
the small asymmetry in the decay of the 2 from 
the reaction +N—2X +K and threshold effects. 


11, I. Lapidus, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 204 (1957), Soviet Phys. JETP 6, 160 (1958). 

2A. I. Baz’, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 628 (1957), Soviet Phys. JETP 5, 521 (1957). 

31. I. Lapidus, J. Exptl. Theoret. Phys. (U.S.S.R.) 
34, 922 (1958), Soviet Phys. JETP 7, 638 (1958). 
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THE UNIVERSAL FERMI INTERACTION 
AND THE CAPTURE OF MUONS IN 
HYDROGEN 


CHOU KUANG-CHAO and V. MAEVSKII 
Joint Institute for Nuclear Research 
Submitted to JETP editor September 13, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1581-1582 
(December, 1958) 


‘Tae theory of the universal Fermi interaction 
with (V-A) coupling proposed by Marshak and 
Sudarshan! and by Feynman and Gell-Mann? is 
supported by all existing experimental evidence 

on 6 decay. To explain the equality of the Fermi 
8 -decay constant and the constant for the p decay, 
Feynman and Gell-Mann have put forward the hy- 
pothesis of a conserved vector current in the weak 
interactions. This hypothesis leads to the appear- 
ance of an anomalous magnetic-moment effect in 
the 6 decay (*8 magnetism”). Calculations of 
the effect have been’ made by Gell-Mann and oth- 
ers® ° and have apparently already received ex- 
perimental confirmation in B decay.® 
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The latest experimental data show that the prob- i 
ability of the ® decay or (u,v) decay of hyper- 
ons is apparently considerably smaller than that 
given by the universal (V-A) theory.’ But even 
if these data are confirmed and we are forced to 
abandon the universal interaction including the 
hyperons, nevertheless the universal interaction 
between (p,n), (e,v), and (py, v) will remain 
an extremely probable hypothesis. 

Since it already seems that the B decay and 
the decay of the » meson can be explained within 
the framework of the (V-A) theory, it is of par- 
ticular interest to examine the process of pw cap- 
ture and test the idea of the universal (V-A) in- 
teraction in this case. | 

In the present note we present expressions for 
the probability of the capture, the angular distribu- 
tion, and the polarization of the emerging neutrons 
in the case of capture of polarized ~~ mesons by 
protons, based on the assumption of the universal 
(V-A) coupling with conserved vector current as 
proposed by Gell-Mann and Feynman. 

The capture probability and the angular distri- 
bution are (in units h=c=1): 

w = (2n)-? (na®)421G4 [1 + aP (nes)] p?dQ, 
J = 143048 (1 +22) + Bu (2h + Bu /2), 


Ja = 1--)? + B(1 + 2”) — Bu (24 + Bu / 2). 
The total probability for capture is 


tt = 2-1G°n— a7 Sp]. 


The nolarization <oy,> of the neutrons is given 
by po formula 

I[1 + aP(n-s)]<5,> = [a+ b(n-s)]n-+ cs, 

a= —2[R(A+ 1) +Bh+ Bu Q+ Bu /4)I, 

= —BP[A(A+ 1) —p (1 +2-+ Bu /2)], 

c= 2P(A—1)[}+ B8(Q}+p)/2]. 
Here we have used the notations: pn is the momen- 
tum of the neutron, and Ps is the polarization of 
the » meson (n and § are unit vectors); A= 
-—~Ca/Cy, B=p/M; G= 2'7 Cy is the universal 
coupling constant; M is the nucleon mass; p = 
Mp — Mn is the difference of the magnetic moments 
of the proton and neutron; ay = (mye? )7! is the 
radius of the mesonic K orbit in hydrogen. 

Terms of the order (v/c)? have been neglected 
in the calculation (v is the speed of the neutron). 
In addition it has been assumed that in the pseudo- 
vector coupling the higher moments do not give an 
additional renormalization. A numerical computa- 
tion (taking G=(1.01+0.01) x10°M™, y=4.7, 
X= 1.24, B=0.1) shows that the effect of the 
anomalous magnetic moment increases the total 
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probability of capture by ~17 percent, and the 
angular correlation coefficient by a factor of about 
2.4; the polarization of the neutrons is changed 
only slightly as compared with the results of the 
ordinary theory. At present calculations are being 
carried out on the capture of mesons by nuclei ac- 
cording to the Feynman — Gell-Mann theory. It can 
be expected that in this case also the correction in- 
troduced by the anomalous magnetic moment will 
be large. 


1E. C. G. Sudarshan and R. E. Marshak, Phys. 
Rev. 109, 1860 (1958). 

2R. P. Feynman and M. Gell-Mann, Phys. Rev. 
109, 193 (1958). 

3M. Gell-Mann, Test of the Nature of the Vector 
Interaction in 6 Decay (preprint). 

4 J. Bernstein and R. Lewis, The Vector Inter- 
action in 6 Decay (preprint). 

> Weinberg, Marshak, Okubo, Sudarshan, and 
Teutsch, Phys. Rev. Letters 1, 25 (1958). 

6 Boehm, Soergel, and Stech, Phys. Rev. Letters 
1, 77 (1958). 

‘Pr. Eisler, R. Plano, et al., Leptonic Decay 
Modes of the Hyperons (preprint). 
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ON THE SPECTRUM OF THE ELECTRON- 
PHOTON COMPONENT OF EXTENSIVE 
AIR SHOWERS 


I. A. IVANOVSKAIA and I. V. RAKOBOLSKAIA 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor June 27, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1583-1584 
(December, 1958) 


Ax experiment was carried out in 1958 in Mos- 
cow in an attempt to explain the discrepancies ob- 
served in our earlier experiments.'? 

In these experiments we studied the electron- 
photon component of extensive atmospheric show- 
ers (EAS), and in particular the fraction of high- 
energy electrons and photons near the shower axis. 
A cloud chamber with lead plates was used for that 
purpose.? The energy of electrons and photons was 
determined from the number of particles in the cas- 
cade showers produced by them in the lead plates. 
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The energy spectra obtained for the region < 10° 
ev in references 1 and 2 were different. In addition, 
the fraction of high-energy electrons and photons 
p (=10°)/p (> 0) at 0 to 3m from the shower axis 
amounted to (1.85 + 0.25) % according to reference 
1 and to => 10% according to reference 2. Several 
reasons for the discrepancy were indicated:! 

(a) difference in shower sizes, (b) different transi- 
tion effects in the roof above the apparatus, and 

(c) large errors in the axis location by means of 
the hodoscope in reference 1. 

An additional experiment was carried out at 
sea level to study the problem, using the same 
cloud chamber. The selection method‘ made it 
possible to record EAS, the axes of which fell in 
70% of the cases at a distance 0 to 3m from the 
chamber. The mean shower size was ~3 x 104 
particles. Such showers were studied in reference 
1 with best statistics. A total of 385 showers were 
recorded during 400 hours of operation. 
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Integral energy spectra of the electron-photon component. 
The ordinate represents log p( > E), where p(> E) is propor- 
tional to the density of electrons and photons per 1 m’ in one 
shower. The abscissa represents log E, where E is the energy 
in ev, X) data of reference 1 in the range 0 to 3 m, @) data of 
the present experiment for all distances (70% of the showers 
in the range 0 to 3 m). The spectra are normalized at E=10° ev. 


As the result of the measurements we obtained 
the integral energy spectrum of the electron-photon 
component shown in the figure. The spectrum ob- 
tained in reference 1 for distances 0 to 3 m is in- 
cluded for a comparison. It can be seen that the 
spectra are different below 10? ev. 

The fraction of high-energy electrons and pho- 
tons was defined, as in the earlier experiments, 
as the ratio of the density of electrons and photons 
with E = 10° measured in the cloud chamber, to 
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the density of electrons with E> 0 obtained by 
means of the hodoscope. It was found that 

p (= 10°)/p (> 0) = (12 =3)% at distances 0 to 
3m from the shower axis. 

It seems to us, after a careful study of the data 
of references 1 and 2, and of the newly-obtained 
results, that the reasons for the discrepancy be- 
tween the results of the present work and those 
of reference 1 are the following: 

(1) At distances 0 to 3 m, the axes of the show- 
ers recorded in the later experiment and in refer- 
ence 1 were differently distributed with respect to 
the distance from the cloud chamber. This fact 
can play a substantial role, since the main contri- 
bution to the fraction of high-energy electrons and 
photons at these distances is due to showers the 
axis of which fell less than one meter from the 
chamber. 

(2) In reference 1, showers were recorded at 
< 1m from the chamber, which could cause a large 
fluctuation of the fraction of high-energy particles 
since the distribution of the latter is different from 
Poissonian. 

(3) In view of the small number of counters in 
the hodoscope,' the distance from the cloud cham- 
ber was not measured accurately enough, and a 
certain amount of showers from larger distances 
could have been ascribed to the 0 to 3m region. 

A detailed analysis of the above hypotheses will 
be presented later. 

The hypothesis that the fraction of high-energy 
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electrons and photons depends strongly on the 
shower size has not been confirmed. Calculations 
show that the transition effect in the roof above the 
apparatus was almost equal in both experiments 
and, consequently, cannot explain the discrepancy 
of the results. 

From the comparison, we can conclude that the 
discrepancy between the theory and the experiment 
with respect to the fraction of high-energy electrons 
and photons in EAS is apparently smaller than that 
reported in reference 1. 

In conclusion, the authors wish to thank G. T. 
Zatsepin, S. I. Nikol’skii, and O. I. Dovzehnko for 
a discussion of the results. 
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(1958), Soviet Phys. JETP 7, 374 (1958). 

31, A. Ivanovskaia and A. G. Novikov, J. Tech. 
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Cerenkov Radiation in the Passage of a Charged Par- 
ticle Through a Ferrite. V. G. Bar’iakhtar and M. I. 
Kaganov — 532. 

Coherent Electron Radiation in a Synchroton. I. L. V. 
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Cyclic Acceleration of Particles in High-Frequency 
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Theory of Excitation of Hydromagnetic Waves. A. I. Ak- 
hiezer and A. G. Sitenko — 82. 

Wave-Front Velocity in Electrodynamics Containing High 
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Electrostriction (see Dielectrics and Dielectric Proper- 
ties) 

Elementary Particle Interactions 

A Contribution to Neutrino Theory. V. V. Chavchanidze 
and M. E. Perel’man — 204L. 
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Hyperon Beta Decay. V. M. Shekhter — 316, 

Investigation of Ke3-Decay with the Emission of a 
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